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HISTORICAL  ACCOUNT 

O  F    T  H  E 

Rise  and  Progress 

OF    THE 

MATHEMATICKS. 

IT  feem'd  meet  to  me,  when  I  was  about  to 
fet  forth  the  Elements  of  the  MathematickSf 
to  premife  a  few  Things  concerning  the  Rife 
and  Excellency  of  this  Science,  that  its  Candi- 
dates may  imderftand  what  a  Kind   of  Science 
It  is^  to  which  they  are  about  to  dedicate  them- 
felves  ;  and  that  it  may  be  mademanifeftagainft 
thofe,  who  flight  thofe  Things,  whereof  they 
are  ignorant  of  how  great  Value  and  Dignity 
this  Knowledge  is,  which  the  wifeft  Men  of 
all  Ages  have,  with  incredible  Study,  laboured 
^^to  attain  unto,  and  become  pofTefs'd  of    More- 
^"^  over,  I  mufi:  own  that  l^eter  Ramus's  Labours 
have  been  of  great  Service  to  me  in  the  com- 
a  3  piling 
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piling  of  this  Account,  who  in  the  whole  Firfl 
Book  of  his  Inftitution,  which  is  not  a  little 
one,  hath  out  of  ^roclus^  Laertius^  Gellius^ 
Polybius^  TzetzeSj  and  others,  compofed  a  Ma- 
thematical Hiftory  both  accurately  and  copioufly. 

The  Mathematical  Sciences  were  the  firfb  of 
all  other  amongfl  Men,  if  we  may  beheve  Jo- 
fcphiis.  He,.  Book  I.  Chap.  3.  writeth,  That 
the  Pofterity  of  Seth  obferved  the  Order  of  the 
Heavens,  and  the  Courfes  of  the  Stars.  And 
left  thefe  Inventions  fhould  flip  out  of  the 
Knowledge  of  Men,  Adam  having  predicted  ^ 
two-fold  Deftru61ion  of  the  Earth,  one  by  a 
Deluge,  the  other  by  Fire,  they  raifed  two  Co- 
lumns, one  of  Bricks,  of  Stone  the  other;  and 
infcribed  their  Inventions  upon  them,  that  if 
the  Brick  one  fliould  happen  to  be  deftroy'd 
by  the  Deluge,  that  of  Stone,  which  would 
remain,  might  afford  Men  an  Opportunity  of 
being  inftructed,  and  prcfentto  their  View  the 
Things  which  it  had  infcribed  on  it.  They  fay 
alfo,  that  that  Stone  Pillar,  which  even  in  our 
jDays  is  feen  in  Syria^  was  dedicated  by  them. 
This  Jofephus  fays ;  whoni  I  leave  to  vouch 
for  the  Story. 

That,  the  Affyrians  and  Chaldeans  were  the 
iirft  of  Mortals,  after  the  Flood,  who  applied 
themfelves  to  the  Mathematicks^  is  delivered  by 
the  fame  Jofcphus ;  as  alfo  by  Fliny^  Biodorus 
and  Cicero.  But  the  Mathematick  Arts  which 
firftfprang  among  the  C^t7/^^^77i-,  amongft  whom 
they  flouriflied,  were  afterwards  transfirr'd  out 
of  Chaldea  and  Affyria  unto  the  Egyptians^  by 
Abrahajn.  For,  when,  at  the  Command  of 
God,  he  went  forth  from  his  native  Soil  into 

Falejiine^ 
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Taleftine^  and  from  thence  into  Egypt,  and  per- 
ceived the  Egyptians  to  be  taken  with  the  Study 
of  good  Arts,  and  to  be  of  a  very  notable  Wit 
and  Capacity  for  Learning,  (as  Jofephus  tefti- 
fies,  Book  I.  Chap.  9.)  he  communicated  to 
them  Arithmetick  and  Aftronomy  ;  and  confe- 
xquently  Geometrys  which  mull:  of  NeceiTity  go 
before  Aftronomy.  In  which  Studies  after- 
wards the  Egyptians  fo  flourifh'd,  that  Ariftotk^ 
I  Aletaph.  Chap.  i.  doth  affirm,  That  the  Ma- 
thematick  Arts  were  firft  found  out  in  Egypt^ 
t>y  their  Prieits  ;  who,  by  their  Employments, 
were  at  leifure  for  thefe  Things. 

Then  thefe  Arts  croffing  the  Sea  out  of  E- 
gypty  came  to  the  Philofophers  of  Greece  :  For 
T bales' the  Milefum^  who  fiourilh'd  584  Years 
before  Chrift,  was  the  firft  of  the  Greeks^  who 
coming  into  Egypt^  transferr'd  Geometry  from 
thence  into  Greece,  He  it  was  indeed,  who, 
befides  other  Things,  found  out  the  5th,  15th 
and  26th  Propofitions  of  theFirlt  Book.  To 
the  fame  are  alfo  owing  the  2d,  3d,  4th,  5th, 
of  the  Fourth  Book.  The  fame  Perfon  began 
to  obferve  the  Equinoxes  and  Solftices,  as  La- 
trtius  teftifies ;  and  he  was  the  firft  who  fore- 
told an  Eclipfe  of  the  Sun,  as  Hippias  and  Ari- 
jiotle  do  write  ;  and  "Tzetzes  faith,  That  he  alfo 
forefhew'd  an  Eclipfe  of  the  Moon  to  King 
Cyrus.  For  which  Things  fake  he  is  to  be 
look'd  on  as  the  firft  Founder  and  Author  of 
the  Mathematical  Sciences  in  Greece, 

After  him  was  Pythagoras  of  Sa7nos  :  Which 
moft  antient  Philofopher,  exceedingly  improved 
and  adorn'd  the  Mathematick  Sciences.  And 
^^To  gave  himfelf  to  Arithmetick  in  particular, 

that 
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that  almoil:  his  whole  Method  of  Philofophizing 
was  taken  from  Numbers.  And  he  firlt  of  all, 
as  Laerthis  relates,  abftracled  Geometry  from 
Matter;  in  which  Elevation  of  the  Mind,  he 
found  out  the  3 2d,  44th,  47th  and  48th  Pro- 
pofitions  of  the  Firft  Book.  But  he  is  efpeci- 
ally  celebrated  for  the  Invention  of  Frop,  32, 
and  47.  of  that  Book ;  and  he  conceiv'd  fo  great 
Joy  upon  this  Invention,  that,  as  Apollodorus 
witnefTes  in  LaertiuSy  on  that  account  he  facri- 
ficed  an  Hecatomb.  The  fame  Perfon  firft  laid 
open  the  Matter  of  incommenfurable  Magni-, 
tudes,  and  the  Five  regular  Bodies.  The  fame 
Perfon  did  both  moft  diligently  teach  and  exer- 
cife  the  Art  of  Aftrology  and  Mufic  :  For  he 
did  not  only  acutely  and  fubtilly  find  out  many 
Things  himfelf,  but  he  alfo  firft  opened  a 
School,  in  which  Youth  might  learn  thefe  ho- 
nourable and  noble  Arts. 

Pythagoras  was  followed  by  Anaxagoras  of 
ClazomeTiif^  and  Oenopides  of  Chios^  of  whom 
Flato  makes  mention  in  his  Dialogue,  The  Lo^ 
vers^  where  young  Men  are  brought  in  con^ 
tending  about  Anaxagoras  2ind  Oenopides  in  thei^ 
Defcriptions  of  Circles.  Ariftotle  reports,  that 
a  certain  Treatife  of  Geometry  was  written  by 
Anaxagoras ;  and  we  have  it  from  Laertius^  that 
it  was  fhew'd  by  him  that  the  Sun  is  greater 
t\\2in Peloponnefus  (a  notable  Inftance  of  the  In- 
fancy of  Aftronomy  at  that  Time)  and  that  he 
made  fome  Conje6tures  concerning  Habitations 
in  the  Moon.  As  for  Oenopides^  to  hi'm  Fro- 
dus  afcribes  the  12th  and  13th,  L.  i.  Thefe 
were  followed  by  Brifo^  Antipho^  and  Hippocra-- 
Us  of  Qhios^  all  of  them,   for  attempting  the 

Quadrature 
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Quadrature  of  the  Circle,  reprehended  by  An- 
ftotle^  and  at  the  fame  Time  celebrated.  But 
amongfl:  them,  Hippocrates  was  by  far  the  moft 
Famous  ;  that  celebrated  Perfon,  who,  of  a 
Merchant,  growing  to  be  a  Philofopher,  and  a 
Geometrician,  befides  the  Quadrature  of  the 
Circle,  alfo  firfl:  attempted  the  Doubling  of  the 
Cube,  by  two  mean  Proportionals,  which,  as 
being  an  excellent,  and  indeed  the  only  Way, 
all  that  have  followed  him  to  this  Time  have 
embraced  it.  ^Tis  alfo  his  peculiar  and  great 
Commendation,  that  he,  as  Proclus  teftifies, 
firft  wrote  Elements,  and  digeifcd  into  Order 
the  Difcoveries  made  by  others. 

Democritus  w^?>  admirable,  not  in  Philofophy 
only,  but  alfo  in  the  Mathematicks.  His  Phy- 
fical  Monuments,  and,  if  fuch  there  were,  his 
Mathematical  Works  alfo,  are  wholly  lod, 
through  the  Envy  (as  fome  report)  of  Arifioile^ 
who  defired  to  have  no  other  Writings  read,  but 
his  own.  The  Philofophy  of  DemGcritiis  hath 
been  reftored  by  Feter  GjJJendus^  in  a  moft 
Learned  Work  lately  put  forth.  Theodorus  Cy- 
rena^us^  although  none  of  his  Mathematical 
Inventions  are  extant,  yet  is  great  upon  this 
account,  if  there  were  no  other,  that  he  is  re- 
ported to  have  been  the  Mader  of  Flato. 

Unto  Flato  therefore  we  are  come  at  length, 
than  whom  no  one  brought  greater  Luftre  to 
the  Mathematical  Sciences.  He  amplified  Geo- 
metry^ with  great  and  notable  Additions,  be. 
flowing  incredible  Studv  upon  it.  And  above 
all,  the  Art  Analytic,  or  of  Refolution,  was 
found  out  by  him.,  the  moil  certain  Way  of  In- 
A  vention 
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ventlon  and  Reafoning.  He  fet  oiT  and  illuf- 
trated  his  Books  of  Philofophy  in  a  Mathemati- 
cal Way,  and  encourag'd  whatfoever  was  admi- 
rable in  Mathematical  Philofophy.  Upon  the 
Door  of  his  Academy  was  read  this  Infcription  : 

iih\;   aytc^y.i'Vf.^cs  Ui'.rc.  :     Let     710     0716     IgTlOrant     of 

Geometry  enter  here  ;  an  illuftrious  Inltance  to 
demonrtrate,  how  the  Mathematicks  are  not  fo- 
reign, but  proper,  not  unufeful,  or  unbecom- 
ing, but  honourable  and  profitable  to  found  and 
certain  Philofophy.  In  a  Word,  how  great 
,  both  Admirer  and  Marter  of  the  Mathematicks 
^lato  was,  that  Man  will  of  himfelf  eafily  un- 
derhand, who  (hall  read  his  Monuments  through. 

Out  of  Plato's  Academy,  ahnoll  innumerable 
Mathematicians  came  forth,  thirteen  of  P/tz- 
/Y>'s  familiar  Acquaintance  are  commemorated  by 
\ProcIus^  as  Men  by  whofe  Studies  the  Mathe- 
maticks were  improv'd.  From  hence  were  Leo- 
dam  us  xhcTha/ian^  Archytas  the  Harentine^  The^- 
tetus  the  Atl  enian^  by  whom  the  Mathematicks 
were  notably  enlarged.  Lf6'^j77zz/J  pradifed  the 
Analyfis  received  trom  Flato^  and  is  faid  by  La- 
ertius  to  have  found  out  many  Things  by  the 
Help  of  it.  As  for  Hhe status ^  both  to  his  own 
Inventions,  amongft  which  are  the  Elements 
written  by  him,  and  the  Infcription  of  regular 
Bodies ;  and  •l'Iuto''?>  Encomiums,  who  alfo  in- 
fcribed  a  Dialogue  to  his  Name,  do  make  him 
famous. 

Archytas  alfo  wrote  Elements  himfelf;  and 
his  Doubling  of  the  Cube  is  mentioned  by  En- 
tocius  ;  whofe  fingular  Commendation  it  like- 
Wi^Q  was,  that   hq  vva§   almoll   the  Firfl  that 

brought 
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brought  down    the   Mathematicks  to   Hum  an 
Ufes ;  by   whofe    Contrivance   alfo    a   wooden 
Pidgeon  was  made  to  fly,  as  Gellms  reports;  he 
being  preceded  by   D^dalus^  and  followed  by 
other  Artificers,  yielded  Matter  for  the  Fable3' 
of  the  Poets.     Moreover,  Arclytas  was  both  a 
Mathematician  and  General  of  an  Arm.y :  He 
five  times  commanded  the  Forces  of  his  own 
Citizens,  in  the  Wars  of  his  Country,  and  five 
times    overcame   their   Enemnes.      The    meer 
Name  of  Neodides  is  only  Famous,  he  being 
more  illuftrious  for  his  Scholar  Leon  perhaps, 
than  for  his  own  Inventions,      Leon  certainly 
wrote  Elements  of  all  the  Mathematicks^   im- 
prov'd  them,  and  made  them  more  fit  for  Ufe. 
Wherefore  he  is  defervedly  to  be  reckoned  a- 
mongft  the  chief  Compilers  of  Elements. 

Eudoxus  of  Cnidos  was  not  inferior  to  Leon  .• 
A  Man  great  in  Arithmetick,  and  to  him,  (if 
we  may  believe  the  Greek  Scholiall)  we  owe  the 
whole  Fifth  Book.  He  likewife  wrote  Elements, 
and  made  them  more  general,  and  encreafedthe 
Sections  begun  by  PLito ;  over  and  above  this 
he  was  the  firft  Framer  of  Agronomical  Hypo- 
thefes,  and  derived  down  the  Springs  of  Geo- 
metry, as  Archytas  had  done  before,  to  Mecha- 
nicks.  Amyclas  the  Heracleot^  and  Menc:ech?mts^ 
and  his  Brother  Binoftratus^  Helicon  oi'Cyziun?^ 
Tbeudius,  Hermotijnus  the  Colophonian^  Philip- 
pus  the  Medm^an^  all  Platonills  rendered  Geo- 
metry much  more  perfe^i.  Men^chmus  alfo 
found  out  the  Conic  Sections,  and  by  the  help 
of  them,  two  mean  Proportionals;  whofe  Inven- 
tion in  this  Cafe  is  preferred  by  Eutocius  before 
A  2  any 


[  xli  ] 

any  other.  Theudius  and  Hennotimus  made  tiie 
Elements  more  unlverfal  and  full.  And  all 
thefe,  who  were  of  Plato's  Academy,  brought 
Mathematick  Philofophy  to  Perfedion,  as  Pro- 
c/i/s  faith.  Xenocratcs  alfo,  one  of  Plato's  Au- 
ditors, and  Mailer  oi'  Ari/Iotle,  as  well  as  Arifto- 
tie  himfelf,  were  famous  for  the  Knowledge  of 
the  Mathemiaticks.  When  a  certain  Perfon, 
who  knew  nothing  of  Geometry,  was  minded 
to  be  his  Auditor,  Go  thy  Way^  faith  he,  for 
thou  "jciuncjl  the  Tcry  Handles  of  Philofophy. 

But  ofAn'Jiotle,  vhat  can  1  fay?  All  his  Books 
are  filled  with  Mathematical  Arguments,  out  of 
aColledtion  of  which  BlaTicanehoxh  made  aBook. 
Two  oi  Ariflotle\  School  are  efpecially  celebra- 
ted, Eudemus  and  Theophraftus  :  This  latter 
wrote  two  Books  of  Numbers,  four  of  Geome- 
try, and  one  of  indivifible  Lines  :  The  other, 
compofcd  a  Mathematical  Hiftory;  and  from 
him  Proclus,  and  others  have  borrowed  theirs. 
To  An'fieu'S^  IJidore^  Hxpficks^  mofr  fubtil  Geo- 
metricians, we  arc  efpecially  indebted  for  the 
Books  of  Solids.  Lallly,  Euclid  gathered  to- 
gether the  Inventions  of  others,  difpofed  them 
into  Order,  improv'd  them,  and  demoniirated 
them  more  accurately,  and  left  to  us  thofe  Ele- 
mems^  by  w Iiich  Youth  is  every  where  indruded 
in  the  Mi^thcm.aticks.  He  died  in  the  Year  be- 
fore Chrilt:,  284  There  followed  Ez/r//(/ aim  oil 
an  100  Years  afterwards  Eratofthenes  and  Ar- 
chimedes. The  Name  o{  Eratofthenes  was  very 
famous,  but  his  Writings  are  loft.  Many  Re- 
mains we  liave  of  Archimedes^  and  many  we 
have  loft. 

•  But 
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But  when  I  name  Archimedes^  I  conceive  in 
rny  Mind  the  very  Top  of  Human  Subtilty, 
and  the  Perfection  of  the  whole  Mathematical 
Sciences.  His  wonderful  Inventions  have  been 
.delivered  to  us  by  Polyhhis^  ^lutarch^  Tzetzes 
and  others.  Conon  was  Contemporary  to  Arcbi- 
medes^  one  who  was  both  a  Geometrician  and 
an  Aifronomer,  whofe  Death  Archimedes  la- 
ments in  his  Book  of  the  Qiiadrature  of  the 
Parahola.  There  followed  Archimedes  and  Co- 
non, and  that  at  no  great  Diflance,  Apollonius 
of  ^erga.,  another  Prince  in  Geometry,  who 
was  called  by  way  of  high  Encom.ium,  "The 
Great  Geometrician.  There  are  extant  Four 
[]now  Seven]  molt  fubtil  Books  of  his  Conic's. 
To  the  faiTie  Perfon  are  afcribed  the  Fourteenth 
and  Fifteenth  Books  of  Euclid,  which  were  conr 
tradted  by  Hypficles.  Hipparchus  and  Menelaus 
wrote,  this  latter,  Six,  the  other.  Twelve  Books 
of  Subtenfes  in  a  Circle ;  for  which  Invention, 
fo  very  profitable  and  neceffary,  great  Com- 
mendations and  Thanks  are  due  to  both.  There 
are  alfo  extant  three  Books  of  MeneLuis  con- 
cerning Spherical  Triangles.  Three  mioll:  ufe- 
ful  Books  of  Spheric's  of  Theodofius  the  TH po- 
lite are  alfo  in  the  Hands  of  all.  And  tlieh?  in- 
deed, if  you  except  Mmelaus^  lived  all  of  -h  :ni 
before  Chrift. 

In  the  Year  after  Chrift,  70.  there  appeal  red 
in  the  World,  Claudius  Prolo?n^us,  the  Prince 
of  Alironomers,  a  Man  certainly  worderful,  aid 
(as  Pliny  faith)  above  the  Nature  of  Mortals. 
But  he  was  not  only  moll:  skilfai  m  Altronrmy, 
^ul  in  Geometry  alfo ;  which,  as   many  other 

Things 
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written  by  him  do  witnefs,  fo  efpedally  do  the 
Books  of  Subtenfes  :  Thofe  oi  Menelaus,  which 
were  Six,  and  the  Twelve  of  Hipparcbi/s,  all 
contracted  by  him  into  five  Theorems.  As  for 
Plutarch^  a  moft  fam'd  Philofopher,  there  are 
extant  his  Mathematical  Problems.  And  all 
know  of  the  learned  Commentaries  of  Eutocius 
the  Afcalonite  upon  Archimedes.  By  him  are 
recited  the  Inventions  of  Philo^  Diodes.,  Nico- 
medes^  Sphorus.,  Heron.,  as  of  fo  many  excellent 
Mafters  in  the  Mathematicks,  concerning  Dou- 
bling the  Cube.  Heron's  Genius  certainly  w^as 
excellent,  as  well  for  Mechanicks  as  Geometry. 
The  Doubling  the  Cube  delivered  by  him,  is 
commended  by  Pappus,  Book  III.  Prop.  7.  be- 
fore all  other.  The  admirable  Works  of  Ctefi- 
tins  the  AlexcVidrian.,  to  whom  we  owe  our 
Pumps  J  are  celebrated  by  VitruziuSy  Proclus^ 
Pliny  and  Athena^us.  The  Name  alfo  o^Gemi- 
nils  is  not  in  the  lowell:  Place  amongft  Mathema- 
ticians, whom  Proclus  has  preferr'd  in  many 
Things  before  Ez/r//^  himfelf. 

Diopl.hintus,  and  he  alfo  an  Alexandrian.,  wa$ 
as  great  in  Arithmetick,  as  Archimedes.,  Apollo- 
nius  or  Euclid  in  Geometry  \  he  was  certainly  a 
Mafter  of  all  Subtilty  relating  to  Numbers  :  By 
him  was  found  out  that  admirable  Art,  which 
we  call  Algebra  ;  which  in  thefe  Times  has  been 
rendered  more  perfed  and  univerfal  by  Francis 
Vietdy  and  Renatus  Cartejius.  There  are  others 
who  are  celebrated  amongil  the  Antients  alfo  ; 
as  Nichomachus^  famous  for  Arithmetical,  Geo- 
metrical and  Mufical  Monuments;  Serenuj  well 
known  to  Geometricians  for  his  two  Books, 

concerning 


concerning  the  Seilion  of  a  Cylinder;  Prochis^ 
'^Pappus^  Theon.  How  great  a  Mathematician 
Proclus  was,  is  manifeli  from  his  learned  Com- 
mentaries on  Euclid^  and  other  Writings.  And 
this  is  he,  I  fuppofe,  who,  as  Zonarus  reports, 
and  from  him  Ramus  and  Baronius^  about  the 
Year  of  Chrift:  514.  with  Optic  Artifice,  and 
the  GlafTes  which  he  ufed,  burnt  the  Fleet  of 
Vitdliiui^  who  was  befieging  Conftantimple. 
ThePraifes  of  T'/;^o;z,  which  truly  are  defervedly 
great,  Peter  Ramus  w^onderfully  exaggerates  ; 
infomuch,  that  even  the  Books  which  hitherto 
all  have  afcribed  to  Kuclid^  ought,  as  he  thinks, 
to  be  attributed  to  Theon,  But  Rajiius^  who 
every  where  is  ready  to  detradl  from  Euclid^ 
and  this  without  grounding  himfelf  upon  any 
folid  Foundation,  is  not  to  be  hearken'd  to 
here.  To  come  at  length  to  a  Conclufion,  let 
Pappus  bring  up  the  Rear,  the  lafl:  in  Time 
amongft  the  Antients,  as  being  one  who  liv^d 
about  the  Year  400  ;  but  in  Reputation,  and 
all  Mathematical  Commendation,  to  be  reckoned 
amongft  the  firft.  Alexandria^  that  City  fo 
fruitful  of  great  Men,  which  before  had  brought 
forth  Hypjicles^  Ctefihius  and  BiopbantuSj  pro- 
duced him  alfo,  to  the  great  Advantage  of  the 
Mathematicks.  He  wrote  Seven  Books  of  Ma- 
thematical Colle6lions,  of  which  the  Two  firft 
are  loft.  The  Five  other  do  abound  with  fo 
many,  and  fuch  various  moft  noble  Inventions 
in  almoft  all  Parts  of  the  Mathematicks,  that 
they  are  efteemed  amongft  the  chief  Monu- 
ments of  the  Antients  vyhigh  are  extant. 

And 
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And  thus  you  have  a  fliort  HIilory  of  the 
Origin  and  Progrefs  of  the  Mathematicks. 
From  which  appears  the  Antiquity,  Excellency 
and  Dignity  of  this  Science.  Certainly  the 
fame  eminent  Perfons  in  the  Commonwealth  of 
Learning,  who  difcover'd  Philofophy,  difcover'd 
alfo  the  Mathematicks,  like  two  Sifters  born  at 
one  Birth  ;  whom,  if  any  one  would  violently 
feparate  from  each  other,  he  certainly  attempts 
to  break  off  their  Native  Concord,  with  moft 
notable  Injury,  and  as  it  were  Cruelty  to  both; 
feeing,  as  it  is  wont  to  fall  out  in  the  Cafe  of 
Twins,  where  they  are  remov'd  from  one  ano- 
ther, in  Place  or  by  Death^  fo  it  will  be  like  to 
happen  here,  that  Mathematicks  being  plucked 
away  from  her,  Philofophy  muft  needs  languilh 
and  pine  away. 

N.  B.  ^  E.D.  or  JV.  W,  D.  is  which  was  to  be  de- 
inonftrated. 

^.  £.  F.  which  was  to  be  done. 
2^  £.  A  which  was  to  be  found* 


TH  E 


Do£tor   Barrozv^s  Words  prefix^ 
before  his  Apollonius. 

GOD  always  aSs  Geometrically. 

HO  W  great  a  Geometrician  art  thoii^  0 
Lord !  I'or  while  this  Science  has  no 
hound ;  x^blle  there  ts  jor  Ever  room  for  the 
Difcovery  oj  New  Theorems^  even  hy  Human 
Faculties^  ^hoii  art  acquainted  with  them  all 
at  one  View^  without  any  Train  of  Confequences^ 
without  any  wearifom  Application  of  Demon- 
Jiration.  In  other  Jlrts  and  Sciences  our  Un- 
derjianding  is  able  to  do  almojl  nothing  \  and^ 
like  the  Imagination  of  Brute  s^feems  only  to  dream 
of  fome  uncertain  ^Wopojitions  :  IVhence  it  is^ 
that  info  many  Men  are  ahiioft fo  many  Minds* 
But  in  thefe  Geometrical  Theorems  all  Men  are 
agreed:  In  thefe  the  Human  faculties  appear  to 
have  fome  real  Abilities^  andthofe  Great  ^  Won- 
derful and  amazing^  For  thofe  Faculties  which 
feem  of  almojf  no  Force  in  other  Matters^  in  this 
Science  appear  to  be  Efficacious^  -Powerful  and 
Succefsfuly^c*  Thee  therefore  do  I  take  hence 
cccafwn  to  Love^  and  Rejoice  in,  and  jJdmire  ; 
and  to  pant  after  that  T>ay^  with  the  Earnejt 
,^Breathings  of  my  Soul^  when  thou  fh  alt  bepleafedy 
^.  B  out 


Dr.  Barrow. 

out  of  thy  Boiivty^  out  of  tJoy  ImmeJife  and  Sa- 
cred Benignity^  to  grant  me  the  Favour  to  per- 
ceive^ and  that  with  a  pure  Mind^  and  clear 
Vifion^  not  only  thefeTruths^  hutthofe  aJfo^  which 
are  more  numerous^  and  more  important  \  and 
all  this  without  that  continual  and  painful  Ap- 
plication of  the  Imagination^  which  we  difcover 
thefe  withal^  ^c. 


Mathematical  Notes^  or  Abbreviations* 

=  The  Note  for  Equality.  So  az=.b  figniiies  that  a 
and^  are  equal. 

■\-  The  Note  for  Addition.  So  ^  -j-  ^  fignifies  the  Sum 
of  a  and  b  together. 

—  The  Note  for  Subtraf^Ion.  So  «^-^  fignifies  the 
Difference  between  a  and  b 

X  The  Note  for  iMultiplicatlon.  So  «  X  ^,  or  a  b  figni- 
fies a  multiplied  by  b. 

:  :  The  Note  for  Equality  of  Proportion.  So  ^:  B  :  : 
a  :  b  fignifies  that  A  bears  the  fame  Proportion  to  B,  that  a 
bears  to  b. 

—  The  Note  of  continued  Proportion.  So  A  B  C -^ 
fignifies  that  A  bears  the  fame  Proportion  to  B,  that  B  bears 
to  C. 

q  The  Note  for  a  Square.  So  C  B  q  fignifies  the  Square 
of  the  Line  C  B. 

c  The  Note  for  a  Cube.  So  C  B  c  fignifies  the  Cube  of 
of  the  Line  C  B, 
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Elements  of  EUCLID. 

BOOK    I. 


Definitions. 

A  Point  is  a  Mark  in  Magnitude,  whicli  is  [fuppofed 
to  be]  indivifible. 
That  is,  which  cannot  be  divided  To  much  as  in 
Thought.     A  Point  is  the  Beginning,  as  it   were,  of  all 
Magnitude,  as  Unity  is  of  Number. 

2.  A  Line  is  a  Magnitude  which  hath  Length  only,  and 
wants  all  Bre.^dth  j  fbrafmuch  as  it  is  underltood  to  be  pro. 
duced  from  the  flowing  of  a  Point. 

3.  Points  are  the  Terms  of  a  Line.  Fi^.  i. 

4.  A  right  Line,  13  that  which   lies  evenly   betwixt  ksTa/;/e  1 
Terms. 

Or,  as  Archimedes ;  a  right  Line  is  the  leaft  of  all  thofe 
which  have  the  fame  Terms ;  or,  is  the  (hortelt  of  all  thofe 
which  can  be  drawn  betwixt  two  Points. 

Or,  as  Fiaio  hath  it ;  a  right  Line  is  that  v/hofe  Extremes 
hide  all  the  reft  :  [That  is,  when  the  Eye  is  placed  m  a 
Continuation  of  the  Line.] 

The  Senfe  is  the  fame  in  all.  The  Inftrument  whereby 
right  Lines  are  defcribed,  is  [called]  a  Rule  ;  which,  whe- 
ther it  bellrait  or  not,  you  may  know  by  this  Tryal. 

Defcribe  a   Line  according  to    the   Rule  ;   then  turning 

the  Rule  fo  that,  that   which   before    was  the    Right-hand 

End  may  now  become  the  Left-hand  End,  apply  it  again 
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to  the  Line  before  defcribed  ;  if  it  doth  now  entirely  fall  in 
with  the  Line,  the  Rule  is  ftrait,  if  not,  the  Rule  is  not 
llrait.     The  Reafon  hereof  depends  on  Axiom  13. 

5.  A  Surface  is  a  Adagnitude  which  hath  only  Length 
and  Breadth. 

It  hath  two Dimenfions  therefore:  And  is  underflood  to 
be  produced  by  the  flowing  of  a  Line. 

6.  Lines  are  the  Extremes  of  a  Surface. 

7.  A  Plane,  or  a  plain  Surface,  is  that  which  lies  evenly 
betwixt  its  extreme  Lines. 

Or  as  HerOf  that,  to  all  the  Parts  whereof  a  right  Line  may 
be  accommodated. 

For  it  is  produced  from  the  Motion  of  a  right  Line. 

Or,  a  plain  Surface  is  that  whofe  Extremes  any  of  them 
hide  all  the  reft,  [the  Eye  being  placed  in  a  continuation  of 
the  Surface.] 

Or,  it  is  the  leaft  of  all  Surfaces  which  have  the  fame 
Terms.     The  Senfe  is  the  fame  in  all. 

Euclid  hath  not  here  defined  a  Body  or  Solid,  becaufe  he 
was  not  yet  about  to  treat  concerning  it.  But  left  any  one 
fhould  want  the  Definition  thereof,  take  it  here  thus ;  A 
Body  is  a  Magnitude,  long,  broad  and  deep.  A  Body  there- 
fore hath  three  Dimenfions,  a  Surface  two,  a  Line  one,  a 
Point  none. 

8.  A  plain  Angle  is  the  mutual  Inclination  to  each  other 
of  two  Lines,  which  touch  one  another  in  a  Plane,  and  fo 
as  not  to  make  one  Line. 

Jf>.  2,  4.         Therefore  the  two  Lines  A  B,  C  A  touching  one  another 
in  A,  but  To  as  not  to  make  one  Line,  conftitute  an  Angle. 

9.  The  Sides  or  Legs  of  an  Angle  are  the  Lines  which 
make  the  Angle. 

10.  The  Vertex  or  Top  of  an  Angle  is  the  Point  (A)  in 
which  the  Legs  do  meet  and  touch  one  another. 

Note,  That  a  fingle  Angle  is  defigned  by  one  Letter  put  at 
theTop :  When  there  are  more  at  onePoint,they  are  defigned 
by  three  Letters,  the  middlemoft  of  which  denotes  the  Top 
of  the  Angle  ;  and  many  Times  alfo  by  one  Letter  inter- 
pos'd  betu'ixt  the  Sides  near  the  Top.  So  in  Fig.  5.  the 
Angle  made  by  the  Lines  B  A,  C  A  is  defigned  cither  by 
three  Letters  'Q  AQ^  or  by  one  only  O. 

1 1.  Angles  are  called  Equal,  if  when  the  Tops  of  them 
are  laid  upon  one  another,  the  Sides  of  one  agree  with  the 
Sides  of  the  other.  But  unto  this  it  is  not  required  that  the 
Sides  fnould  be  of  an  equal  Length.  12.  They 
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12.  They  are  crlled  Unequal,  when  the  Top  and  cne 
Side  agreeing,  the  o-her  doth  not  agrees  and  tha:  is  called 
the  Greater,  vvhofe   .ide  falls  without.     So  the  Angle  BAE 

is  greater  than  the  A^igle  li  A  C.  Fig.  5, 

An  Angle  is  not  diminifh'd  or  increas'd  by  the  Diminution 
or  Augmentation  of  the  Sides  that  include  it. 

13.  A  right-linM  Angle  is  that  which  right  Lines  conlli. F/V.  i,  4. 
tute  ;  a  curvi-lineai,  which  crocked   Lines  ;  a  mixc  cne, 

that  which  <\  right  Line  and  a  crooked  one  make. 

14.  Whcii  the  right  Line  [C  A]  Handing  upon  the  right  F/>.  6. 
one  [B  F]  leans  unto  neicher  Fart,  and  therefore  makes  the 
Angles  on  both  Sides  equal,  C  A  B=:CAF  both  of  the  e- 

qual  Angles  are  called  Right  ones :  But  the  right  Line  C  A 
which  ilands  upon  the  other,  is  called  a  perpendicular  Line, 
or  barely  a  Perpendicular. 

A  right  Angle  may  alfo  be  defined  thus.  ^'i.  6. 

A  right  Angle  is  that,  that  (B  A  C)  when  on  the  other 
Side  an  equal  one  arifeth  (C  A  F)  if  you  produce  or  draw 
forth  a  Side,  as  (B  A.) 

Two  Rules  fo  joined  as  to  contain  a  right  Angle,  make  an 
Inflrument,  which  is  called  a  Square.  Pythagoras  was  the 
Inventor  of  it,  as  Vitrwvius  afiirmeth  r.  2.  /.  9.  So  great 
is  the  Ufe  and  Force  of  a  right  Angle  in  Framing,  Mea. 
furing  and  Strengthning  all  Thing?,  that  nothing  almoft  can 
be  done  without  it.  The  Proof  of  a  Square  is  made  thus  : 
Apply  the  Side  of  it,  AE  to  the  right  Line  A  F,  and  de. 
fcribe  the  right  Line  C  A  along  the  other  Side.  Then  turn- 
ing the  Square  towards  B,  if  on  both  Sides  it  agrees  to  the 
right  Lines  C  A,  A  B,  you  m.ay  know  that  it  is  true  and 
exaft.  The  Reafon  hereof  appears  from  the  14th  Definition 
itfelf. 

15.  The  Angle  B  A  C,  which  is  greater  than  the  right  f''^./' 
one  F  A  C,  is  called  an  cbtufe  Angle. 

16.  The  Angle  (LAC)which  is  lefs  than  the  right  Angle  F/;^'.  8. 
(FAC)  is  called  an  Acute  one. 

17.  A  plain  Figure  is  a  plain  Surface,  bounded  on  every 
Side  with  one  or  more  Lines. 

18.  A   Circle  is  a   plain  Surface,  contained  within  the  F/>.  9. 
Compafs  of  one  Line,  called  the  Circumference  ;  from  which 
Line  all  the  right  Lines  that  can  be  drawn  unto  one  certain 
Point,  within  the  contained  Space  (A)  are  equal. 

19.  7  hat  Point  is  called  the  Center. 

20.  The  Diameter  is  a  right  Line  (B  A)  drawn  thro' F/^.  9. 
athe  Center,  and  on  both  fides  ended  at  the  Circumference ; 

D  3  and 


11  Euclid'j  EJeraents.  Lib.  I. 

and  confequently  it  divides  the  Circle  into  two  equal  Parts. 
(As  is  abundantly  manifeft  from  the  exaft  Agreement  of  two 
Semi-circles  when  laid  upon  one  another.) 

2i,  The  Semi-diameter,  or  Radius,  is  the  right  Line 
A  F,  drawn  from  the  Lcnter  to  the  Circumference. 

22.  The  Semi-circle  is  a  Figure  (B  L  C)  which  is  con- 
tained by  the  Diameter  E  C,  and  haT  the  Circumference 
(BLC) 

Mathematicians  are  wont  to  divide  the  Circumference 
into  360  equal  Parts  (which  they  call  Degrees)  the  Semi- 
circumference  into  180,  the  Quadrant,  or  Quarter,  into  90. 

23.  A  Right-'iin'd  Figure,  is  a  plain  Surhce  bounued  on 
every  fide  with  right  Lines. 

^^J-  i^'  24.  A   Triangle  is  a  plain  Surface  contained  by  Three 

ri^,ht  Lines. 

I'his  is  the  firil  and  moft  fimple  of  all  Right.lin'd  Figures, 

and  that  into  which  they  are  all  refolved, 
F/>.  10.  25.  An  Equilateral  Triangle,  is  that  which   hath  all  the 

fides  equal. 
T/j.  ii,i2i      26.  An  ^fo/ccles,  or  Equicrural  Triangle,  is  that  which 

hath  only  two  Sides  equal. 
T/V.  13.  27.    A  8calenum,    is    that   which  hath   Three    unequal 

Sides. 
^'■I-  13-  28.  A  Right-angled   Triangle,  is  that  which  hath  one 

Angle  right. 
Tr.  12.  29.  An  Obtufe.angled  Triangle,  is  that  which  hath  One 

obtufe  Angle, 
i'/j,  ID;  II.       ^Q,  _/\n  Acute-angled  Triangle,  is  that  which  hath  Three 

acute  Angles, 
^'i-i4>i5«       31.  Amongft    Quadrilateral    Figures,    the   Redangic  is 

that  vvhic.i  hath  tour  righr,  and  confequently  equal  Angles ; 

whetner  the  fides  be  equal  or  net. 
Fij.  15.  32.  A   Square,    is   that  which   hath  equal  fides,  and  is 

Right-angled,  and  confequently  £qui-angled. 

livery  bqu-re  is  a  Rectangle  ;  but  every  Reftangle  is  not 

a  fquare. 
lij.  16.  33.   A  Rhombus  is  a  Quadrilateral,  or  four.ficed  Figure, 

which  is  Equilateral,  but  not  Equi-angled. 
■^•J-  17-  34-   A   Rhomboides,  is   that    which  hath    the   oppofite 

fidcs  and  Angles  equal,  but  is  neither  Equilateral,  nor  Equi- 

angled. 
>/>.  14, 15,      5-.    A  Parallelogram,  is  a  Quadrilateral  Figure,    which 
10^  17-        hath  each  Two  of  its  oppofite  fides  (AB,  F  C  and  \j¥,  AC) 

parallel 
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parallel  to  each  other.     Now  v/hat  parallel  Lines  are,  will 
be  (hewed  in  the  following  Definition. 

Every  Redangle  and  Square  is  a  Parallelogram  ;  but 
every  Parallelogram  is  not  a  Redangle  or  a  Square. 

36.  Right  Lines  are  parallel,  or  equi-diftant,  which  being F/V.  i8. 
in  the  fame  Plane,  and  drawn  out  on  both   Sides  iniinitely, 

are  diftant  from  one  cnother  by  equal  Intervals. 

The  Intervals  are  faid  to  bs  equal,  in  refpedl  of  the  Per- 
pendiculars.  Wherefore  if  all  the  Perpendiculars  (Q^L) 
unto  one  of  the  two  P-r&lIds  ("A  B)  Ihall  be  ec^ual,  the 
right  Lines  (A  B,  C  F)   are  faid   to  be  parallel. 

Parallels  are  produced,  if  the  right  Line  (LQ^)  which 
is  perpendicular  to  the  right  Line  (A  B)  be  moved  along 
(A  B)  always  perpendicularly  ;  for  then  its  Extremities  L 
defcribes  the  Parallel  C  F. 

37.  The    Diameter,  or  Diagonal  of   a  Parallelogram,  F/;,M7. 
and   every   Quadrilateral,    is   a  right  Line  (A  F)   drawn 
through  the  oppofite  Angles. 

38.  Plain  Figures  contained  by  more  Sides,  than  Four, 
are  called  Many-fided,  or  Many-angled,  and  by  a  Greek 
Word,  Polygom. 

39.  The  external  Angle  6f  a  Right-1in*d  Figure,  is  that -f^?.  19. 
which  arifeth  without   the  Figure,  wJien  the  Side  is  pro- 
duced.    Such  are  F  B  C,  G  C  A,  H  A  8.     Every  Figure 
therefore  hath  fo  many  external  Angles  as  it  hath  Sides, 

and  internal  Angles. 

^oJftiJates, 

APoftulate  is  that  which  is  manifefi:  in  itfelf,  that  it 
may  eafily  be  done,  or  conceived  to  be  done.     It 
is  required  therefore  to  be  granted  that  we  may, 

1 .  From  any  Point  given  draw  a  right  Line  unto  any 
other  Point  given. 

2.  Draw  forth  a  finite  right  Line  in  Length  ftiil  farther* 

3.  From  any  Center  at  any  Interval  defcriL^  a  Circie. 
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Axioms, 

N  Axiom  is  a  Truth  manifefl;  of  itfelf. 

Thofe  Things  which  are  equal  to  the  fame  thing, 
are  equal  alfo  afnongfl:  themfelvcs.  And  that  which  is 
greater  or  lefs  than  one  of  the  Equals,  is  alfo  greater 
or  lefs  than  the  other  of  them. 

2.  If  to  Equals  you  add  Equals,  the  Wholes  will  be 
equal. 

3.  If  from  Equals  you  take  away  Equals,  the  Remain- 
ders will  be  equal. 

4.  If  to  Unequals  you  add  Equals,  the  Wholes  will 
be  unequal. 

5.  If  from  Unequals  you  take  away  Equals,  the  Re- 
mainders will  be  unequal. 

6.  What  Things  are  each  of  them  half  of  the  fame 
Quantity,  are  equal  amongfl  themfelves  ;  and  what  things 
are  double  or  treble,  or  quadruple  of  the  fame,  are  equal 
amongft  themfelves. 

7.  What  things  do  mutually  agree  with  one  another  are 
equal. 

8.  If  right  Lines  be  equal,  they  will  mutually  agree  with 
one  another  ;  and  the  fame  thing  is  true  of  Angles. 

p.  The  Whole  is  greater  than  its  Part. 

10.  All  right  Angles  are  equal  amongft  themfelves. 

11.  Parallel  Lines  have  a  common  Perpendicular  :  That 
is,  the  right  Line  which  is  perpendicular  to  one  of  them,  is 
perpendicular  alfo  to  the  other. 

Fit.  21  li.  The  two  perpendicular  Lines  (L  O,  Q^I)   intercept 

equal  Parts  of  the  Parallels,  LI,  O  Q^ 

13.  Two  right  Lines  do  not  comprehend  a  Space;  for 
unto  this  there  are  required  Three  at  the  leaft. 

14.  Two  right  Lines  cannot  have  one  common  Segment ; 
for  that  they  cut  one  another  only  in  a  Point. 

Of  Propofitions  feme  propofe  fomething  to  be  done,  and 
are  called  Problems ;  in  others  we  proceed  no  further  than 
bare  Contemplation,  which  therefore  are  named  theorems. 
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PROPOSITIONS. 

TH  E  requifite  Citations  are  found  in  the  Margin. 
When  Propofitions  are  eited,  the  firft  Number  defigns 
the  Propofition  ;  the  Letter  /,  with  the  Number  foJ low- 
ing, fignifies  the  Book.  As  when  you  meet  wi:h  (per  5./. 
3.)  you  mvift  rcadit  thus,  (By  the  Fifth  Propofirion  of  the 
Third  Book.)  The  Figure  is  always  to  be  fought  amongfl 
the  Figures  of  that  Book  in  which  we  are  then  converfant. 
The  reft  of  the  Citations  are  eafy  to  be  underftood. 

The  primary  Affections  of  Triangles  and  Parallelograms 
are  delivered  in  this  Book.  The  more  famous  Propofitions 
are,  3a,  35,  37,  41,  44,  45,  47. 

PROPOSITION  I.     Problem,      ^i.23. 


u 


^^  On  a  give  f J  right  Line  (^A  B)  to  make 
an  Equilateral  Triangle. 


From  the  Center  A,  with  the  Interval  (A  B)  (-^)  defcribe(^a)i'c'>-i»«, 
the  Circle  FCB  ;  and  from  the  Center  B  with  the  fame  Iti-jlul,  3. 
terval  B  A  defcribe  the  Circle  ACL,  cutting  the  former  in 
the  Point  C,  from  which  Point  draw  the  right  Lines  C  A, 
CB. 

J  fay,  that  the  Triangle  A  C  B  now  made,  is  Equilateral. 
For  the  right  Line  A  C  is  equal  to  the  right  {b)  Line  A  B,  (b)  Per 
feeing    they   are  Semi  diameters  of  the  fame  Circle  FCB.  Def.  18. 
And  again,  the  right  Line   B  C   is  equal  to  the  fame  right 
Line  B  A,  feeing  they  are  both  Semi-diameters  of  the  Circle 
L  C  A.    Therefore,  A  C,  B  C  are  {c)  equal  betwixt  them-  (^c)   Per 
felves.    And  therefore   all   the  Sides  of  the  Triangle  are  e-^A:/o»i  i. 
qual.    Therefore  the  Triangle  (^)  A  C  B   is  both  Equilate.  ^j^  p^^ 
ral,  and  made  upon  the  given  Line  AB  j   which  was  the/,\/.  25. 
thing  to  be  done.     Q^E.  F.  F'i-  77- 

Corollary.  '*  Hence  we  may  meafure  an  inacceffible 
"  Line,  as  A  B.  For  fuppofe  any  Equilatersl  Triangle 
**  whatfoever  B  D  E  applied  to  the  Point  B  along  the  Line 
**  B  A.  Looking  from  the  Fcin't  B,  along  the  Line  B  E, 
**  mark  as  many  Points  as  you  conveniently  can  in  the  Line 
**  B  C.  Then  remove  the  Triangle  B  D  E  along  the  Line 
"  B  C,  from  one  place  to  another  of  that  Line,  until,  by 

taking 
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"  taking  aim  along  the  lide  of  the  Triangle  E  D  or  C  F, 
*'  you  lee  the  inacceilible  point  A  in  a  Continuation  of  that 
*'  Line.  Thus  the  Triangle  B  A  C  is  as  well  Equilateral 
*'  as  B  D  E.  If  therefore  you  ihall  now  raeafure  the  ac- 
*'  ccffible  Line  B  C,  you  have  the  meafure  of  the  inaccelli- 
*'  ble  A  B.     ^.  E.  F. 

PROP.   11.     Problem. 

^.^  X7^ ROM  a  given  ^oint  A^  to  draw  a  right 

jP    Live  equal  to  one  givefj^  E  F, 

Take  with  a  pair  of  Compp.fTes  the  Interval  E  F,  and 
transfer  it  from  A  to  D,  the  right  Line  A  D  will  be  equal 
to  the  given  E  F. 

PROP.    III.     Problem. 

'Tp  fVO  unequal  right  Lines  being  given ^  from 
'^'  ^'        X    the  greater  of  them  G  H  to  cut  offGI  equal 
to  the  Jefs  E  F. 

Take  with  a  pair  of  ComprifTes  the  Interval  of  the  lefs 
given  Line  E  F,  and  transfer  it  i:r.:o  the  greater  from  G  to  I. 

PROP.    IV.     Theorem. 

P,v  25.  X  "^  ^'^  ^'^^  'Triangles  (Xy  Z)  cue  fide  of  the 
\^  one  {B  /^)  be  eq.ialto  one jfide  {F L)  oj  the 
othery  and  another  fde  (C  J)  of  the  one  equal 
to  another  fide  {1  L)  tf  the  at  her  ^  and  the 
Jlngks  (  A  and  L)  made  by  thfe  fides  b«  alfo 
equal  \  then  the  F^aCes  (BC,  FI)  are  likc^z'ife 
equals  as  alfo  the  Angles  at  the  Eafes  (B  F  and 
C  I)  which  are  oppj/he  to  equal fildes^  and  confe- 
qttently  the  whole  Triangles  are  equah 

For 
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For  if  we  fuppole  the  Triangle  Z  to  be  laid  upon  the 
Triangle  X,  the  Sides  L  F,  L  1  will  perfectly  agree  and  fall 
in  together  with  the  Sides  that  are  equal  to  them,  A  B, 
A  C,  and  this  in  fuch  fort  (c)  that  the  three  Points  \^L.  F.  (c)  Per 
I.)  fhall  fall  upon  three  Points,  (A,  B.  C.)  Therefore  the  ^;f'o  8. 
whole  Bai'e  F  1  will  alio  fall  upon  the  whole  Bafe  B  C. 
But  then  the  Angles  F,  B,  and  likevvife  thofe,  I,  C,  and  the 
.whole  Triangles  will  n^utually  {congruere)  sgree  to  each 
other.  All  therefore,  by  the  7th  Axiom,  are  equal.  ^. 
E.  D.     Which  was  the  Thing  to  be  demonftrated. 

Corollary.     *'   (1.)  Hence  we  may  alfo  in  another  way  F/[^i  78. 

*'  meafure  the  Line  A  B,  although  otherwife  impradicable 

"  by  reafon  of  feme  GbHacle,  as  a  River,  ^c.  between 

**  the  Extremities  thereof.     For   fiom    any  point  whatfo- 

**  ever,  as  the  Point  C,  let  the  Angle  A  CB  be  obferved,  , 

*'  and  then  Jet  the  Lines  AC,  B  C  be  meafured  ;  and  in 

*'  any   acceffible    Plane   let  there  be  meafured  about   the 

.*'  Angle  F,  which  is  equal  to  the  Angle  C,  two  Lines  F  D 

**  and  ¥  E,   which   are  equal   to  the  Lines   A  C  and   B  C 

**  refpedlively.     And  there  will  be  the  acceffible  Line  D  E 

*'  equal  to  the  inacceffible  A  B.     ^  E.  J, 

Corollary,  (z.)  "  Hence  alfo  thofe  who  play  at  Bil- F/;e.79. 
"  liards  with  Ivory  Balls,  may  learn  how  by  the  Reflexion 
**  of  their  own  to  hit  and  remove  their  Adverfary's.Ball. 
*'  For  let  B  be  the  Ball  to  be  ttricken,  A  that  which  is  to 
"  Urike  it,  and  C  D  the  Redilinear  Plane.  Let  the  Line 
"  B  E  be  perpendicular  to  the  Line  C  D,  and  D  E  be 
*•  equal  to  DB.  ii  the  Ball  A  be  llricken  and  carried  a- 
*'  long  the  right  Side  A  i'  E  unto  the  Point  F,  it  will  there 
*'  be  To  reilcdted,  that  afcer  the  Reflexion  it  will  tend  unto 
**  B.  For  in  the  Friangles  B  F  D,  E  F  D,  the  Side  F  D 
"  is  common  to  both,  and  the  Side  B  D  is  equal  to  the 
*'  Side  D  E  ;  and  the  Angics  at  Dare  equal,  as  being 
*♦  rii^ht  ones.  The  whole  Triangles  therefore  are  equal  ; 
*•  arid  therefore  the  Angle  BED,  which  is  equal  to  the 
**  Angle  D  F  E,  is  '^  equal  to  A  F  C,  the  Angle  AFC*  p^r  15. 
.*'  beir^g  venicaily  cppolite  ro   D  F  £.     ^  heretore,   feeing/,  i. 

-*'  the  Angle  AFC  is  the  Angle  of  Incidence,  which  in 
*'  fuch  vales  is  equal  to  the  Ai.gie  of  Reflexion,  it  is  ma- 
■*'  nifcil  that  B  F  ]j,  which  hath  been  proved  equal  to  A  FC, 

■"  is  the  Jungle  of  the  Rciiexion  of  the  Ball  A,  and  that 

"  the 


aS  Eu c  L I D  'j  Elements*  Lib.  T. 

**  the  Ball  tending  towards  E,  is  in  the  Point  F  fo  refledled, 
**  as  to  hit  the  Ball  B.    Q^E.D. 


B 


Scholium^  or  Ohfer'vatioih 

Y  much    the  I'ame  way  of  Reafoning,  whereby  this 

4th  Propofttion  has  been  demonftrated,  the  following 

theorem f  which   we  Ihall  have   occaficn  to  ufe  by  and  by, 
may  be  demonftrated  alfo. 
Pl>.  25.  If  in  two  Triangles  X,  Z,   the  Sides  B  C  and  F  I  fhall 

be  equal,  and  the  Angles  adjacent  to  thefe  two  Sides  equal 
alfo,  "jiz.  B  and  C  equal  to  F  and  I ;  all  the  other  Things, 
and  the  whole  Triangles  themlelves  will  be  equal. 

For  the  Side  F  I  laid  upon  the  Side  B  C  will  agree,   or 

Ca)  Per      throughly  coincide    with  it  (<«).      And  then  becr.ufe  the 

Axiom  8.     Ans;les  B  and  C  are  equal  to  thofe  F  and  I,   when  the  Side 

(j')/'^^      Ffis  laid   upon  the  Side  B  C,  FL  {b)  will  fall  exaftly 

'^^■"""*-     upon  BA,  and  IL   upon   C  A.     Therefore   the  Point  L 

will  fall  upon  the   Point  A  (for  if  it  fall  without  A,  the 

Sides  F  L,    I  L  would   not  fall  upon  the  Sides    B  A,  CA.) 

Therefore  all  Things  are  equal  by  the  7th  Axiom. 

PROP.   V.     Theorem. 

F//.  26.      TT  ]^  an  Ifofceles  or  Eqtiicrtiral  TrlangJcy  the 


1 


JngJes  at  the  Bafe  ( J^  C)  are  equal. 


Let  the  Triangle  ABC  be  underftood  to  be  twice  put,- 
but  in  an  inverted  poflure  c  b  a.  Becaufe  therefore,  in  the 
cwo  Triangles  A  B  C,  c^a  the  Side  A  B  is  by  the  Suppofi- 
tion  equal  to  the  Side  cb,  and  the  Side  C  B  to  the  Side  ah, 
and  the  Angle  B  to  the  Angle   b ;  the  Angle  A  alfo  at  the 

Cc)  ^^'•4-  Bafe  will  {c)  be  equal  to  the  Angle  c     ^  E.  D.     For  as 

^'  '•  for  the  Angles  C  and  c  they  are  the  fame. 


T 


Corollary. 

HEREFORE  an  Equilateral  Triangle  is  alio  Equi- 
angular. 

PROP. 
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PROP.  VL     Theorem. 

I  Fin  a  Triangle  (JBC)two  Angles  (J  and  Fig,  6. 
C)  he  equalj  the  Sides  alfo  (^ B^  BC)  which 
are  oppo/ite  to  thofe  Angles  are  equal  alfo. 

Let  the  Triangle  ABC  be  fuppofed  to  be  twice  put  but 
in  an  inverfe  Situation,  c  ba.  Becaufe  therefore  in  the  Tri- 
angles A  B  C,  f  ^  fl,  one  Side  A  C  is  equal  to  one  Side  {ca) 
and  the  Angle  A  is  equal  to  the  Angle  f,  and  the  Angle 
C  equal  to  the  Angle  «,  all  the  other  Things  fhall  be 
likewife  (<2)  equal,  and  confequently  A  B  ihall  be  equal  to  (a)  Per 
the  Side  cb,  Q^  E.  D.  For  as  for  the  Lines  C  B  and  cbSchol. 
they  are  the  fame.  ^^°^'  4- 

Corollary. 

n^HEREFORE  an  Equiangled  Triangle,  is  alfo  Equi- 
-*-    lateral. 

Corollary  (2.)  "  Hence,  by  the  means  of  the  jfhadow  of  F/^.  80. 
"  the  Sun,    we  may  meafure  the  height  of  a  Tower,   or 
"  any  elevated  Point.     For  when  the   Sun   is  elevated  45 
*'  Degrees   above  the  Horizon,    the   Shadow  which  the 
**  Tower  cafts  towards  the  Plorizon  will  be  exadlly  equal 
"  to  its  Height.     For,  by  reafon  that  the  Angle  A  C  B  is 
**  half  a  right  Angle,  the  Angle  BAG  alfo  *  will  be  half*  Per  C«/- 
*'  aright  one;  and  fo,  by  the  Force  of  the  prefenc  Propofiti-  rol.  ii. 
**  on,  the  Line  A  B  will  beexaftly  equal  to  the  Line  B  Q.^^'^P-  3^. 
**  The  Line  B  C  therefore  being  found  by  meafuring,  there^'  '• 
*'  is  found  at  the  fame  time  the  Line  A  B,  the  Height  of 
*'  the  Tower  above  the  Horizon. 

Corollary  (3.)  "  The  fame  Thing  alfo  may  be  found 
*'  without  the  Sun  by  the  means  of  an  Allronomical  Qua- 
•*  drant.  For  where  the  Angle  of  Elevation  is  haif-righc, 
**  there  the  Height  of  the  tower  above  the  Obferver's  Eye 
*'  is  equal  to  the  didance  of  the  fame  Eye,  from  that  part 
*'  of  the  Tower  which  is  oppofite  to  it.  The  diftance  there. 
**  fore  of  the  Eye  from  the  Tower  being  given  by  meafur- 
"  ing,  there  is  given  at  the  fame  tima  the  Height  of  the 
Tower.     ilE.l. 

"^  The 
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Fi£.  27. 


Tig,  81. 


Tig.  29. 


E  u  c  L I D  'j  Ekfiiefits.  Li  b.  I. 

The  Seventh  Propofition  in  Euclid  is  for  the  fake  of  the 
Eighth,  which  without  it  will  here  be  demonllrated. 

PROP.  VIII. 

IF  two  Triaugles  (X,  Z)  have  all  their  Sides 
equal  aniGUgJi  themfehes  refpeBively  (AC 
equal  to  EF;  C  B  to  F I ;  JB  to  E  I '^)  they 
will  alfo  have  all  the  Jngles  which  are  oppojite 
to  equal  SideSy  equal  :  (C  equal  to  F ;  J  to  Ej 
B  to  L) 


For  fuppofe  the  Side  A  B  laid  upon  its  Equal  E  I,  if 
then  the  Point  C  falls  upon  F,  the  IViangles  will  in  the 
Whole  agree  or  coincide,  and  confeqamtly  all  the  Angles 
will  be  equal.  But  the  Point  C  will  fall  upon  the  Point  F. 
For, 

"  From  the  Center  A  let  a  Circle  be  defcribed  with  the 
Semi-diameter  E  F;  and  from  the  Center  1,  let  another 
Circle  be  defcribed  wiih  the  Semi-diameter  I  F ;  the 
Point  C  by  reafon  of  the  Equality  of  the  Sides  of  both 
Triangles,  will  be  in  the  Circumference  of  both  Circles, 
and  confequently  in  the  Point  E,  the  common  Interfec 
tion  of  both  thefe  Circumferences.     1^.  E.  D, 


T 


PROP.  IX.     Problem. 
0  Bi/eSf  or  Divids  into  fjuo  equal  -PartSj 
a  given  right  lind  Jingle  ^  as  I  Ah* 


From  the  Sides  of  the  Angle  take  with  a  pair  of  Com- 
paiTes  two  equal  Lines,  A  B,  A.  C  ;  tiien  from  the  Centers 
B  and  C  defcribe  two  equal  Circles  cutting  one  another  in 
F  ;  which  done,  draw  the  Line  F  A.  This  bifefls  the 
Angle. 

For  draw  the  Line  B  F,  C  F  ;  the  Triangles  FAB, 
F  A  C  are  to  each  o:her  Equilateral;  for  the  ^jides  A  B, 
A  C  are  by  the  Conilrudlicn  equal,  as  in  like  manner  are 
the  Sides  B  F,  C  F,  they  being  Semi-diameters  of  equal 
Circles  ;  and  A  F  is  common  to  both  Triangles.  Therefore 
rd)  Pfr  8.  the  Angles  B  A  F,  C  A  F  [d)  are  equal.  Therefore  the 
/.I.   "       given  Angle  I  A  L  is  bifewled.   fi^^".  E- 

Corollary, 
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Corollary. 

HENCE  we  may  learn  how  an  Angle  may  be  divided 
into  all  equal  Angles,  4,  8,  I6t  &c.  <viz.  by  bifecL 
ing  each  part  again. 

Scholium, 

No  one  hath  hitherto   taught  the  Way  of  dividing 
Angles  into  all  equal  Parts  whatfoever  with  a  pair 
of  CompaiTes  and  a  Rule. 

Yet  may  you  divide  any  given  Angle  mechanically  into  Fig.  30. 
any  equal  Parts  whatfoever,  if  from  the  top  of  the  Angle, 
as  the  Center,  you  defcribe  an  Arch  between  the  Legs  of 
the  Angle,  and  divide  the  Arch  into  as  many  equal  parts  as 
you  require  i  for  right  Lines  let  down  from  A,  through 
the  points  of  the  Divifion,  will  cut  the  Angle  into  fo 
many  equal  parts. 

P  R  O  P.  X.    Problem. 
JJL  0  BifeSi  a  finite  given  Line  {AB.)  Fig,  31. 

Upon  the  given  Line  A  B  make  an  Equilateral  [a]  Tri-  (a)  Per  i. 
angle   A  G  B,  bifeft  its  Angle  G  {b)   with  the  right  Line  ^-  i* 
G  C.     The  fame  fliali  bifed  the  given  Line  A  B.  (b)  Pjr 

For  in  the  Triangles  X,  Z,  the  Side  C  G  is  common  ;  P^"^^"^- 
and  by  the  Conftruclion   G  B,  G  A  are  equal,  and  the 
Angles  contained  between  them   A  G  C,  B  G  C,  are  like- 
wife  equal.     Therefore  the  Bafes  AC,  B  C  (0  are  equal,  (c)  P.Y4 
The  gi'ven  Line  therefore  A  B  is  bifected.     ^  E.F.  l-  X. 

But  for  pradice  it  is  fufficient,  from  the  Centers  A  and 
B.  to  defcribe  two  equal  Circles,  cutting  one  another  in  G 
and  L,  and  fo  to  draw  the  right  Line  G  L. 

PROP.  XL    Problem. 

FROM  a  given  l^oint  {J)  to  raife  a  ^er-  Fig.  3^   /     / 
peudtcttlar  in  a  given  right  Line  L  L)      ^  Jv/  /h^ 

With  a  pair  of  Compaffes  take  the  equal   Lines   A  C,  v  Ct/rf*^-^ 
A  F.     from  the   Centre  C  and   F  defcribe   two  Circles,      ^hCc^jL<My^ 

^  cutting 
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cutting  one  another  in  B.     The  Line  which  is  drawn  from 
B  to  A  will  be  the  Perpendicular  required. 

For  let  the  right  Lines  C  B,  F  B  be  drawn.     The  Tri- 
angles X  and  Z  are  Equilateral   to  one  another.     Therefore 

(a)  Per  8.  the  Angles  CAB,  F  A  B  are  equal  (a)     Th£refore  E  A 
/.  I.  is  {6)  perpendicular  to  the  Line  (L  L^     ^  E.  F. 

(b)  P^^  In  Pradlice  this  and  the  next  are  eafily  preformed  by  the 
^^f-  14*      help  of  a  Square. 

PROP.  XII.     Problem 

F/i.  3^,     "^7^  RO M a  given  To'wt  (Jl)  which  is  with- 
J^*^    out  an  infinite  right  Line  {as  L  ^)  to  let 
jail  a  'l^erpendicular  to  that  Line. 

From  the  Center  A  defcribe  a  Circle  which  may  cut  the 

(c)  Per  10.  given  L  Q^in  C  and  I.     Eifed  the  right  Line  C  I  {c)  with 
/.  I.  the  right  Line  A  B.  This  A  B  is  the  Perpendicplar  required. 

For  let  there  be  drawn   AC.   AL     Becaufe  by  the  Con- 
ftruclion,  the  Triangles  X  and  Z  are  Equilateral  to  one  a- 
(d)P^r8.    nother.  Therefore   the    Angles   [d)  C  B  A,  IB  A,  are  e- 
/.  I.  qual.     Therefore  A  Bis  {e)  Perpendicular.    ^  E.  F, 

(c)  Per 

Def.14.  PROP.  XIII.     Theorem. 

Fig.  34.      hd  "(  HE  right  Line  {B  J)  Ji  an  ding  upon  the 
|[      right  Line  {C  B)  either  makes  two  right 
j^figlcs^  or  jingles  equal  to  two  right  ones. 

For  if  R  A  ftand  upon  it  perpendicularly,  then  by  the 

14th   Definition,  the  two   Angles    B  A  C.B  A  F  will   be 

right  ones.     And  if  B  A  Hand  obliquely,  let  there  be  rais'd 

/£•>  p^,^     (/)  the  Perpendicular  A  L.     Where,  becaufe  the  unequal 

11./.  I.       Angles  CAB,  FAB  poiTefs   the  fame  place  which  the 

two  right  ones  C  A  L,   L  A  F  do,  and  agree  to  them,  they 

(g)  Per      are  equal  (g)  to  them.    ^E.D. 


Ajiiom  7, 


Corollaries* 

I.  T  N  the  fame  manner  it  will  be   demonllrated  if  more 
J_  right  Lines  than  one  ftand  upon  the  f^me  right  Line, 
thai  the  Angles  thereby  made  are  equal  10  two  right  ones. 

2.  Two 
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2.  Two  right  Lines  cutting  one  another,   B  A  C,    FA  I ,  F/V.  ^7. 
make  the  Angles  equal  to  four  right  ones. 

3.  All  the   Angles   which  are  about  one  Point,    make  f'/i'- 3^* 
Angles  equal  to  four  right  ones.      Jt  appears  from  Corollary 

2.  for  they  are  four  right  ones,  cut  into  more  Parts. 

4.  The  '^.ngle  CAK  being  known,  )ou  at  the  fame  time  F/j.  37, 
know  its  Compliment  unto  two  right  Angles  B  A  F.  For 
Example,  Let  the  Angle  C  A  F  be  of  70  Degrees  ;  the 
Angle  BAF  will  be  of  iio  Degrees.  For  thole  two 
Numbers  added  together  make  180  Degrees,  which  is  the 
Meafure  of  two  right  Angles. 

PROP.   XIV.     Theorem. 

JF  two  right  Lines  (X  R^  Z  R)  at  the  fame  Fi^-is^ 
■*'  \PoifJt  of  a  right  LtJie  {(il^)make  the  Jnglcs 
on  both  Sides  {XR  g_,  Z  R  g^  )  equal  to  )ivo 
right  Jungles  ;  the  Lines  {XRy  Z R)  make  one 
right  Line, 

If  you  deny  it,  Let   X  R,  B  R  make  one  right  Line..  /-^^^   p^j. 
Therefore  the  Angles  X  R  Q^,  QJl  B  {a)  will  make  two  13.  /.  i 
right  Angles.     Which  thing  is  {h)   abfurd  ;  feeing   by   the  (b)  Contra^ 
Hypothefis  X  R  Q^,  Z  R  Q^  do  make   two  right  Angles.  ^.'f'^^'«  9' 

PROP.  XV.     Theorem 

/F  two  right  Lines  (B  C,  F L)  cut  one  another 
in  Ji  the  Jtjgles  oppo/ite  at  the  top  (A)  ate  Fij.  37, 
equalj  viz.  LJBtoC  ^'F,  and  BAF  to  L  AC. 

For  becaufe  BA   11: mds  upon  the   right   Line  L  F,  the 
Angles  LAB,  FA  B  are  {c)  equal  to  two  right  ones :  And  (c)  P.-r 
becauie  F  A   Hands  upon  the  right  Line  B  C,  the  Angles  ^3- 1'  i- 
F  A  C,  FAB  are  alfo  equal  {d)  to  two  right  ones.    There,  (d)  By  the 
fere  the  two  Angles  together  [e)  LAB,   FAB  are  equal  iofcnu-  Prop, 
tl.ofe  two  together  C  A  F,  FAB;  by  taking  away  FA  B,Kj  P^r 
commcn  to  bcih,  LAB  (/)  remains  equal  to  C  A  F.     Jn  -^  V,^'"  ^' 
the  lame  manner  BAF,   LAC  are  fhewed  to  be  equal.        ^-j  )   ^'^'' 

Corollary.    "    From  thefe  two  Propofuicns  we  gather  in     '*    ^'  "^* 
**  Catoptrics,  that  a  Ray  ot  Light,  as  receded  in  an  Angle 
C  ''  equal 
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**  equal  to  the  Angle  of  Incidence,  taketh  the  (horteft  way 

F/V.  82.       "  of  all.     e.  g.       When   the  Angles    BED,  AEF  are 

**  equal,    the  Lines   A  E  and   E  B   taken  together,    are 

**  Ihorter  than  any  Lines  whatioever,  as  A  F  and  F  B  taken 

**  together.     For  from  the  Foint  3,  let  the  perpendicular 

*'  Line  B  C  be  let  down;  and  let  B  D  and  D  C  be  equal  : 

*'   Let  the  Lines  alio  E  C  and  F  C  be  drawn.     Now  in  the 

"  Triangle  B  E  D  and  D  E  C,  feeing  the  Side  D  E  is  com- 

**  mon  to  boch,  and  the  Side  B  D  and  D  C   are  equal  by 

*'   the  Hypothefis,  as  is  alio  in  the  like  manner  BDE  equal 

*  P^^f  4.      <•  to  the  Ang!e   C  D  E  ;   the  Triangles  alfo  fhall  be  *  equal 

^- 1-  *'  in  all  other  Things,  and  B  E  Ihall  be  equal  to  C  E,  and 

**  the  Angle  B  E  D  to  the  Angle  DEC;  (where,  becaufe 

*'   the  Angle  D  E  C  is  equal  to  [8  E  0,  that  is]  A  E  F,  the 

*'   Lines  A  E,  EC   are  proved  to  make  one  right   Line.) 

**   A.nd  in  the  lame  manner  the  Line  B  F   will  be  proved 

**  equal  to  F  C.     Seeing  therefore  the  Lines   B  E  and  E  A 

*'   taken  together,  are  equal  to  the  Line  C  A,  and  the  Lines 

*'   B  F,  FA  taken  together,  are  equal  to  tha  Lines  C  F,  FA 

•*  taken  together ;  it  is   manifeic  that    C  A,  which  is  one 

"^  Per  20.    «'  Side  of  the  Triangle  A  C  F  *  is  lefs  than  the  two  Sides 

/.  I.  ..  CF^  i?  A  taken  together.     Q^E.  D, 

PROP.  XVI,  XVII. 

'Y^HESE  two  'J^ropo/j(hf7s  are  cotJta'wed  in 
•^  Frtpfnion  32  ;  and  are  not  here  made  ufe 
of  till  then. 


PROP.     XVIIT.     Theorem, 

/A^  every  Triangle  the  Angle  {A)  which  is  op- 
po/edto  the  greater  Side  ( B  0)  is  the  greater  ; 
and  (B)  which  is  oppojite  to  the  leJJ'er  Side  (^0) 
IS  the  lejfer  Angle, 

(A)  cannot  be  equal  to  (B)  for  then  the  oppofite  Sides 

^■^  Per  6.  BO,    A  O   would  be  equal   (a)  ;  which   is   contrary  to  the 

/.  I.  Hypothefis.     Neither  cV.n  A  be  lefs  than  B,  for  if  it  were 

fo,  there  might  within  the  Angle  B  be  made  an  ^ngle  A  B  F 

fey  the  right  Line  B  F  ;  whicii  Ang'e  ftiould  be  equal  to  A. 

But  thftii  by  the  6th  of  this  Book  B  F,  A  F  (hall  be  equ  il  ; 

and 
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and  if  you  add  to  both  O  F,  then  R  F,  F  O  fiiall  be  equ?I 
to  A  O.  Bat  A  O  by  the  Hypo:hefis  is  Je/s  rJian  h  O. 
1  herefore  B  F,  F  O  fhail  be  lefs  than  B  O,  wliich  contradifts 
the  Definition  of  a  right  Line,  wiiich  is  the  fi.otdc  of  all 
betwixt  two  Points.  Therefore  the  Angle  A  is  neither  jeis 
than  B,  nor  equal  to  it.     Therefore  it  is  greater.    ^  E.  D. 

PROP.  XIX.     Theorem. 

JN  the  Triangle  JOB  the  Side  {B  0)  'which Fi^.  38. 
•'■   is  oppofed  to  the  greater  jlngie  {A)   is  the 
greater ;  Jud  {A  0)  which  is  oppofed  to  the 
lejfer  Angle  By  is  the  leJJ'er, 

This  Propofition  is  the  conveife  of  the  former.  P  O  is 
not  lefs  than  A  O,  for  if  it  were,  the  Arg'e  (A)  by  the 
18th  would  be  lefs  than  B  ;  which  is  contrary  to  the  Hy. 
pothefis  Nor  can  B  O  be  equal  to  A  O,  for  in  this  cai'e, 
by  the  5th,  the  Angles  A  and  B  would  be  equrJ  But  this 
Equality  of  thofe  Angles  is  contrary  to  the  Hypothefis. 
Therefore  B  O  is  greater  than  A  O.     ^E.  D. 

Corol.  "  Hence  we  gather,  that  a  Globe,  or  Ball  per.  p'/V  ij> 
*'  fedly  poliihed,  cannot  reft  in  an  horizontal  Plane  per-  "*'  ^ 
*'  fedly  polifned,  but  where  it  toucheth  the  Earth,  i'or 
*•  let  the  Line  A  B  be  an  horizontal  Mane,  C  the  Earth's 
*«  Center,  C  A  the  Semi-diameter  of  the  Earth,  perpen- 
•*  dicular  to  the  Tangent  A  B.  The  Globe  placed  at  B, 
**  becaufe  of  its  Gravity,  and  the  Declivity  of  the  Plane, 
*•  willdefcend  towards  A.  For  in  the  Triangle  CA  B,  ihe 
**  perpendicular  Line  C  A,  which  is  oppcfite  to  the  acute 
♦'  Angle  ABC,  is  lefs  than  ihe  Line  B  C,  which  is  cp- 
«'  poled  to  the  right  Angle  B  A  C  ;  and  fo  ihel-e  is  from  3 
'"  to  A  a  perpetual  Defcent,  in  which  the  Globe  cannot 
**  reft.  And  in  the  like  manner  we  piove  the  Defcent  of 
*'  Fluids  and  their  Conlormation  in:o  a  fpherical  Surface. 

PROP.  XX.     Theorem. 

In  any  Triangle^  any  two  Sides  of  it  taken  to^ 
gether^  are  greater  than  the  remaining  Side, 

C  2  This 


33 


2  6  Euclid'j  Elements,  Lib.  L 

This,  with  Archimedes,  ic,  as  it  were  an  Axiom  ;  foraf- 
much  :a.s  it  is  immediately  manifeil  out  of  his  Definition  of 
a  ri<Tht  Line;  which  fee  above  amongfl  the  Definitions. 


^'i-39. 


PROP.  XXI.     Theorem, 

J F  from  the  Ends  of  one  Side  -A  B^  two  right 
^  Lines  be  drawn^  and  joined  together  within 
the  'Triangle^  (as  the  Lines  JO^  BO  J  thefs 
are  lefs  than  the  Sides  of  the  Triangle  (JC^  B  C) 
hut  they  comprehend  a  greater  Jngle  (JOB.) 

For  as  for  the   firft  Part  of  the  Propofition,  draw  out 

(a)  Per  20.  A  O  unto  F  :   AC,  C  F  ?re  (a)  greater  than  A  F.    There- 
/.  I.  fore  the  common    Line   F  B  being  added,   AC,   B  C  are 

(b)  By  thi  greater  than  A  F,   F  B.      Again,  OF,   F  B  are  greater  (Z) 
farne.  than  O  B.     Therefore  the  common  AO  being  added,  A  F, 

B  F  a  e  greater  than  A  O,  B  O.     Therefore  A  C,  C  B  are 
much  greater  than  A  O,  OB. 

The  fecond  f^art  of  this  Propofition  will  be  demonftrated 
jn  the  fecond  Corollary  of  the  firll  Part  of  Propofition  3z. 
And  in  the  mean  while  we  fhall  make  no  ufe  of  it. 


PROP.  XXir.     Proble 


m. 


Ti 


ig  40.     '■J^O  make^  a  Triangle  of  three  given  right.  Lives 
-^     fBO^  LB^  L  OJ  of  which  any  two  miift 

le  greater  than  the  thirds 

Let  B  L-,  one  of  the  given  Lines  be  taken,  and  B  one 
of  it?  Extremities  being  taken  for  the  Center,  with  the  Jn- 
terval  of  the  othc-  given  Line  B  O,  defcribe  an  Arch. 

'i'hen  toe  other  Extremity  L  being  taken  for  the  Center, 
with  the  Literval  of  the  third  given  Line  L  O.  defcribe  ah 
Airch.  cutting  the  former  in  O  ;  Vvhich  being  done,  and  the 
right  Lines  BO,  L  O  beirg  drawn,  1  fay  that  that  is  done, 
which  was  to  be  done. 

The  Deraonftration  is  manifeft  from  the  Conilrudlion. 

PROP. 
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#ROP.    XXIir.     Problem. 

A^  ^  i^'^^^^  ^oifjt  in  a  right  Line  {as  B)  to 
-^  7nake  an  Angle  equal  to  a  given  one  (A.) 

Firft  of  all  let  CF  be  drawn  at  a  vencure,  cutting' the -F/j.  40. 
Sides  of  the  given  Angle  A,  Then  in  the  given  rij^ht  Line 
from  B,  take  BL  equal  to  A  F.  Then  from  the  Center  B 
defcribe  a  Circle  with  the  Interval  A  C  ;  afterwards  another 
from  tlie  Center  L,  with  the  Interval  F  C\  which  may  cu: 
the  former  in  O  Then  from  O  unto  B,  ard  L  having 
drawn  right  Lines,  the  Angle  L  B  O  wil!  be  equal  to  the 
given  one  A.  . 

For  by  the  Ccnftniflion,  the  Triangles  are  Equi'ateral 
to  one  another,  therefore  by  the  8th  of  this  Book  the 
Angles  B  and  A  are  equal. 

Scholium. 

T  T  feems  meet  for  the  fake  of  Beginners  to  propound 
-*•  fome  things  here  which  are  necefTary  for  Pradice  about 
Angles. 

Ihe  Meafure  of  an  Angle  is  the  Arch  of  a  Circle,  which  ri^^  ^j. 
is  defcribed  from  A,  the  lop  of  the  Angie  as  the  Cen:er. 
Therefore  look  how  many  Degrees  the  Arch  B  C,  which 
is  intercepted  between  the  Legs  of  the  Angle  B  A  C  fnaU 
contain,  of  fo  many  Degrees  the  Angle  B  A  C  fnaii  be  faid 
to  be  And  fo  becaufe  h  F,  a  quarter  of  tlie  Circumfcicnce. 
contains  90  Degrees,  and  meafures  the  right  Angle  B  A  F, 
a  right  Angle  fhail  be  faid  to  be  of  90  Degrees.  In  like 
manner,  becaufe  half  the  Ciicunifercricc,  which  is  divided 
into  180  Degrees,  meafures  two  right  Angles,  and  the 
whole  Circumference,  which  is  divided  into  360  Degrees, 
meafures  four  right  Angles  ;  two  right  Angles  (hall  be  faid 
to  make  iRo  Degrees  and  four  360  Degrees.  Thefe  i  hings 
being  prcmfed,  the  Pra6lice  about  Angles  is  as  foHows.        jr,.>,  ^2. 

I.  At  B  a  given  Point  in  a  right  Line  to  make  an  Angle 
equal  to  the  given  one  A 

From  A,  the  Top  of  the  given  Angle  as  the  Center, 
defcribe  betwixt  the  Sices  the  xArch  C  F.  Then  frcm  !>, 
the  given  Point  as  the  Center,  defcribe  with  the  fame  In- 
terval the  Arch  L  Z  ;  from  which  '.ake  off  L  O  (qual  to 
CF.  Ihrousih  B  and  O  draw  a  right  Line  ;  L  B  O  fliali 
be  equal  to  the  given  A . 

C  3  2.  To 
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F/j.  3.  2.  To  examine  the  Degrees  of  the  given  Angle   O  P  Q^ 

This  is. done  very  eafily  through  any  Semi.circle  or  Pro- 
traftor,  which  is  divided  into  i§o  Degrees.  For  put  the 
Center  of  rhc  Semi.circle  upon  P,  the  top  of  the  Angle, 
and  the  Radius  of  the  Semi-circle  P  L  upon  the  Side  cf 
the  Angle  P  Q_;  and  the  Arch  L  O,  which  is  intercepted 
betwixt  the  Legs  of  the  Angle,  will  ihew  of  how  many 
Degrees  the  given  Angle  is. 

3    7o  frame  an   Angle,  containing  a  given  Namber  of 
Degrees,  as  41. 

^'^-  43-  Draw  the  rig^t  Line  X  Q^   in  which  mark  the  Point  P. 

Upon  P  put  the  Center  of  a  Semi.circle,  and  its  Semi-dia- 
meter P  L  upon  P  <^^.  From  L  number  41  Degrees,  that  iis, 
until  you  come  to  O.  A  right  Line  drawn  from  P  through 
O,  will  give  the  Ang'e  O  P  L  of  41  Degrees. 

PPv OP.  XXIV,  XXV.     Theorems. 

F/^.44.  jFtwo  Triargles  (BJC^  BJ1\)  fhall  have 
^  t'-so  Sides  {B  J ^  AC^)  equal  to  tico  {B  Jy 
y/i*,;  (9//^  Side  of  ove^  to  one  Side  of  the  other ; 
and  tf  one  of  the  Triangles  hath  the  Jngle 
ByJ  F)  cofjtai/Jed  by  thofn  Sides  greater  than  the 
ether  (BJC,)  It  Jhall  have  the  Bafe  BF 
greater  than  the  Pjafe  {BC.) 

And  again ^  if  it  hath  the  Bafe  greater^  it 
Jhall  have  the  Ahgle  greater* 

From  the  Center  A,  deTcribe  a  Circle  which  pafleth 
through  C,  it  fhall  pafs  alfo  through  F,  becaufe  A  C,  A  F 
aiefupjpoied  to  be^eiqaal.  Therefore  B  F  fhall^fall  betwixt 
TTiTPcinT  Aaha'C.y  ThenToIrT'C  F.  The  Angle  B  C  F  is 
grerTei'TtTTrfrrhe"  Anele  A  C  F  ;  that  is,  by  the  5  th  of  this 
Book,  than  the  .- n^le  A  FC,  and  confequently  much  grcnrcr 
than  the  .';  ngle  B  b'  C.  'jherefore  in  the  1  riangle  t!  C  F, 
ra^:  Per  19.  [a)  3  F,  which  is  oppofite  to  the  greater  Angle  B  C  F,  is 
greater  than  B  C,  which  is  oppofKe  to  ihe  leffvr  Angle  B  F  C.  | 

1-    As  for  the  fecond  Part  of"  the  rrorolition,  this  is  ma-  . 
rifeR  from  the  firit  Part,  and  Propofition  4. 

PROP. 


/. 
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PROP.  XXVI.    Theorem. 

TF  tzvo  Triat^gJes  {X and  Z)  have  two  JtigJes  ^'S-  25. 

equal  to  twOy  one  Angle  oj  tbeone^  equal  to  one 
Jingle  of  the  other  {B  to  F  and  C  to  /, )  and  one 
Side  oj  one  Equal  le  of  the  otber^  whether 
it  be  that  which  is  bet  wist  the  equal  Angles 
{as  BC~-FIJ  or  a  Side  which  is  oppo/ed  to  one 
of  the  equal  A.^gles  {as  AC=LI^)  all  the  other 
'Parts  Jhall  be  equal. 

For  in  the  Place,  let  the  Sides  (B  C,  F  I)  which  are  be- 
twixt the  equal  Angle?;  be  fuppoled  eqaal :  In  this  Cafe 
all  -rhe  otier  ''arts  arti  equal :  as  hath  b^en  already  demon- 
llra[cd  in  the  Scho.ium  of  the  4th  r*ropofition. 

Aggin,  luppofe  the  Side?  AC,  LJ,  which  are  oppo{ed 
to  the  equal  Angles,  to  be  equal.  Here,  becaufe  the  Angles 
(B,  C)  are  by  the  Hypothefis  equal  to  (F,  1)  the  other 
Angles,  alfo  (A,  L)  (hall  be  equal  by  Corollary  q.  Propojt- 
tion  31  which  propofition  depends  not  upon  this  There- 
fore by  the  firft  Part  of  this,  all  the  other  Parts  are  equal. 

Corollary.  '*  Hence  alfo,  following  Thale^^  we  may  f^,v  S4. 
**  nieafure  inaccefiible  Diilanccs.  e.  g.  Let  A  D  be  an 
*•  inacceffible  i.ine ;  ro  which  at  the  Point  A,  let  there  be 
""  ereded  the  Perpendicular  A  C.  Let  there  be  made  the 
*'  Angle  (A  C  B)  equal  to  the  Angle  (  \  C  D)  the  acceffibie 
**  Line  A  B  Ihall  be  equal  to  the  inacceiTible  A  D.    0^£".  /. 

PROP.  XXVIT.    Theorem. 

IF  the  fight  Line  GO  Jhall  cut  two  right  Lines  ^;-  45« 

which  are  parallel  ( yi  B^  ^-f  0  *  •  "^^^  alter- 
nate  Angles  {RLO,  Qip  L,  likewife  B  LO, 
CO  L)  (hall  he  eq"al.  2.  l^he  external  Angle 
G  LB  (hall  be  equal  to  the  internal  one  on  the 
fame  Side  {that  is^  to  LOF)  as  likewife  G  L  fl 
ejual  to  LOG,     3.  \lhe  two  internal  ones  on  the 

fame 
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fame  Side  {ALO^  COL)   as  takeJi  together^ 

JJoall  he  equal  to  two  right  ones^  as  likeivt/e  the 

two  fBLOj   FO  LJ  equal  to  two  right  ones. 

Fi'T.  4.6.  The  fir  ft  Part  is  thus  proved.      From  O  and  L  draw  the 

Perpendiculars  O  R,  LQ^     Thefe  are  perpendicular  to  the 

*  P,-r         *  two  Parallels  A  B,    C  F  ;  and  by  Definition  56,  equal  be- 

Axiom  II.   twixt  then-.Tclvcs,    they  lliall   therefore  (^)   intercept  equal 

(a)  Pc-r       |>ar:s  of   iac    Farallels,  and   R  L  fliall    be  equal    to  Q^O. 

Jxiom  12.  Therefore  the   Triangles   X  and  Z  are   Eqai:ateral   to   one 

(b)P.';-8.  another,   'i  herefore  (.^)  the  ahernats /\rg]es  H  LO,   Q  O  L, 

•  ^'  which  are  oppofue  to  the  equ?.!  Sides  R  O,  QJL.,  are  equal. 

Which  is  the  firil  Thing.      From  whence  it  is  IJkewife  ma- 

nifcll,  that  the  Alternates  B  L  O,   COL  are  equal.     For 

btcaule,  as  well  B  L  O,  A  L  O,  as  C  O  L,  F  O  L  are  equal 

fc^  Per  13.  {c}  to  two  right  ones  }  therefore   B  L  O,   A  L  O   togetiier, 

^-  I-  are  equal   to  '.^  O  L.   F  O  L.     Therefore  taking  away  the 

Equals  R  L  O,  F  O  L,  the  remaining  ones  B  L  O,  COL, 

fhail  be  likewife  equal. 

Far-  fjcond.     The  Angle   G  L  B  is  equal  to  that  vvhich 

(<X)  Per  15.  is  vertically  oppofite  R  L  O  (^).     Fut  R  L  O,  by  the  firll 

^'  I-  Fart  of  this   Fropofiticn,   is  equal    to    L  O  F.     Therefore 

G  L  B,  the  external  Angle,  is  tqual  to  the  internal  remote 

one,  which  is  on  the  fame  Side,  L  O  F\ 

Fart  third.  A  L  O,  by  the  firft  Part,  is  equal  to  L  O  F. 
^e^  Perij.  But  LOF,  with  COL,  make  (^^  Angles  equal  to  two  right 
^- *•  ones.     Therefore    A  L  O,  with   COL,  coth  the  fame. 

n^  31,  Corol.  **  Kence,  in  Imitation  of  Eratcfihenes,    we  learn 

**  to  meafure  the  Compels  of  the  Earth.     For  he  obfcrved, 

*'  that  en  the  l):cj  of  the  Summer  SolflicG,   the  Sun    wa? 

'*  perpendicularly   ever   ^ienc,  a   City   of  Egspt  ;  and   he 

*'  found  by  the  means  cf  a  Stile,   perpendicularly  eredcd, 

*'  thcJt  on  the  fame  Day  the  Sun  wa^  diitant  from  the  ver- 

**  tical  Point  of  Alexandria^  a  City  cf  Egypt,  fituate  alm.cft 

*'  under  the  fame  =\.'eridian  with  the  other,  fcvcn  Degrees, 

*'  with  one  Fifth    Pa.rt  of  a  Degree;  and  he  knew   that 

*'  thefs  two  Cities  were  about  5000  Furlongs  diitant  front 

♦.'  each  other.     From  thefc  Tilings,    by   the  help  of    tnis 

*'  .'^ropofition,    he  determin'd   the  Compafs  of  the  Earth. 

**  Let  A  be  Siene,  and  B  be  AUxandria,  where  the  Gnomon 

«*  BC  is  creded  perpendicular  to  the  Horizon.     Let  D  F 

and 
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*•  and  E  G  be  the  Solar  Kay's  paraJJtl  to  one  another  as  to 
"  Senfe.  D  x^  a  Ray  perpendicular  to  the  Horizon  of'5i- 
*'  ene ',  and  E  G  a  Ray  oblique  to  the  Hor  zon  of  Jlex. 
**  andria,  and  which  paffing  by  the  top  of  the  Gnomon, 
**  makes  with  it  the  Angle  GCF,  which  is  of  yi  Degrees. 
*'  Now  feeing  the  /-ngle  GCF  is  equal  to  the  alternate 
*'  one  A  F  B,  and  the  meafure  of  it  is  the  Arch  A  B  of 
*'  73-  Degrees  ;  he  found  the  Ccmpafs  of  the  fiarth  by 
*'  this  Analogy,  as  7^  Degrees  are  to  5000  Furlongs;  fo 
*'  the  whole  v  ircumterence,  which  is  of  360  Degrees,  is 
*'  in  a  grofs  Nuniber  to  250000,  the  Comf  ais  of  the  Earth 
•♦  in  the  lame  meafure.    .^.  E.  1. 

PROP.  XXVIII.     Theorem. 
JF  a  right  Line  {G  0)  catting  two  right  Lines  Fi^.  47. 

{,y^  /:",  C  F)  makes  the  alternate  jungles 
{A  L  O,  /.  OF)  equal  ^  the  Lines  {A  B,  FC) 
are  parallel. 

If  you  deny   it,  let  X  L  Z,  p?.fiing  through   the  Point 
L,  be  parallel  to  C  F.     Therefore   X  L  O  i^a)   is   equal  to  /a")  By  the 
the  alternate  FOL,  which  cannot  be,  feeing  by  the  i:^y]^o.fon^ou2^. 
thefi3  A  L  O  is  equal  to  F  O  L. 

PROP.  XXIX.  Theorem. 
jF  a  right  Line  (G  0)  cutting  two  right  Lines  F/>.  45,46- 
•^  {AB^  CF)  Jhall  make  the  external  Jngle 
(GL  B  equal  to  the  tiiternal  oppofite  one  {LOF^) 
or  Jhall  make  the  two  internal  Angles  on  the 
fajne  Side  (ALO^  COL)  equal  to  two  right 
Angles  ;  (A By  CF)  are  parallel  Lines. 

By  the  15th  of  this  Book,  G  L  B  is  equal  to  A  L  O, 
which  is  vertically  oppofite  to  it.  But  by  the  Hypothefis 
G  L  B  is  equal  to  L  O  F.  Therefore  alfo  A  L  O  is  equal  to 
its  alternate  one  L  O  F.  Therefore  {S)  A  8,  C  F  are  parallel,  ('b)  Bjy  the 

Again,   COL  with    FOL  makes  Angles  equal  to  two/^^^lc'^J. 
right  ones.     But  by  the  Mypothefis   COL   with   A  L  O, 
makes  in  all  two  ri^ht  Angles  alfo.     Therefore  A  L  O, 

FOL, 
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F  O  L,  the  alternate  Angles  are   equal.     Therefore  again, 
(a)  By  thi  (a)  A  B,   C  F  are  parallel. 


foregoing. 


Corollary.     •*  From  the  fecond  Part  of  this  Propcfition 
5*  it  appears  that  every  Redlangle  is  a  Parallelogram. 


PROP.   XXX     Theorem. 

^'i'As-      r-  two  right  Lines  {AB^  CF)  be  parallel  to 
the  fame  right Lijje  (D  NJ  they  are  parallel 
hetwist  tbemfehes. 

It  is  manifeft  In   itfeif.  nrd  from  the  foregoing  Propo- 

fitions.      For  if  all  be  cut  by  the  right  Line  G  O,  the  exter- 

(b)  P^r  27,  nal   Anv^Ie   G  LB  is  equal  [b)  to  trie  internal  oppofite  one 

^-  '•  L  D  N.     Now    L  D  N  is  an  excernal  Angle  in  refptdt  of 

(c)By  the    D  O  F.  and  :he;-efcre  [c]  equal  to  it.    Therefore  alfo  G  L  B 

h''^'-  is  equal  to   L  O  F.     Therefore  A  B,   CF  (^)  are  par  Jiel. 

(d)  By  the        ^  y  \  J        v 

fore,oi.,.  PROP.  XXXI.    Problem. 

Fig.  48.     'JTHROUGH  a  given  Point  (Jl)  to  draw  a 
*     Parallel  to  a  given  right  Line  (F C.) 

From  the  Point  A,  let  there  be  drawn  at  random  A  L, 

cutting  the  2:iven  F  C.      At  the  Point  A,  let  there  be  made 

Co)  Ver  23.  the  Angle  :  7)  LAS  equal  to  the  Angle  A  L  F.      J  he  Line 

•  '•  A  S  will  be  parallel  to  C  F  ;  as  is  manifeft  from  the  z8th, 

the  alternate  Angles  SAL,   A  L  F  being  equal. 

As  for  the  pradice.  Draw  A  L,  and  irom  the  Center 
L  defcribean  Arch  I  Q^;  and  from  the  Center  A,  with  the 
fame  Interval,  dcfcribe  the  Arch  OX;  from  which,  ha- 
ving taken  oil  O  B  cqaal  to  I  Q^  x.\\q.  right  Line  drawn 
through  A  and  B  will  be  the  Parallel  fought.  The  Demon- 
llration  depends  upon  the  29th,  7.  i. 
^'!f-49-  Or  otherwHe  thus.     F'rom  a  certain  Center  P  defcribe  a 

Circle  which  may  pafs  through  the  given  Point  A,  and 
may  cut  the  given  Line  C  F  in  Q^nnd  O.  Take  the  Arch 
O  N  equal  to  C^A.  The  right  Line  A  N  ihali  be  the  i'a- 
rallel  fought. 

The  Demonftration  hereof  depends  upon  the  :  oth,  /.  3. 
and  the  28th  of  this. 

PROP. 
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PROP.  XXXII.  Theorem. 

PART     I. 

T  N  every   Triafjgle    auy   one   of  the  ei^ternsil  Y;g.t,\. 
•*■  Jviles  fas  FBCj  is  equal  to  the  two  inter- 
nal remo'e  ones  (A  and  C.J 

Through   the   Point  B    draw  («)   BL  parallel  to   A  C.  (a)  Pc'r3i: 
Becaule  F  A  cuts  the  two  Parallels  3  L,   AC,   the  external  ^-  i- 
Angle  F  B  L  fhall  be  equal  to  the  internal  one  A  (3.)     And  (b)  Per 27. 
becaule  the  Line  I-  C  cuts   the  fame  Parallels  (B  L,  AC  ;)  ^-  }• 
the  Angle   L  B  C  fhall  be  {c)  equal  to  its  alternate  one  C.  <Jp)  ^^  ^^^ 
Therefor-  the  whole  Angle  h  B  C  ihall  be  equal  to  A  and  ^''''^''' 
C  boih  together.     ^.  E.  D, 

Corollaries, 

I.  ^X'  H  E  external  Angle  F  B  C  is  greater  than  either  of  F/V  51, 
-*-    the  internal  oppcfite  ones  A  or  C. 

2.  Of  the  Angles  (C  and  A  O  B)  having  the  fame  Bafe,  Fh.  39. 
A  B  which  falls  within,  is  the  greater. 

For  let  A  O  be  produced  unto  F,  A  O  B,  by  this  Proro-  F/V,  55; 
fition,  is  greater  than  O  F  B  ;  and  likewife  O  F  B  is  by  this 
greater  than  C.     Therefore  A  O  B  is  much  greater  than  C. 

3.  Jf  t»-om  one  Point  A  there  falls  two  right  Lines  upon 
B  C  ;  one  of  them  A  O  obliquely,  the  other  A  F  perpen- 
dicularly ;  this  lail  fiiail  fidl  on  the  Side  of  the  acute  Angle 
AOB.  For  let  it  fall,  if  it  may  be,  on  the  Side  of  the 
obtule  Angle  A  O  C  ;  as  for  inilance,  in  Q^  In  this  Cafe, 
the  acute  Angle  AOB  ihall  be  external  in  refpedt  of  A  Q^B, 
and  confequently  fhall  be  greater  than  the  right  one,  by 
Corollary  i^  which  is  abfurd. 


PROP. 
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/        PROP.  XXXII.     Theorem. 

PART    ir. 

jN  every  Triangle  the  three  Angles  taken  tO" 
•*■  get  her  ^  are  equal  to  two  right  ones^  and  there- 
fore  make  i8o  Degrees, 

PI    j.^.  Draw  forth  one  side  A  B  unto  F.     The  external   Angle 

(a)  By  tfi-  ^  ^  C  is  equal  [a)  to  the  two  internal  oppofire  ones,  A 
)ir/}Partofin^  C  But  F  Q  C  with  ABC,  make  (d)  Angles  equal 
f^is.  to  two  right  ones.     Therefore  the  two,  A  and  C,  wich  the 

(b)  Peri^.  iame  CB  i,  make  Angles  equal  to  two  rieh:  ones.  2^  E.  D. 
^-  I-  Or  thus.  Draw  (he  Line  H  VI  parallel  to  A  C,  the  a). 
r'n^'  cernate  Angles,  as  well  O  and  A,  as  N  and  C  {c)  are  equal. 
(c;  erzj.  ,,^^  Q,  Qf,  N  make  Angles  (/)  equal  to  two  right  ones. 
(d)Corol  I  .Therefore  aifo  A,  C,  Q^areequa.  to  two  right  ones.  :^.E.D. 
Prop.  13. 

/.  I.  Corollaries. 

4.  nPHE  three  Angles  of  any  one  Triangle  taken  together, 
-^    are  equal  to  the  three  Angles  of  any  other  1  '.jangle 
taken  together 

5.  If  in  a  Triangle  one  Angle  be  right  (or  obtufe)  the 
reft  are  acute. 

6.  If  in  a  Triangle  one  Angle  be  right,  the  two  other 
Angles  together  make  one  right  Angle 

7.  In  every  Triangle,  the  An^le  which  is  right,  is 
equal  to  the  other  two  laken  together. 

8.  When  you  know  of  how  many  Degrees  one  Angle  of 
a  Triingle  is,  you  know  at  the  fame  time  how  many  De- 
grees the  two  other  Angles,  as  taken  together,  do  make  up. 
^nd  io  on  the  contrary,  when  you  know  how  many  De- 
grees two  Angles  of  a  Triangle  take  together  do  makeup, 
or  what  is  the  urn  of  them,  you  know  .it  the  fame  lime 
of  how  many  Degrees  the  third  Angle  is. 

9.  When  two  Angles  of  one  !  ri^ngle,  either  fcverally 
or  together,  are  equal  to  two  Angles  of  another  Triangle  ; 
the  third  Angle  of  one  Triangle  is  alio  equal  to  the  third 
of  the  other. 

10.  When  two  Triangles  have  one  equal  Angle,  the 
Sum  alfo  ot  the  reft  of  the  Angles  are  equal. 

1 1,  When 
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I  J,  When  in  an  IfoUdes,  the  '\ngle  contained  by  the 
equal  Sides  is  a  right  one.  the  two  other  are,  each  of  them, 
half- right  Angles.  And  the  Angles  of  an  llo/celes^  which 
are  at  the  Bafe,  are  always  acute. 

12.  In  an  Equilateral  Triangle,  each  Angle  is  two 
thirds  of  a  right  Angle.  For  it  is  one  third  of  two  right 
ones,  therefore  it  is  two  thirds  of  one  right  one. 

13.  Hence  a  right  Angle  (BAG)   is  eafily  divided  intoF/>.  54. 
three  equal  parts ;  if    upon   A  C  be   made  the  equilateral 
Triargle   Z  ;  for   leeing    F  A  C  is  two  thirds  of  one  right 

onC;   iiAF  fhall  be  one  third  of  a  right  one 

14.  The  Perpendicular  A  b   is  the  fhorteil  of  all  Lines  F/^.  55. 
which  can  be  drawn  from  the  Point  (A)  unto  fome   right 
Line.     For  feeing  the  Angle  F  is  a  right  one,    AOF  (hall, 

by  the  5  th  Corollary,  be  an  acute  one.     There.'ore  (<«)  A  F^a)  Per  I9. 
is  ihorter  than  any  other,  as  A  O.  /.  i. 

25.  Only  one  Perpendicular  can  fall  from  one  Point  unto 
one  right  Line.  This  is  manifelt  out  of  the  foregoing  Co. 
rollary. 

16.  **  Hence  alfo  we  learn  to  determine  the  Parallax  diTig,  86. 
**  the  Stars,  or  the  difference  of  their  true  and  apparent 
**  Place.  Let  A  be  the  Center  of  the  Earth,  B  the  Place 
'*  of  the  Obferver  upon  the  Surface  of  the  fame.  Let 
*'  D  B  C  be  the  Angle  of  the  Star  C,  according  to  Cbferva- 
*'  tion,  or  the  njifible  Angular  diflance  thereof  from  the 
**  vertical  Point ;  when  in  the  mean  while  D  A  C  is  the 
**  true  Angular  Diftance.  Now  the  external  Angle  D  B  C, 
**  which  is  given  from  Obfervation  is  equal  to  the  Angles 
**  BAG  and  BCA,  taken  together;  and  confequently 
*'  the  Angle  B  C  A  is  the  difference  of  the  Angles  D  B  C 
*'  and  DAG,  If  therefore  we  (hall  from  Ailronomical 
**  Tables  feek  the  Angle  D  A  C,  or  what  at  that  Time  of 
**  Obfervation  is  the  true  Angular  Diftance  of  the  Star 
*•  from  the  vertical  Point,  when  the  Angle  DBG  is  at 
*•  the  fame  Time  known  by  means  of  the  Quadrant,  the 
**  Difierence  of  thofe  Angles  B  G  A,  which  v/e  call  the 
.**  Parallax,  will  likewife  be  known.     ^  E.  L 

Scholium- 

T5  Y  the  Tefiimony  of  Eudemus,  an  ancient  Geometrf. 
J3  clan,  Pythagoras  was  the  Finder-out  of  this  Propo- 
fuioR,    which  indeed  is  a  Theorem  moil  excellent  in  it 

felf. 
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felf,  mcfi:  fruitful  in  its  Confedaries,  and  of  immenfe  ufe 
in  ail  Farts  of  the  V'atliematicks.  ^rijiotle  very  frequently 
niakes  mention  of  it,  who  aifo  puts  it  for  an  Example  of 
the  moll  perfecl  Demonftration,  Uut  like,  as  from  this 
Propofirion,  we  have  already  learned,  hew  many  right 
Angles,  the  Angles  of  a  Triangle  are  equivalent  to;  fo  by 
the  help  of  the  fame,  it  will  in  the  three  following  Propo- 
fitions  be  manifeft,  how  many  right  Angles,  the  singles  of 
any  Reftilinear  Figure  vvhatfoever,  whether  internal  or  ex. 
ternal,  do  make. 

Theorem  i. 

^J.  56.      T  N  every  Quadrangular  Figure,  the  four  Angles  together 
X  make  four  right  ones. 

For  if,  through  the  oppofite  Angles,  you  draw  the  right 
Line  B  F,  this  wi!l  cut  the  Quadrangle  into  two  Tri^^ngles, 
without  forming   any  new  Angles,    whofe  A-ngles  together 

(2.)  P:r  32.  do  (a^  make  four  right  Angles, 

/.  I. 

Theorem  2. 


A' 


L  L  the   Angles  together  of  every  right-lin'd   Figure 
make  twice  fo  many  right  ones,  abating  four,  as  are 
the  fides  of  the  Figure. 
Fi?.  57.  From  any  Point  A  within  the  Figure,  let  there  be  drawn 

unto  the  Angles  of  the  Figure  right  Lines,   which  fhall  cut 
the  Figure  into  fo  many    Triangles  as   it  hath  Sides,   and 
make  no  more  Angles,  but  thofe   of  the  Center.      Where- 
fore, when  each  of  the  Triangles  contains  two  right  Angles 
^b'  Per  -^2  (^''  ^^^y  "^"^  ^^^   together  contain   twice  i'o   many  right 
/.I.       ^     Angles  as  there  are  Siaes.     Now  tiie  Angles  about  the  Point 
(c)C<;ro/.3.  A   (f),  do  make  four   right  Angles.     Therefore,  if  from 
Prop.  13.     the  Angles  of  all   the  Triangles,  you  take  away  the  new 
^-  J-  Angles    which  are  about  A,    the  remaming  Angles,   which 

indeed  do  alone  conftitute  the  Ang'es  uf  the  Figure,  will 
mike  twice  ib  many  right  Angles,  excepting  four,  as  are 
the  Sides  of  the  Figure. 

Hence  it  appears,  that  all    Right-lin'd    Figures  of  the 
fame  Species,  or  Number  of  Sides  and  Angles,  have  the  Sum 
of  their  Angles  equal.    V\  hich  thing  is  worthy  of  admiration. 
I'he  Pradice  is  thus  ;   Double  the    denominator  of  the 
Figure,  and   frgm   ihe  Produ^   lake  away  lour  ;  the  Re- 
mainder 
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mainder  is  the  Number  of  the  right  Angles,   which  the  in- 
ternal Ang!es  of  the  Figure  do  make. 
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Theorem  3.  * 

L  L    the   external    Angles   of  any   Right.Iin'd   Figure  ^k-  58. 
whatfoever   taken  together   do  make   up  four  right 
Angles. 

For  each  of  the  internal  Angles  of  the  Figure  does  {d)  (d)  Per  13. 
with  its  refpeclive  external  one,  make  two  righc  Angles.  /.  i. 
Therefore  aK  the  internal  ones,  together  with  all  the  ex- 
ternal ones,  do  make  up  twice  fo  many  right  Angles  as  are 
the  Sides  of  the  Figure.  Now,  by  the  Preceding,  the  in- 
ternal ones,  together  with  four  right  Angles  added  to  them, 
make  twice  fo  many  right  Angles  as  are  the  Side^  of  the 
Figure.  Therefore  the  external  Angles  are  equal  to  four 
right  ones. 

Vi^onderful  truly  is  this  Property  of  Right  lin'd  Figures ; 
from  whence  it  follows  alfo,  that  all  the  Righc.lin'd  Figures 
of  any  Species  whatfoever  have  the  Sums  of  their  external 
Angles  equal.  And  therefore  the  three  external  Angles  of 
a  Triangle  are  equal  to  the  thoufand  external  Angles  of  a 
thoafand-fided  Figure.  Which  Obfervation  is  altogether 
worthy  of  Admiration. 

PROP.  XXXIII.     Txheorem. 

IF  two  right  Lines ^  which  are  equal  and  pa-^'S'  59- 
\*  ralklj  as   {AB^  C  h)  be  joined  hy  two  0- 
lothers^  {JC^  BF;)  thefe  will  alfo  le  equal  and 
parallel* 

1    Let  A  F  cut  the  Parallels  A  E,   CF.     In  the  Triangles 
j::^  R,  the  alternate  Angles  B  A  F,  C  FA  [a]  will  be  equal.  (  a)  T^v 
\ow  the  Side  A  B  is  fuppofed  equal  to  the  Side  C  F,   and  ^7.  ^  i. 
'^  F  is  common  to  both  Triangles.     Therefore  {b)  the  Bafes  (b)  Per 
3  F,   A  C  are  equal.     (Which  is  the  firll  Part.)     And  then  4.  /.  i. 
he  Angles  at  the  Bafes  A  F  B,  F  A  C  are   equal ;   which 
>eing  made  by   A  F  falling  upon  the  right  lines  A  C  and 
!  F,  are  alternate  Angles  A  r'B,  F  A  C  equaL     Therefore 
\  C,  B  F  are  alfo  (c)  parallel.     Which  is  the  other  Part,  (c)   P,r 
t  28./.  I. 

Corollary, 
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Corollary,  i.  "  Hence  v.-e  learn  to  meafure  as  well 
"  the  Heights  of  ^Mountains  above  the  Horizon  as  their 
**  horizoiual  Lines.  Let  ABC  be  tl^e  ride  of  a  iVIoiintain, 
**  to  \vh;ch  apply  a  gre&t  Sqaare,  or  fome  Infrrument 
*•  equivalent  thereto  A  D  3.  Then  fiiall  A  D  be  equal  to 
**  H  rJ.  and  D  B  equal  to  A  H.  Then  coming  unto  the 
**  lower  Part,  which  is  from  the  Point  B  unto  the  Point  C, 
*'  praclife  as  before.  So  fnall  E  B  be  equal  to  C  F,  and 
**  E  C  be  equal  to  B  F.  Which  done,  the  Sides  parallel 
*'  to  th?  Plorizon.  AD,  BE,  i^ c.  added  together  will 
**  give  the  horizontal  Line  G  C  ;  and  the  perpendicular  Sides 
•'  B  D,  E  C,  ^c,  added  together,  will  give  tne  Height  A  G. 
yig^  59-  Corollary   (2. J  "  Hence  alfo  we   learn  to  eiiimate  the 

**  Compoution  of  Motions.  Let  a  Body  placed  at  A  be. 
*•  driven  in  the  fame  Moment  of  Time  by  the  Force  A  C, 
*♦  according  to  the  Diredion  of  the  Line  A  C,  and  by  the 
•*  Force  A  B,  according  to  the  Diredion  of  the  Line  A  B. 
•'•  From  the  Conjunction  of  thefe  two  Forces  it  will  de- 
*•  fcribe  the  Diagonal  A  F.  For  in  this  Line  of  its  Mo- 
'*  tion,  neither  of  the  Forces  is  changed  :  For  the  body  at! 
<*  F  is  equally  diiLint  from  both  the  Lines  of  Diredion 
•'  AC,  A  B,  as  if  it  had  been  driven  by  either  of  the 
**  Forces  feparately  ;  whxh  thing  can  be  faid  of  no  other 
*'  Point.  And  this  Corollary  doth  fo  fully  agree  with 
**  Aiironcmical  and  other  Aiechanical  Fhsenomena,  that  ii 
•*  is  Vvorthily  reckoned  by  the  famous  Sir  liaac  ^ie^ton 
•♦   as  a  Foundation  of  his  Geom.etrical  Philofophy. 

PROP.  XXXIV.     Theorem. 

"'"  59-  1'^  every  -Parall^Lgram  the  oppofite  Sides  aih 
^  Angles  are  equal^  and  it  ts  cut  iuto  tw 
equal  ^Parti  by  the  Diameter. 

.-   p^j.  Becaufe  A  B,  C  F  are  {a)  parallel,  and   A  F  i'lls  up( 

Def.  ^5.  them,  the  alternate  Angles  B  A  F,  C  F  A  are  (h)  equJ 
(b)l*^r27.  Likewiie  becaule  AC,  BF  (c)  arc  parallel,  and  up( 
/.  I.  them  tails  the  Line  A  F,  the  Alternate?  C  A  F,  B  F  A  { 

(c)  Pc-r       are  equ;il.      Therefore  the  whole  Angle   B  A  C   is  equal 
^^f'  35-     the  whole  Angle  B  r  C.     In  the  fame  manner  B  and  C  i 
(d)P<^r27.^^^^^,^.^  to  bo  equal.      Which  was  the  firib  Part. 
■  '•  Now    became    it   bath    Ueen   slready    (hewed,    that  i 

Trunzlcs    Q,    R,  which   h;ive   one   cjramon    Side    A 

bj 


f; 
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have  alfo  the  Argles  adjacent  to  the  common  Sic-e  eqi:n], 

B  A  F  to  C  F.A  ;  and  C  Ar  to  B,F  A  ;,  tiie  Sides jike.viie 

fhall  be  eq-irf],'  {aj  A'^  to  F  C,  afid  B  F  to  A  G  ;^  find  tlfus  (a)  Per  26., 

the  whole  Triangles  2re  equal.     Which  v,a»  the  iecundi'iirc,*'-  ^'    . 

.•    -"  SchoU'tm* 

PARTLY  from  this  Theorem,  and  partfy  frnm  a  Defini- 
tion tfj-ije  prcmiied  to  the  (econtl  Book,  the  mcafurjng 
01  a  ri<^hr-a.i;gltd    Parallelogram   is  eafily   dcdaced.      Th^Pij-  ^o,  ^ 
Area   tnereof  being  produced  by   the  Aiuitlplicatton  of  the     :.  'f 

two  contiguous  Sides  A  F,  A  C  one  by  another.-  e..  g.  Let 
A  F  be  a  Line  of  8,  A  C  a  Line  of  4  Feet.  IVjuhiply  8 
by  4,  there  arifes  32  Square  Feet  for  the  Area  of  the  Kev^l. 
angle. 

But  the  x^rea  of  a  Square  is  had  from  the  Multi plication  t'~.  61. 
pf  the  Side  F  1  by  itfelf  ;  as  ]f  F  I  be  of  5  Feet,  muitiply 
5  into  itfelf,  there  will  arife  25  Square  Feet  for   tiie  Area 
of  the  Square.  '  % 

7  he  Demonfcraticn  is  manifeft'from  this  Propofition,  if 
parallel  Lines  be  drawn  ti>rou^ii  th€  Divifions  of  the  Sides. 

■nC>  '.-C;)  i.'j'j  •    ■  ' 

CoroHary. .-  *'  Hence  Surveyors  do  eafily  divide  the  Area  F/j.  §3, 
**  ofti  Field,  when  it  is  a  Rarallelogram.     i  or-  let  A  B  CD 
*'  be  the  Parallelogram  1  jeid;,  A.L^  the  Diameter,  or  Dia- 
**  gonal   Line  of  the    fame,   tHe  middle    Point   wliereof  is 
»'  niarked   F.      VVhatioever,  right  Line,  as   K  G,   paffeth 
M  throu^-h  the   Pomt  F, -it  divides   the  Field  into  equal 
/.'Parts  £  A  C  G,  E  B  D  G.     Fur  the  Triangle  A  B  D  is 
**  equal  to  the  Triangle  A  C  D,"  J^nd  *  the  Triangle  A  E  F*Pcr  26. 
**  equal  to  the  TTiangle  G  F  D.     Jf  therefore  to  the  Tra-^*  i- 
i*  pezii4mEBDF,   inftead  of  the  Triangle  A  E  F,  you 
*'  fhall  add  the  Triangle  which  is  equal  to  it,  G  F.D,  you 
**  will' not  change  the  Area  ;  but  the  i  rspezium  E  B  D  G 
**  will  be  equal  to  the  Triangle  A  B  D,  or  to  half   the  Pa, 
*'  ralleiograni,  and  confeauenily  to  the  Trapezium  A  EGC, 
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PROP.  XXXV,  XXXVL    Theorems. 

F/;?.62,      "pjralklograms  upon  the  fame  or  equal  Bafes 
(A BJ   and  between   the  fame  ^Parallels 
(^^^  ^XJ  areequaL 

(a)  Per  Becaufe  A  L,  BQ^(«)  are  parallel,  and  C  Q^cuts  them, 
^^f'  35-      the  external  Angle  C  L  A   fhall  {b)  be  equal  to  the  internal 

(b)  Per  27.  one  F  Q  B.    Then  becaufe,  as  well  C  F  as  L  Q  are  equal  (c) 

(c\ Per  '°  '^^  ^^"^^  ^  ^*  ^  ^  ^^  ^^^^^  to  L  Q^  Add  then  F  L  to 
\^  I  ^^  both,  the  whole  Lines  C  L,  FQ^are  equal.  Moreover 
(d)Per-\A.  A  L,  B  Qare  equal  {d.)  Therefore  the  1  riangles  C  L  A, 
/.  I.  F  Q^B  {e)  are  equal.     Therefore  taking  away  the  common 

it)  Per  ^,  Triangle  F  O  L,  the  Planes  F  O  A  C,  Q^B  O  L  remain 
^«  I.  equal :  To  each  of  which  Trapeziums  add  the  Triangle 

A  OB,  the  whole  Parallelograms  ACFB,  ALCLB  be- 
come  equal.     ^.  E.  D. 

This  Propofition  will  be  made  univerfal.  Prop.  i.  /.  ^, 
Beginners  may  here  obferve,  that  although  of  two  Parallelo- 
grams which  are  between  the  fame  Parallels  infinitely  pro- 
duced, and  upon  the  fame  B'afe,  one  of  them  be  extended 
unto  an  infinite  Length,  it  ftill  remahis  but  equal  to  the 
other,  by  the  Force  of  the  prefent  Demonftration. 

["  From  hence  it  follows,  that  two  Cities  in  Magnitude 
«*  equal,  may  fo  much  differ  in  Compafs,  that  the  Cir- 
'*  ctimference  of  one  may  exceed  that  of  the  'other  an 
•*  hundred  or  a  thoufand  times.  If,  for  irtftance,  one  be 
**  of  a  fquare  Figure  or  Reftangular  ;  but  the  other  a  ?a- 
•*  rallelogram,  betwixt  the  fame  parallels  indeed  with  the 
*•  former,  but  very  oblong. 

**  Moreover,  it  hence" follows,  that  Figures  of  equal 
*<  Compafs  round  may  contain  Areas  vaftly  different.] 

Scholium. 

P'i,  6z.  pROM  this  Theorem  we  may  learn  to  meafurc  any  Pa* 
•*■  rallelogram.  For  the  Area  of  it  is  produced  from  the 
perpendicular  Altitude  Q^X,  or  C  A  multiplied  into  the 
Bafe  A  B. 

For 


Lib.  r.  Euclid's  Eleme fits.  ji 

For  the  Area  ot  ihe   Redlangle   CB    which  Is  equal  to 
that  of  the  Parallelogram   B  L  is  made  C^)  by  A  C,  muiti.  ^a)  Bj/  th^ 
plying  A  B.     Therefore,  i^c,  for.'^oifj^" 

Schaliu^i, 

PROP.  XXXVIJ,  XXXVIII.  Theorems. 

*T'Rnavgles(JCBy  ALB)  uponthffme^  orf/^.^j. 

■    ef^ual  Eafes  {A  B^)  and  between  the  faras 
'Parallels  (CI^  AZ)  are  equaU 

Draw  the  Lines  BF,  HI  parallel  to  the  Sides  AC,  AL. 
The  Parallelograms  A  C  F  B,   A  L  I  B  (/^)  are  equal.     But  (b)  By  the 
the  given  Triangles  ^re  halves  of  thofe  Parallelograms  (f.)/'"'<f<"V. 
Therefore  the  givtn  Triangles  (</)  are  equal.  'S :  ^'"''34. 

•    This  Proppfition  will  be   made  univerfal,  Prop,  i,  /.  I./jJ'p 
hpi  Begiiiners  mark  the   fame  Thing  here  concerning  Tri.  S^^-^^^^^C, 
angles,  which  we  bid  them  to  note  in  the  fpregping  Propo-  ^ 

iition  concerning  Parallelograms. 

Corollary  ( I.)  **  Henjce  Surveyors  eafily  divide  the  F/j.  g^. 
?♦  Area  of  a  Triangular  Field.  Let  A  B  C  be  the  Field, 
f  *  and  1ft  the  Bafe  B  C  be  bifeded  in  D.  The  Triangles 
**  A  B  D,  ADC  upon  the  equal  Bafes  B  D  and  D  C,  and 
M  having  a  common  top  A,  or  being  between  the  fame 
**  Parallels,  are  equal.     Q^B-F. 

Corollary  (z)  '*  Hence  vye  alfo  gather,  with  the  fa--P/i.  ^. 
•*  mous  Sii  Uqac'Nenxton,  that  the  Areas  which  all  Bodies 
•*  vvhatfoever  that  revolve  round  about  an  immoveable 
}*  Center,  towards  which  they  are  impcli'd,  do  defcribe, 
f?  are  bath  in  immoveable  Planes,  and  are  proportional  to 
**  the  Times  of  Defcription.  For  let  the  1  ime  be  divided 
•*  into  equal  Parts ;  and  in  the  firft  equal  Part  of  Time, 
"  let  tl^e  Bcdy,  by  the  imprefs'd  Force,  defcribe  the  right 
**  Line  AB.  The  fame  Body,  in  the  fecond  Part  of  Time, 
•*  if  nothing  hindred,  would  go  forward  iirait  unto  c,  de- 
•*  fcribing  the  Line  B  c,  equal  to  A  B  ;  lo  that  the  Areas 
**  made  by  Lines  drawn  from  the  Center  A  S  B.  B  Sc  (a)^a^  P^r^?, 
•*  would  be  equal.  But  when  the  Body  comes  umo  B,  let/,  i. 
•*  the  Force  adt  with  one  fmgle  Impulfe,  but  a  great  one, 
•*  and  make  the  Body  to  defied  from  B  c,  and  to  go  forwards 
*'*  in  the  right  Line  B  C  :  i.  e.  let  the  centripetal  Force  be 
•*  in  that  Place/  to  the  Force  before  impuls'd,  a§  Cc  or  B  g 
D  z  "  ^-^  is 
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(h)  Per       '[is.to'B^c;  in   this  Cafe  the  Body   will   (^)  defcribe  the 

Carol.  2.     <<  Diagonal  BC.     Let  there  be  drawn  parallel  to  BS,  the 

Proj>.  ^j.    cc  right  Line  C  c  meeting  BC  in  C.     Jn  the  fecond  Part  of 

'  ^'  **  Time  completed,  the  Body  will  be  foundjn  the  Point  C, 

**  in  the  fame  Plane  with  the  firft  Triangle  S  A  E.     Join 

*'  S  C.    The  Area  made  by  a  Ray  drawn  from  the  Center, 

(c)  Per^j  «  that  is,  the  Triangle  S  B  C  will  be  equal  to  [c)  S  B  c,  and 

^/cV)  P         *'  confequently   to  the  firft  Triangle  SAB  (^.)     By  the 

^A    ^^       '*  fame  Argument,   the  Body,  in  the  third  equal  Part  of 

*'  Time,  would,    by  its  prefent  Force,  reach  from  C  unto 

"  d,  fo  that  the  Line  C  d   fhould  be  equal  to  the  Line  B  c 

"  or  A  B.     But  if  the  centripetal  Force,  whether  it  be 

**  greater  or  lefs,  does  again  adt  upon   it  in  the  Point   C, 

,. '   .  **  in  the  end  of  the  third  Part  of  Time,  it  will  be  found 

**  fomewhere  in  the  Line  D  d,  pp.rallel  to  S  C  ;  and  there- 

**  fore,  as  before,  fuppofing  the  faid  Force  to  be  equal  or 

**  unequal  to  what  it  was  before,  it  will  be  found  to  have 

"  defcribed  the  Diagonal   C  D,  and  will  be  found  in  the 

*•  Point  D  ;  and  a  Ray  being  drawn  from  the  Center,  the 

**  Triangle  S  D  C   will  be  equal  to  that  Sd  C,  and  confe- 

**  quentJy  to  the  others  S  C  B,  SAB,  which  are  equal  one 

•'  to  the  other.     Jn  like  manner,  if  the  centripetal  Force 

**  adl  fucceffively  in  the  Points  D,  E,  F,  and  be  the  caufe 

*'  that   the   Body,  in    the  feveral   Parts    of  Time  refpedl- 

«'  ively,  defcribes  the  Diagonals  D  E,  E  F,  ^'c.  the  Area's 

**  now  made,  as  a-fore,  will  be  in  the  fame  Plane,  and  Tri- 

**  angles   \vill   be  defcribed  equal  to  the  former  Triangles. 

**  Therefore  in  equal  Times,  equal   Area's  are  defcribed  in 

*•  an  immoveable  Plane  ;  and  fo  the  Sums  of  the  Area's 

•'  SADS,  S  AFS   will  be  amongft  themfelves,  as   the 

'*  Times  wherein  they'  were  defcribed.    Now  let  the  Num- 

*•  ber  of  the  Triangles  be  increafed,  and  their  Widenefs  di. 

**  minifned  infinitely  ;  both  that  lafl   Perimeter  of  them, 

•'   A  B  C  D  E  F,  will  be  a  curve  Line,  and   the  Area's  de- 

**  fcribed  in  one  and  the  fame  immoveable   Plane,  will  in 

*'  this  Cafe  alfo  be  proportional  to  the  Times  as  well  as  be^ 
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PROP.  XXXIX,  XL.    .Theorems. 

W^AL  Triangles  ( ACB,  JFBJ  nponth^Fi^.e^. 

Jame^  or  an  equal  Bafe  (A  BJ  and  on  the 
fame  Side^  are  betwten  the  fame  ^VaralUls 
(AB,  CRJ 

If  you  dfny  ft,  let  C  L  be  parallel  to  A  B,  and  let  B  L 
be  drawn.     Then  A  L  B  is  equal   to  A  C  B  {a.)     But  by  (a)  By  the 
the  Hypothefis,    AFB  is   equal   to   ACB.       Thererore/o^''^5//?j. 
ALB  and   AFB  are  equal  \  i.  e.  a  Part  is  equal  to  the 
Whole.     Which  cannot  be.     Therefore,  ^c, 

[Corollary  ( I.)     *♦  Hence  alfo,    with   the  famous  Sir 
*•  Kaac  Ne^vton,  we  gathor,    that  all   Bodies   which    are 
**  moved  in  Curve  Lines,  and  defcribe  Area^'s  about  fome 
"  Center  proportional  to  the  Times,  are  perpetually  urg'd 
'*  and  prefs'd   by  a  Force  impelling  towards  the  Center. 
•'  For  becaufe  of  the  Equality  of  the  Triangles  S  C  B,  S  c  B 
**  defcribed  upon   the  fame  Bafe  S  B,  the   Points  C  and  c 
**  (hall  be  in  a  Line  C  c,  which  is  parallel  to  the  Bafe ;  and 
**  fo  the  Figure  B  c  C  g  (hall  be' a  Parallelogram  ;  the  Sides 
**  whereof  B  c  andi  Bg  are  *  the  Lines  of  the  Diredtions  of*  p^.j.  ^,^^ 
"  the  Forces,  and   B  C  is  the  Diagonal.     The  Body  there.ro/.  2. 
**  fore  is  urged  unto  C  by  the  Force  B  g,  which  tends  untoPrj^.  n. 
*^  S  the  Center.     And  (o  in  all  the  Points,   C,  D,  E,  F.^.  i. 
«•  Q^E.D. 

^'  Corollary  (2.)  "  Seeing  therefore  in  the  Motion  of 
^  the  primary  Planets,  the  Area's  made  by  Rays,  or  right 
"  Lines  drawn  from  them  unto  the  Sun,  are  ahvays  pro- 
*'  portional  to  the  Times,  as  all  Aftronomers  know,  the 
"  Planets  are  urged  by  a  perpetual  Force,  which  tends  to 
•*  the  Sun.  And  the  fame  thing  is  equally  true  of  the  fe- 
*.*  CQndary  Planets,  with  refpcdl  to  their  primary  ones.] 
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« 

PROP.  XLI.    Theorem 

p..   gi       tF  a  Triangle  (JFB)  he  in  the  fame  Parallels 
^  with  a  Parallelogram  {A  L)  and  have  the 
jCafite^  or  an  equal  hafe  {J  B)  it  is  half  of  the 
Parallelogram. 

(R'^Per  37,      Draw  C  B.    The  Triangles  A  F  B,  ACB  are  (a)  equal. 
38.  /.  I.'  'But  ACB  is  half  of  the  Parallelogram  A  L  (h.)     There, 
,'b}  Per  34.fore  A  F  B  alfo  is  half  of  A  L.     ^  E.  D. 
.'.  I. 

Scholium. 
^2'  65.  "pROM  this  Propofition,  with  the  Scholium  of  Prop. '3,^.  we 
•*•  learn,  that  the  Area  of  whacfoever  Triangle,  as  A  F  B, 
is  produced  from  half  the  Altitude  F  I  multiplied  into  the 
Bafe  A  B,  or  half  the  Bafe  multiplied  into  the  Altitude. 
Wherefore  one  Side  of  a  Triangle  being  known,  and  the 
Height,  that  is,  the  Perpendicular  which  falls  upon  the 
known  Side  from  the  oppofite  Angle,  the  Meafure  of  the 
Triangle  is  given.  As  if  the  Bafe  AB  be  of  an  100  Feet, 
the  Height  F  J,  8>.  multiply  hilf  the  Bafe,  50  by  85, 
and  you  have  the  Area  of  the  Triangle  A  P  B=:4i5o  Feet 
Square.  Further,  the  Altitude  of  a  Triangle,  when  the 
Area  of  it  is  in  all  Points  acceffible,  may  be  known  me- 
chanically as  well  as  the  Sides.  But  if  the  Area  of  ic  cannot 
be  gone  over,  the  Heignt  may  be  found  Geometrically  by 
li  and  13,  Lib.  z.  as  we  lliall  there  fhew. 

In  a  Redangle  Triangle,  the  Height  is  the  fame  with 
either  of  the  Sides  about  the  right  Angle.  Half  of  this 
therefore  multiplied  into  the  other  Side  adjacent  to  the 
right  Angle,  will  give  the  Area  of  the  Triangle. 

PROP.   XLII.    Problem. 
M/  66.     'T^O  make  a  "Parallelogram  with  an  Jffgle  equal 
to  a  given  one  (0,)  and  equal  to  a  given  Tri' 
,   ,  ^      anorie  (ACB.) 

(z)   Per  ^       ^  ^ 

f  b)  ^'p\'r  ^'^^^^  ^^^  ^^^^  "^  ^  ^""  ^'   Tll»r0T3gh  C  draw  C  X  parallel 

^i  I  I  («)  to  A  B.  Make  the  Angle  B  x'\  L  equal  to  the  given  or.e 
(cj  Per  O  {b.)  Draw  F  I  parallel  (c)  to  A  L.  A  L,  I  F  Hiall  be 
31'./.  I.       that  which  was  fought  for. 

For 
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For  let  F  C  be  drawn.     The  Parallelogram  A  I  hath  an 
Angle  LAF  equal  to  the  given  one  O,  and  is  equal  to  the 
given  Triangle  A  C  B  ;  feeing  that,  as  well  the  Triangle 
A  C  B  (<»')  ab  the  Parallelogram  A I  {e)  is  double  to  the  fame  Cd)  Per;^^, 
Triangle  A  CF.  ^.i*^   ^^^ 

Corollary.  jhrisoUf 

THE  Triangle  ACB  being  given,  a  Red^xingle  equal  to Fi^,  66. 
it  is  had,  if  tliere  be  drawn  a  Line  parallel  to  the  Side 
A  B,  and  A  B  being  bil'efled  in  F,  the  Perpendicular  B  Q^ 
be  ereded.     For  the  Redangie  und^  F  B  and  QJB  will  be 
equal  to  the  Triangle  ACB. 

PROP.  XLIir.    Theorem. 

f/Y^  ^Parallelogram  (as  B  L)  the  ComplemefitsFq.  67. 

(BO^OL)  0/  thofe  '^Parallelograms  which  arc 
about  the  Diameter  (R  F,  CS)  are  equal. 

If  through  any  Point  of  the  Diameter  A  Q^,  as  the 
Point  O,  C  F  be  drawn  parallel  to  the  Side  A  B,  and  R  S 
parallel  to  the  Side  B  Q^;  the  whole  Parallelogram  B  L  is 
divided  into  four  Parallelograms,  whereof  two  are  about  the 
Diameter  R  F,  C",  the  other  two,  BO,  O  L,    are   the  / 

Complements   of  thefe  unto  the  whole  Parallelogram  BL- 

Their    Equality    is    thus  proved.     The    Triangles  (/)(f)  P^  J^ 
A  BQ^  A  L  Q^are  equal.     Likewife  the  Triangles  A  R  O,/.  i. 
OCQ^(g)   are   equal   to   the  Triangles   A  F  O,    O  S  Q.  (5)  By  M^ 
Therefore,  if  from  the  Equals  {h)   A  B  Q^,   A  L  Q^,   youfame, 
take  away   Equals,    on  this  Side   A  R  O,   O  L  Q__  on  that(hj  P^r 
AFO,  OSQ;  then   BO  and  OL   (hall  remain  equal. ^'^'''"  J' 

PROP.  XLIV.     Problem. 

TJ^ON  a  given  right  Line  {OS)  to  conjlitnte 

a  'Parallelogram^  tn  a  given  Jhgle  (JY',)f/V.  6S. 
which  Parallelogram  Jhall  be  equal  to  a  giveft 
Triangle  (F.) 

Make  a  Parallelogram  (a)  R  C  equal  to   the  given  V,  ("a)  p^r 
having  its  Angle  ROC,  equal  to  the  given  one  X,  and  ^2.  /.  i, 
D  4  join 
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join  the  Side  R  O  dircftJy  to  the  given  Line  OS,  fo  as  to 
make  one  rielit   Line    therewith.     Then  through  S  draw 

(b)  Per  31.  b  Q^(^;  paraiicl  to  O  C.  which  S  Q,  let  B  C  meet  when  it 
^-  ^'  is  produced  unto  Qj^   Then  let  a  right  Line,  drawn  through 

Q^and  O,  meet  BR  produced  unto  A.  Which  done, 
tiruugh  A  draw  A  L,  pafallelto  O  S,  which  A  L,  let  CO 
and  Q_S  iTi^et,  when  it  is  produced  unto  F  and  L  ;  the  Pa- 
rallelogram O  Ai  is  tna:  which  was  required. 

(c)  Bj'  the  Por  O  L {c]  is  equal  to  !R  C,  that  is.  by  the  Conftruflicn, 
jjrc7'jii:g.  (-Q  {■^Q  given  Trian8;!e  V,' and  is  at  the  griven  Line  OS  ;  and 
rd)  Per  15.  (^:/j  (j^e  ^^pgtg  p  o^S  i^  equal  to  the  Angle  R  O  C  j  that  is, 

by  the  Conitrudion,  equal  to  the  given  Angle  X. 


/.  I 


Scholiiirfl*. '-^**   This  Propofu ion  contains  a  certain   Geo- 

**  metrical  Divifion.     For. in  the  vulgar  Arithmetical   Di, 

* '   vifion,  the  Number  to  be  divided  may  julHv  be  confidered 

Fr.  91.       *'  as  being  a  certain  Reftangle.     e  g.     Let  the  RcClangle 

"  A  B  comprehending  ii  Square  Feet,  be  to  be  divided  by 

*'   -  ;  i.  e.  ^  Redangle  is  to   be    found   equal    to   that   A  B 

*^  of  II, Square  Feet,  one  of  whofe  Sides  Ihall  be  only  2 

**  Feet :  ^rom  whence  it  comes  to  be  enquired  of  v.-hat 

**  Number  the  Side  fought  faall  confift  ;   which  Side  is  to 

**  be  efteemed  a  certain  Quotient  of  this  Divifion.     Whip h 

'^  thing   is  performed    Geometrically   after   this   manner. 

*'    J)  lib.  a  pair  of  Ccmpaflts  take  the  Line  B  D  of  2  Feet, 

;  •'  and  draw  the   Diagonal   D  E  F.     The  Line  A  F  is  that 

*•■  which  is  fought  for.     For  the  Complements  EG  and 

*'.S^>-42.     t«  ]iQ  are  *  equal  ;  and  in  the  Redangle  E  G,  one  Side, 

'•  *•  <*   E  H,  is  equal  to  the  Line  B  L',  which  is  of  z  Feet ; 

**  and  the  Side  E  I,  is  equal  to  A  F. 

"  Thj.]  Kind  of  Divifion  is  called  AppUcation,  becaufe  the 
*'  Rev.'-fangular  Space  A  B  is  applied  to  the  Line  BD  or 
*'  EH;  and  hence  it  conies,  that  Divifipn  is  often  named 
•  '■  Appiicatibn  ;  refped  being  had  to  the  Practice  of  the  old 
*\  Geometricians,  who  always  made  more  Ufe  of  Geome- 
"  trical  Confirudion,'  which  requires  only  a  Rule  and  a 
••  Pair  of  CompatTes,  than  of  Arithmetical  Computation, 
'*  whifeh  i«  performed  by  Numbers. 


PROP. 


Lib.  I.  Euclid'^  Elements,  yjf 

PROP.  XLV.    Problem. 

JT^ON  a  given  Line  (/g_)  and  in  a  given  fi^^  ^^^ 
^  Jngle  (H)   to  make  a  Parallelogram  equal 
to  a  given  KeBiUneal  Figure  [C  B  A  J) 

Refolve  the  given  Reflilinear  into  the  Triangles  A,  B,  C, 
by  drawing  the  right  Lines  F  L,   ^  \. 

Upon  tiie  given  Line  I  Q^  in  the  given  Angle  H,  make 
(a)  the  Paralielogram  I  V  equal  to  the  ']  nangle  A.     Then  (a)  P<rr 44. 
the  right  Line   1  R   being  produced  infinitely  towards    P  ;  ^.  !• 
upon  the  right  Line   R  V,  in  the  Angle  VR  P,  {b^  make  (b)  By  the 
the  Parallelogram  R  Z  equal   to  the  Triangle  B.     Again, /^wr. 
upon  the  Lire  S  Z,  wich  the  Angle  Z  S  P,  make  the   Pa- 
rallelogram   S  G  equal  to  the  1  riangle  C.     This  done,  1 
fay,  1  G  is  the  Parallelogram  fought  for 

For  (f)  the  /ingle  Z  V  R  is  equal  to  its  Alternate  I  RV.  (c)  Ver.z-j, 
But  (d)  Q^V  R  and  LR  V,  are  equal  to  two  right  Angles.  A  i. 
Therefore  alfo  (^V  R  and  Z  V  R,  are  equal   to  two  right  (^)  ^y  ^^^ 
ones.   Therefore  *  Q^V  and  Z  V  fall  direflly  fo  as  to  make^'^'l^^  ^ 
one  right  Line.     After  the  fame  manner  1  might  fhew  that^  [^^   "** 
QZ  and  Z  G  make  one  right  Line.      Therefore  the  whole 
QV  Z  G  is  one  right  Line,  and  is  alfo  parallel  to  I  X,  feeing 
by  the  Conflruaion  Q^V  is  parallel  to  J  P       Now  X  G  alfo 
C#)  is  parallel  to  1  Q^     Seeing   X  G  is  parallel  to  S  Z,  and  (e)  Pf  r.30. 
-*  Z  to  R  V,  and  R  V  to  I  Q.  /.  i. 

I  G  therefore  (/)  is  a  Parallelogram  ;  but  that  it  is  fuch(f)  V^r 
an  one  as  was  required,  is  manifeft  from  the  Conftruaion.  '  ^ef.  35. 

[Corollary.  *'  Hence  is  eafily  found  the  Excefs  whereby 
"  a  greater  Re£tilinear  Figure  exceeds  a  lefTer  :  To  wit,  if 
*'  unto  the  fame  right  Line  1  Q^be  applied  Parallelograms 
*'  relpeflively  equal  to  the  two  nght-lin'd  Figures.  For 
*'  that  Parallelogram,  by  which  the  greater  Redlilinear  ex- 
**   ceeds  the  lefTer,  will  give  the  Difference  of  them.  ^  E.  7.1 

bcholiam,  '■  'i^^-^  ■ 

■.-  '."^  ^  f 

TU"  F.  will  here  ad<3  a  Problem  that  will  be  ufeful  for  the 
^^     Practice  of  Propofiticfi  14.  /,  z, 

A   Quadrangular  Figure,  B  F,  being  g.:ven,    to  defcribe//^^  yg, 
sn  equal  Redlangle. 

Refolve 
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Refolve  it  into  Triangles  by  the  right  Line  A  C.  From 
the  oppofue  Ang'es,  let  down^he  Perpendiculars  BO,  F  I. 
Bifecl  A  C  in  S.  From  S  ered  the  Perpendicular  S  L,  equa! 
to  the  two,  B  O,  F  f ,  put  together.  I'he  Ri  clangle,  com- 
prehended under  L  S  and  S  C,  is  equal  to  the  given,  B  F. 
The  Demonlirudor.  ?.ppears  out  of  Fropcfition  41. 

PROP.     XLVI.    Problem, 

^'j.  71'     T\^OM  a  given  right  Li  tie  (JB)to  d^fcribc 
a  Square^ 

Ere€l  two   Perpendiculars  equal  to  the  given   A  B ;  to 
wit,  AC,  BE,  then  join  C  E.     I  fay,  the  i  hing  is  done. 
(g)  Br  the       For  feeing  the  two  Angles  A  and   B  are  {{)  right  ones, 
CoHjt'ruc.     A  C  and  B  E  (hall  [h]  be  parallel ;  but  they  are  alfo  (a) 
*ioB.  equal.     Therefore  C  E  and  A  B  are  (I?)  parallel  and  equal. 

(h)  Perz^.  here^ore  the  Figure  is  Parallelogram  and  Equilateral,  But 
f  ?*»  7  "^^I  the  Angles  alfo  are  right  ones  ;for  feeing  A  and  B  are 
Coti/iruc  '  "§^^  Angles,  the  oppofite  ones  [c)  E  and  C  are  right  alfo.) 
g;o„^  lljcrefore  the  Figure  A  E  is  a  Square. 

(b)P.r33. 

/.I.  [  **  In  the  fame  manner  you  may  eafily  defcribe  a  Reft- 

(c)  Pfr  34.  r<  angle,  which  hath  the  two  unequal  Sides  given.] 

PROP.  XLVII.    Theorem. 

TN  every  Right-angled  triangle  (as  JBC)  the 
Square  of  the  Side  {AC)  which  is  oppofite  to 
the  right  -Augle^  is  equal  to  the  two  Squares  to- 
Fig.  72.     get  her  of  the  two  other  Sides  ^J  By  CB.) 

Let  I  C  and   B  F  be  drawn ;  and  B  E  parallel  to  A  F. 
Now,    if  to  the  right,  and  therefore  equal  Angles  I  A  B, 
F  A  C,    there  be  added    the  common    Angle    B  A  C,  the 
Wholes,  I  A  C  and  F  A  B,  fhall  be  equal.     But  in  the  Tri- 
angles, 1  A  C,  FAB,  the  Sides  which  contain  thofe  equal 
(d.)Per      Angles,  are  equal   {d)  amongft   themfelves,    to  wit,  I  A, 
Ptff.SquareQf^y  to  B  A,  A  F,  each  to  each.     Therefore  the  Triangles, 
(c)  Per  4.  1  A  C,  FAB,  [e]  are  equal.     Which,  becaufe  they  Uand 
/.  I.  '  upon 
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npon  the  fame  Bafes,  I  A,  F  A,  with  the  Parallelograms, 

A  C  LI  and  Z  A  F  E,  and  between  the  fame  Parallels,  1  A, 

L  B  C,  and  A  F.  E  Z  B,   they  are  halves  (/)  of  thofe  Pa.  (f)P^r3i, 

ralleiograms.      Therefore     the    Parallelograms,     A  B  L  I,  ^-  i. 

Z  A  F  E,  as  being  Doubles  of  Equals,  are  equal  betwixt 

themfelves.     By   the  fame  reafoning,  if  right  Lines,    AX, 

B  R,  were  drawn,  it  might  be  Ihewn  that  the  Parallelograms 

E  C,   B  X    are  equal.     ThereL.'e  th.e  whole,  A  R  is  equal 

to  I  B  and  B  X,  together.     ^  E.  D. 

It  was  taken  for  granted  that  L  R  C  is  parallel  to  I  A, 
in  order  to  which  L  8  and  B  C  muft  be  one  right  Line, 
Now  that  they  are  fo,  is^manifeft  from  the  i4th,  feeing  the 
Angles  L  B  A  and  C  B  A,  are  both  right  ones  by  the  Hy« 
pothefis. 

ScboJitim. 

THIS  Theorem  (which,  Prop.  31./.  6,  Eudr J  extends 
unto  all  like  or  fimilar  Figures)  is  commonly  cali*d  the 
Pjtbagoric  Theorem,  from  Pythagoras^  the  Inventor  of  it  ; 
who,  as  isattefted  by  Proclus,  Vitrwvius  and  others,  ofFer'd 
Sacrifices  to  the  Mufes,  as  fuppofing  himfelf  to  have  been 
helped  by  them  in  fo  excellent  an  Invention  ;  in  which 
thing  he  fhew'd  himfelf  to  be  ignorant  of  God,  the  Lord  of 
Sciences,  the  true  and  only  Author  of  all  Wiidom  ;  or  cer- 
tain!)', if  he  knew  him,  he  glorified  him  not  as  God.  There 
is  frequent  and  notable  LTe  of  this  rheorem  through  all 
the  Mathematicks  ;  and  in  particular,  it  opens  a  Way  unto 
the  Knowledge  of  incommtufurable  Adagnitudes,  a  main 
Secret  of  Geometrical  Philofophy. 

That  the  Side  of  a  Square  is  incommenfurable  to  the  Dia- 
rheter,  is  a  Thing  much  celebrated  amongtt  the  old  Philofo- 
phers,  Arifioth  and  Plato  efpecialiy  ;  infomuch  that  Plato 
would  fay,  that  he  who  knows  not  this,  is  not  a  Man,  but 
a  LealL  Now  the  Knowledge  of  this  Myliery  feenis  to 
to  have  taken  its  Rife  out  of  this  4-Lh  Propofitior..  For 
feeing  in  the  Square  A  E,  the  Angle  A  is  a  right  Aftgie,  yI<t,  71. 
the  Square  of  iJic  Diameter  C  [i  fluil  be  equal  to  c>och  the 
Squnres  of  the  Sides,  A  B,  A  C,  and  therefore  double  to 
one  of  them.  Wherefore  feeipig  rh'c  Square  of  <^  £  is  2, 
and  the  Square  of  thg  Side  A  B  is  i,  or  Unity,  the  Diame. 
tcr  C  B  flmll'be  the-^qcare  Rt)ot  of  2,  and  the  Side  AB 
the  Square  Root  of  Unity,  it  felf;  the  Ram  o{  which 
-•^  -  Quantities 
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Qaantities  (as  it  will  be  demonftrated  in  its  Place)  cannot  be 
explicated  in  Numbers,  and  therefore  they  are  incoaimen- 
furable. 

And  by  this  one  !^.rgumcnt  alone,  if  all  others  were  want- 
ing, it  might  evidently  be  made  oat,  that  Geomecrical 
Magnitudes  cannot  be;  made  up  of  a  drfinite  Number  of 
Points :  for  otherwife  none  would  be  incommenfurable  ; 
forafmuch  as  a  Point  would  be  the  common  iViealureof  all. 

To  thefe  Things  we  will  laojoin  three  Problems,  which 
are  deduced  out  of  the  prefent  Propofuion,  ana  are  of  fre- 
quent Ufe. 

Prohkm  I. 

%-  73-       J  F  any  Number  of  Squares  are  given,   to  make  one  equal 
1  to  them  altogether. 

Let  there  be  three  or  more  Squares  given,  whofc  Sides  are 
A  li,  B  C,  C  E.  Make  the  right  Angle  F  B  Z,  having  in- 
definite ^ides,  and  linto  the  Sides  of  it  transfer  A  B  rmd  6  C, 
and  then  join  A  C.  ■  The  Square  of  A  C  fhall  be  equal   to 

(a)  Per  ^j.  f}je  Squares  of  A  B   and  B  C  together  (<?.)     Then   transfer 
'•  '•  A  C  from  B  unto  X,   and  C  E  the  third  given  Side,   trans- 
fer from  B  unto  E,  and  join  S  X  ;  the  Square  of  E  X  fhall 

(b)  By  the  l^e  equal  [b)  to  the  Squares  of  E  B  (or  E  C)  and   B  X  toge, 
fame.  j}^£f  .   that  is,  equal  to  the  three  given  Squares,  whofe  Sides 

are  AB,   BC,  CE  :  And  fo  on  as  long  as  you  pleafe. 

Problem  2, 

^J-74-        HP  VV  O  unequal  right  Lines  being  given  (A  B,  B  C)  tq 
-*-    determine  that  Square,  whereby  the  Square   of  the 
greater  (A  B)  exceeds  the  Square  of  the  lefs  (B  C.) 

From  the  Center  B,  with  the  Interval  A  B,  defcribe  a 
Circle.  Then  from  C  eredt  a  Perpendicular  C  E,  cutting 
the  Circumference  in  E.  The  Square  of  C  E  is  the  Excels 
or  Difference  which  is  fought  for. 

For  let   E  B  be  drawn.     The  Square  of  B  E,  that  is,   of 
^a)  Per  ^7.  A  B  is  equal  to  the  Squares  (a)  of  B  C  and  C  E  together. 
Therefore,  iyc. 

Problem  3.     ' 

%•  7S-       A  ^  ^  ^^^°  ^^°^^  °^^  Right-angled  Triangle  being  known, 
•^  to  find  the  third. 

3V.-.::rr--,  '  LCt 
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Let  the  Sides  containing  the  right  Angle  he  A  B,  AC, 
the  one  of  6  Feet  the  other  of  8.  You  are  to  find  of  how 
many  Feet  the  Side  C  B,  which  is  oppofue  to  the  right 
Angle,  is.  To  do  which,  multiply  6  and  S  each  of  them 
by  It  felf.  From  which  Multiplication  there  will  anfe  for 
the  Squares  of  thofc  two  Sides  3^  and  64;  the  isum  of 
which  is  loo.  The  fquare  Root  of  ico,  which  is  10,  gives 
the  Feet  of  the  Side  B  C,  whofe  Quantity  was  fought. 
This  Demonftration  offers  it  felf  in  and  from  this  47th 
Propofition,  for  the  Sum  of  the  Squares  B  A  and  C  A  is 
equal  to  the  Square  of  B  C.  Therefore  the  Root  of  the 
Sum  of  them  is  equal  to  the  Root  or  Side  B  C. 

Then  let  the  Sides  A  B,  B  C  be  known,  the  one  of  6 
Feet,  the  other  of  lo.  you  are  now  to  find  AC.  1  ake  the 
Square  of  the  Side  AB  which  is  ^6,  out  of  the  Square  of 
the  Side  EC;=ioo.  The  Remainder  ^4  fhall  be  the  c:quare 
of  the  Side  A  C.  The  Root  therefore  of  ^4,  which  is  S, 
gives  the  Feet  of  the  Side  A  C. 

Corollary.     **  From  hence  we  derive  the  Grigrnal  ofFij.  92. 
**  the  Tables  of  Sines,  Tangents  and  Secants.     F'or,    Jn- 
**  ftance,  let   A  C  the  Semi  diameter  of  the  Circle  be  of 
**    100, coo   Parts,  and    the  Ang'e    B  A  D  of  30   Degrees.   .       ,-        . 
•*  Becaufc  the  Chord  or  Subtenfe  of  60  Degrees  is  *  equal  ♦P^rCofo/^ 
**  to  A  C  the  Semi-diameter  ;  B  D  the  bine  of  30  Degrees  1.  Prbp.i'^: 
"  fhall  be  equal  to  half  the  Semidiameter,   or  |  A  C  ;  and  ^•■^'^"dCo- 
•*  therefore  fhall  contain  ^o,03o  Parts.     But  now  in  i\\c^°^-^'^^°P' 
**  right-angled  Triangle  A  D  B,  the  Square  of  A  B  is  equal  ^'  ^'  ^' 
**  to  the  Squares  of  A  D  and   B  D.     >Vherefore  let  the 
"  Semidiameter  A  B  be  fquared  (by   multiplying  100,000 
*•  by  looooo)  and  from  that-Square  fubtrad  the  Square  of 
•*  B  D.     The  Remainder  flial!  be  the  Square  of   A  D,   or 
**  of  the  Cofme  equal  to  it  B^F  ;  out  of  which  extrad  the 
*•  fquare  Root,   and  you  will  have  the  Line  B  F  or  A  D. 
**  Then  by  this  following  Analogy,  A  B  :  B  D  :  :  A  E  : 
**  C  E,  or  A  D  :  B  D  :  :  AC:  C  E,  will  be  had  the  Tan- 
"  gent  C  E.     And   then  laftly,    if  the  Square  of  A  C  be 
**  added  to  the  Square  of  .C  K,  the  Root  of  the  Sum  being 
**  extraaed  will  be  the  Secant  A  E.     Q^E.  /. 
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PROP.  XLVIIL    Theorem. 

JTf  /«  a  TrtafJgle  the  Square  of  otie  of  the  Sides 
'S-7  '  ^  (^AB)  be  equal  to  the  two  Squares  of  the  other 
Stdes  (AC^  BC)  taken  together^  the  Atigle 
(J€B)  which  the  two  other  Sides  cojitattJ^  is 
a  rt^ht  Angle* 

If  not,  the  Angle  A  C  B  will  be  greater  or  lefs  than  a 
right  Angle.  In  either  of  which  Cafes  (as  it  will  be  de- 
nionflrated,  Prop,  ii,  15.  /  i.  which  Propofuions  depend 
not  on  this)  the  Square  oi  A  B  will  not  be  equal  to  the 
Squares  of  AC,  B  C  together  ;  which  is  contr  iry  to  the 
Hypothecs. 

Or  thus.  Draw  F  C  perpendicular  to  A  C,  and  equal  tq 
(a)  "Pet  47.  CB,  and  join  ^  F.  The  Square  of  A  F  is  {a)  equal  co  the 
/,  1  Squares  of  F  C,  C  A  together  ;  that  is,   [b)  to  che  squares 

^}^^.My  ^^^  of  B  C,   C  A  ;  that  is,  by  the  Hypothecs,  to  the  square 
Conjir,c-     Qf  A  B^     Therefore  the  right  Lines    A  F,   A  B  are  equal. 
Becaufe  therefore   the  Triangles  X  and   Z  arc  mutually 
equilateral,   the   Angles  at  C  (c)   are  equal.     Therefore 
they  are  both  right  Angles  {/).    ^  E.  D. 
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Elements  of  EUCLID. 

BOOK     II. 


THIS  Book  is  fmall  in  Bulk,  but  great  indeed  in  the 
Ejtcellence  and  UlVrnlnefs  of  its  Theorems,  Young 
Beginners  will  not,  I  know  what  I  fay,  be  at  iirft 
able  to  discover  it  ;  but  being  further  advanced,  they  will, 
from  their  own  Experience,  and  wit^  the  greateft  Certainty, 
apprehend  that  it  is  moft  true. 

^Definition. 

A   Right-angled   Parailelogram  (as  A  E)  which  is   wontp.,v  5^^ 
*^  (imply,  and  without  any  Addition,  to  be  call'd  a  Red-/  j^ 
angle)  is  faid  to  be  contained  under  the  two  Lines  (AC,  A  F) 
which  determine  the  Magnitude  of  it. 

For  the  one  of  them  AC  determines  the  Heigh  th,  the 
other  A  F  the  Breadth  of  it.  Now,  if  the  Side  A  C  be 
underftood  to  be  carried  perpendicularly  along  the  whole 
A  F,  or  A  F  along  A  C,  by  that  Motion  the  ReiSlangIc  or 
its  Area  will  be  produced.  Wherefore  a  Redlangleds  rightly 
faid  to  be  produced  from  the  drawing  of  two  Lines  into  one 
another,  or  the  Multiplication  of  them  one  by  th^  other. 
When  therefore  you  have  thefc  Words,  [the  Rectangle  un.  p,^,  ^. 
der  (or  of)  A  C,  CB,]  or  for  Brevity's  fake,  [the  Redangle/.  z, 
A  C  B,]  there  is  meant  that  Redangle  which  is  contained 
under  A  C  and  C  B,  multiply'd  one  into  the  other.  In  like 
manner,  when  we  fay  the  Reftangle  under  A  B,  B  C,  or 
the  i<e6fengls  A  B  C,  there  is  defigned  the  Redangle  con. 
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tainM  under  the  right  Lines   A  B  and  B  C,  multiply'd   by 
one  another. 

Moreover,  of  Redlangles  fome  are  Oblong,  feme  are 
Square.  The  Oblong  Retitangle  is  that  which  hath  its  con- 
tiguous Sides  unequal,  or  which  is  contained  under  two  un. 
equal  right  Lines.  The*  fquare  Rectangle  that  which  is 
contain  a  under  two  equal  right  Lines. 


Tl?.  I.  /.  2 


PROPOSITION  I.    Theorem. 

TV  there  he  fwo  right  JLwes  (JB,  ^C),  ofie 
whereof  is  droidectinto  as  many  ^arts  as  yoa 
will{AE^  EF,  FC'^)  fhe^Re^iatJgle.compnz'd 
tinder  thofe  two  {ABj  JC)  is  equal  to  all  the 
Ke^atJgles  togethery  which-^re  contain  d  under 
the  undivided  Line  (j4B)and  the  fever  al  '^Varts 
of  the  divided  Line  {A Ey  EFy  FG}7-~-  -      • 

Make  A  B  perpendicular  to  A  C,  thrbV  B  3raw  the  ififi- 
nite  Line  B  R  parallel  to  A  C.  From  E,  F.C,  erecl  the 
Perpendiculars  E  I,  F  L,  C  Q.  B  C  will  be  a  Redangle 
under  A  B  and  A  C  )  and  is  equal  to  the  Rectangles  B  E, 
IF,  L  C  ;  that  is,  (becaufe  as  well  1  E  as  L  F  are  equai 
*Per  29,  *  to  A  B)  equal  to  the  Re(^angles  under  A  B,  A  E  ;  A  B, 
^34.^.  i.EF;  AB,   CF.  , 

Scholium, 

TH  E  ten  firft  Theorems  of  this  Book  are  true  alio  In 
Numbers,  it  they  as  Lines  be  divided  mto' Parts.  Thej 
numerical  Reflangles  are  produced  from  the  Multipjicatioa 
of  two  Numbers,  and  the  numerical  Squares  fr.om  the  MuL 
tiplication  of  the  fame  Number  by  itfelf.        ■^.^-^    .1  ;• 

['♦  Let  the  undivided  Number  be  9,  and  the  divided  on 
*'  12.  The  Rectangle  which  is  from  9  multiplying  12=1  c 
•'  will  be  equal  to  the  three  Reflangles,  27,  36,  and  4;^, 
•*  which  are  produced  from  9  multiplied  by  3,  and  4,  and  5 
*'  refpedively  and  leparately.  Or  let  the  Number  432 
.s  y  "  as  it  were  a  Multiplicand  divided  into  400  and  30 and 
**  and  the  Number  8  an  undivided  Multiplier;  8X432:^ 
"  3456  ^viil  be  equal  to  8X400r:^3aoo-|-8X30=240-4-SXj 
«*  =16  And  from  this  Prcpolition  therefore  the  D 
**  ilralion  of  Multiplication  is  to  be  derived.] 
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PROP.  II.     Theorem. 
tF  the  Tight  Line  (JB)  he  cut  any  where  (asF'S^^. 
^  ifi  C,)  the  two   Keclan^les  under  the  whole 
(JB)  and  the  'Parts  {J  C,  C  B)  are  equal  to 
the  Square  oj  the  whole  Line  {^AB-^) 

[«*  For  A  D  is  the  Square  of  the  whole,  and  A  H,  C  D  F/V   17, 
**  arc  Reftangles  under  the  Whole  A  B,  and  the  Parts  AC, 
"  CB.] 

["  Let  the  Number  8  be  divided  into  5  and  3  ;  the 
**  Square  of  the  Whole  S  x  §=64,  is  equal  to  the  Rect- 
**  angles  8X3=14,  +8x5=40.] 

PROP.  III.  Theorem. 
J  ET  a  right  Ltne^  as  (J  B)  he  cut  any  where  y  f/j,  3. 
'^  (as  for  iiifiance  in  C,)  the  Re 3 angle  con- 
tained under  the  Whole  A  B^  and  either  of  the 
^artSy  (BC)  is  equal  to  the  Re^angle  under 
the  ^arts  (ACy  C B)  together  with  the  Square, 
ofthefaid^TartiBC.) 

["   For  A  F  is  the  Redlangle  under  the  whole  Line  A  B,  F/>.  iS, 
"  and  the  Part   A  C  ;  and    l;  F  is  the  P^eclangle  under  the 
•'  Parts,  as  A  E  is  the  Square  of  the  Part  A  C] 

"  In  Numbers.  Let  the  Number  7  be  divided  into  the 
-**  Parts  3  and  4.  The  Reilangle  of  7  X  3=21  is  equal  to 
**  the  RedVangle  of  3x4=11,  together  with  the  Square 
^  3X3:^:19.  In  iike  manner  7X4^=:i8,  is  equal  to  the 
*f  Rectangle  3x4=1  i-h,   the  Square  4 X  4=  i 6.] 

PROP.  IV.     Theorem. 
J  ET  a  right  Ltne^  as  (FL)  be  cut  any  where^  Th,  4, 

as  in  (0,)  the  Square  of  the  Whole  jbail  he 
equal  to  the  Squares  of  the  'Parts  (FO^  0  L) 
and  to  two  Retlangles  contain  a  und^'r  the  \Parts 
(FOyOL) 

.  [^'  For    F  13  is  the  Square  of  ^he  ^VhoIe,  and   C  G  and    ''^'  ^^' 
*♦  C,L  the  -iquare  of  the  •-'arts ;  and  C  F,  C  D,  two  Rtfl- 
.•*  angles  under  the  Parts.] 

\  F.  "  In 
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"  In  Numbers.  Let  the  Number  lo  be  divided  Into 
*'  two  Parts,  7  and  3.  The  Square  of  1 0X10=1 00  is 
*»  equal  to  the  Squares  of  the  Parts  7x7=49,  and  3X3 
«*  :=.g,  and  to  the  two  Redlangles  7x3=11,  and  7X3=21. 
«*  And  on  this  Proportion  depends  the  Extradion  of  the 
«*  Square  Root. 

^'£'  19*  Corollary  (i.)  **  Hence  it  is  manifeft,  that  the  Parallelo- 

"  grams  about  the  Diameter  of  a  Square,  (O  I,  H  K)  are 
•*  Squares. 

(2.)  **  As  likewiie,  that  the  Diameter  of  every  Square 
**  bifeds  the  Angles  of  it. 

(3,)  *•  And  that  the  Square  of  half  the  Line  is  a  fourth 
'*  Part  of  the  Square  of  the  whole  Line.  For  in  thac  Cafe 
•*  the  Redangles  and  Squares  end  in  four  equal  Squares. 

PROP.  V.    Theorem. 

^'^-  5*       TF  a  right  Line,  as  {^IX)  he  cut  equally  in  (R) 

and  unequally  in  (S^)  the  Re^ angle  contain  d 

under  the  unequal^? arts  (SjS',  S X)  taken  tO" 

gether  with  the  Square  of  the  intermediate  ^art 

(RS)  (hall  be  equal  to  the  Square  of  the  half 

{<ilR.) 

F/^».  20.  [i»  For  Q^H  is  the  Reftangle  under  the  unequal  Parts. 

**  and  L  G  the  Square  of  the  intermediate  Part,  and  R  F 
"  the  Square  of  half  the  Line;  and  therefore,  becaufe  the 
**  Reflangle  Q_L  is  equ^l  to  the  Redangle  S  F,  and  the  reft 
*'  of  the  Space  is  common  to  both,  the  Propofuion  is  mani- 
•'  feft.J 

*'   Let  the  Number  8  be  divided  equally,  that  is,  into 
**  4  and  4,  and  unequally  into  5  and  3.     The   Redangle  \ 
**  of  5X3=15   together  with  the  Square  iXi=ifhallbe 
**  equal  to  the  Square  4X4=:  16.] 

PROP,  VI.     Theorem. 
^^'  6'       JT  a  right  Line  {JB)he  divided  into  two  equal  j 
•^  -Parts  in  C,  and  to  it  a  certain  right  Line  * 
(j6F)  be  adjoin  d\  the  Reel  angle  contain^'' d  nn* 
der  the  whole  co7?ipound  Line  (  AF)  and  the  ad' 
joined  one  {B  F)  taken  together  'ijuiih  the  Square 
-:  •  of 
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cf  half  the  Line  {CB)pall  he  equal  to  the  Square 
Gj  (CF)  which  is  coiiipounded  of  half  the  Line 
(^B)  and  the  adjoin  d  one, 

[  '  For  A  N  is  the  Redangle  under  the  whole  compound  ^^i^  21, 
*•  Line  and  the  r.dioin'd  one  j  and  G  K.  the  Square  of  half 
"  the  L:ne  A  B  ;  and  C  E  the  Square  of  the  Line  com, 
*'  pounded  of  al^  the  Line  A  B,  and  that  vvhieh  vas  ad- 
**  ded.  VVherefore,  becaufe  the  Rectangle  H  E  is  equal  t» 
**  the  R(n:"an^ie  A  K,  and  the  reft  of  the  Space  is  common 
«*  to  botn,   A  N  and  K  G  is  equal  to  C  E.     O.  £.  /).] 

[*'  If  the  Number  6  be  divided  into  the  two  equal  Parts, 
•*  3  ard  3  ;  and  to  it  be  added  the  Number  2  ;  the  Rect- 
**  angle  uf  8x1=16,  taken  together  with  the  Square  3x3 
**  =9,  fhali  be  equal  to  the  bquare  5X5=25.] 

Corollary.   **  Hence,  with  Maurolicus,    with  one  fmgle 
'*  Obfervation,   wc  learn  to  meafure  the  Diameter  of  the 
•*  Earth.  Let  the  Altitude  of  the  Mountain  A  D  be  known,  ^'k'  22, 
*•  and   AB   the    Lin^  touching  the  Earth    be  known    by 
"  meafuring.     Let  the  Line   D  E  be  cut  into  two  equal 
;  *•  Parts  in    the    '"enter  C,  and   to  it  be  added  the  Line 
**  AD.     Now,  becaufe  the  Re^angle  unJer  AE,  AD,  to- 
I**  gether  with  the  Square  of  D  C,    is  by    this  Propolition 
j"  equal  to  the  Square  of  AC,  that  is,  equal  to  the*  Squares  *Pt^riy, 
**  of  the  Lines   A  B,  B  C  :  From  hence  it  follows,    that  it  ^-  ^' 
you  take  away  on  both  Sides  the  Square  of  C  D  or  CB, 
the  Redangle  which  is  under  A  E,    AD  is  equal  to  the 
Square  of  A  I'      I'herefore  let  the  known  bquare  of  A  B 
be  divided  by  the  known  Altitude  of  the  -Viountain  A  D, 
and  the  Quotient  will  give  the  Line  A  E.     From  which~ 
''*  fubtradl  tht  xnown  Altitude  of  the  Alountain  A  D,  the 
'*  remaining  Line  D  E  wiil  be  the  Diameter  of  the  Earth. 

PROP.  VII.    Theorem. 

rT  a  right  Line  {JB)be  cut  any  where^  {as  in  ^ij>  7. 
t,)  the  Square  of  the  whole  Ltne  { /J  B)  taken 
ogether  with  theSqjare  of  either  of  the  Segments 
'AC)  IS  equal  to  two  Red  angles  contained  under 
||/?tf  whole  [AB:  and  ihat  Segmern  (  JCy)  together 
iivtth  the  Square  of  the  oiher  Segment  (CB.) 
r  E  2^  ["  For 
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Fig.  25.  [«<  For  E  B  is  the  Square  of  the  whole  Line,  and  A  L 

<*  the  Square  of  the  Part  A  C. ,  But  the  iwo  Rectangles  un. 
<<  der  the  whole  Line,  and  that  Part  E  T..  H  L,  together 
«(  with  G  Bj  the  Square  of  the  other  Part,  polTeis  the 
*t  fame  Space  that  E  B  and  the  Square  of  A  C  doth. 
<<  Theretore  they  are  equal  to  E  B  and  the  Square  of  A  C. 
**  Let  the  Number  15  be  divided  into  any  two  Parts, 
*<  as  9  and  4.  The  Square  i.xi3:«:i69,  together  with 
«<  that  9x9=8 1,  is  equal  to  13x9=117,  and  13x9=; 1 17, 
«  and  the  Square  4X4=16.] 

PROP.  VIIT.  Theorem. 
f^'i'  8.  jp  a  right  Live  (LF)  he  divided  into  two  equal 
\Parts  in  (J,)  and  to  it  a  certain  right  Lme  be 
adjoi?/d(FO;')  the  KeBangle  (LIOj)  which  ts 
contain  d  under  the  half  of  the  Line  {LI)  and 
the  Line  (10)  that  is  compounded  of  half  the\ 
aforefaid  Line^  and  the  Line  adjoin  d^  this  Ke^f' 
angle  taken  four  tii/ies^  together  with  the  Square 
of  the  adjoin  d  Ling  {FO^)  JhaJl  be  equal  to  the 
Square  of  the  whole  compound  Line  {L0») 

rij.  24.  [*«  For  A  L  is  the  Square  of  the  whole  Compound,  con* 

**  taining  four  equal  Redangles  under  L  I  and  1  O  (to  wit, 
'*  D  R,  B  Q^,  R  O,  and  the  fourth  made  up  of  L  R  and 
**  QJi  added  together)  and  with  thofe  four  Redangles  the 
**  Square  H  E.  From  whence  the  Propofition  is  manifeftj 
"  Let  the  Number  12  be  divided  into  6  and  6  ;  and  the 
**  Number  4  be  added  to  it.  The  four  Ref^angles,  iox<^ 
**  =240  and  4x4=16  are  equal  to  the  Square  16x16=256. 


^i-.  9' 


PROP.  IX.     Theorem 

JF  a  right  Line  {AC)  be  divided  equally  in 
(B)  and  unequally  in  (-F,)  the  Squares  of  the 
unequal  'Tarts  {AF^  FC)  will  he  double  to  the 
Squares  of  half  the  Line  {A  Bj)  and  of  the  in- 
termediate ^art  (B  F.) 

[-  Le 
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[*'   Let  B  £  be  equal  and  perpendicular  to  E  A.     From 
**  hence  the  Conftruftion  being  made,  as  the  Figure  fhews, 
**  the  Lines  AB,  BE,  CB  will  be  equal  :  As  alio  the  Lines 
«*  E  G,  G  Q^will  be  equal.     The  Angles  A  E  C,   ABE, 
«•  C  B  E,  EGQ^QJ  C  will  be  right ;  and  the  Angles 
«*  A  E  B,   B  E  C,  E  C  A,  C  Q^F,  E  Q^G  half  right  ones. 
**  f'rom  whence  the  Square  of  A  E  will  be  double  *  to  the  *  P^r  47 
«*  Square  of  A  B,  which  is  half  of  A  C,  and  the  Square  of/,  i. 
*'  i'.Q  double  to  the  Scjuare  of  G  Q_or  B F  the  intermediate 
**   Lira       Bu:  the  Squares  of  A  E  and  E  Q  are  f  equal  to  t  Bji  the 
*'  the  Square  of  A  Q^,  that  is,  to  the  Squares  of  A  F  andyi";^. 
««  F  Q^or  V  C  the  unequal  Parts.     ^.  E.  D, 

['*  Let  the  Number  32  be  divided  equally  into  16  and  16, 
*'  and  unequally  into  20  and  12.  The  Square  20x20=400, 
**  with  the  Square  12X12=144^  are  double  to  the  Squares 
"  of  i(^xi6=;256  and  4x4=16.] 

PROP.  X.     Theorem. 
I'P  ci  fight  Line  (FI)  he  divided  into  two  equal Fi^.  10, 

Parts  in  (L,)  and  to  it  a  certain  right  Line 
{as  10)  he  adjoin  d\  the  Square  oj  the  whole 
compound  Line  (FO,)  taken  together  with  the 
Square  oj  the  additional  Line  {10^)  Jhall  he 
douhie  to  the  Squares^  which  are  defcnhed  upon 
the  half'  Line  \F L,)  and  (LO)  that  which  is 
compounded  oj  halj  the  Line  (F/J  and  the  ad^ 
;  dit tonal  Line, 

[<*  For  a  Conftruflion  being  fuppofed  not  unlike  to  the  ^la  26, 
**  former  ;  the  Square  of  F  E,    is  double  to  the  Square  oi 
**  the  half  Line  F  L,  and  the  Square  of  E  G  is  double  to 
**  the  *  Square  of  E  Q^or    L  O,   which  is  compcunded  of  *  p^^^^^ 
**  the  half    Lme  and  the  additional  cne.     But  the  ^quar^  5 /.  i. 
**  of  FE  and   EG  are  equal  to  the  cquare  FG  ;  that  is, 
,  **  to  the  Square  of  F  O,  the  whole  compound  Line,   taken 
[  •*  together  with  the  Square  of  O  G  or   O  1  the  additional 
I  "  Line.     <^E.D. 

[       [**  Let  the  Number  40  be  divided  into  20  and  zo,  and 

'  *'  to  it  let  there  be  added  the  Numoer  14.     The  -quare 

**  54X54=2916,  with  the  cquare  14x1^.=  196  are  double 

'  *'  to  the  Square  of   20X20=400,    taken    together    with 

34X34.=  !  156.] 

E  3  PROP. 
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PROP.   XI.     Problem. 

tbi^t  tPje  Rectangle  (JBC)  wb^cb  is  cofJ- 

iaij/d  under  the  "dohole  Line  and  one  '1? art ^  pall 

,  he  equal  to  the  Square  of  the  other  -Part  (-^C) 

From  A  ere£l  a  perpendicular  AF  equal  to  A  B.  Bifedl 
A  F  in  X  Draw  the  right  Line  X  B  ;  from  the  Line  FA 
drawn  forth,  cut  off  X  I  equal  to  XB.  Then  cut  off  A  C 
equaj  to  A  L     I  fay  the  Thing  is  done 

For  let  the  Square  B  A  f  S  be   perfected  ;  and  a  Perpen. 
dicular  being  drawn  through  C,  let  the  Re<5langle  F  i  L  O 
be  perfef^ed  alfo.     Pecaufe  F  A  is  bifeded  in  X,  and  to  it  \ 
is  added  A  I  ;  there  (hail  be 
Cthe  Red.  F  I  A 
(ti)Ffr6.  "^        +  =  W  to  t^c  Square  of  X I      j 

/.  2.  ^Square  of  X  A  ( 

(h;  By  tke  That  is,  =  to  the  Square  of  X  B  [b] 

Co^Jtrifc^  That  is,  =  to  the  Squares  of  A  B^   ,  . 

Hon  ^  ^  AX^W 

Y      ^^^'^'     Theiefore  let  there  be  taken  away  on  both  Sides  the 
Square  of  X  A  ;  there  will  remain 

the  Rtftangle  F  1  A  or  F  L. 
==  A  S  the  Square  of  the  Line  B  A  ; 
Wherefore  again,  the  common  Rectangle  A  O  being  taken 
away, 

A  L  will  remain  equal  to  C  S. 
But  A  L  is  the  Square  of  the  Line  A  C,  feeing  by  the 
Conllrudlion  A  C  and  Al  are  equal.  And  CS  is  the  Red- 
angle  A  B  C,  forafmuch  as  B  S  is  equal  to  A  B.  Therefore 
|he  Reflangle  A  B  C  is  equal  to  the  square  of  A  C,  There- 
fore we  have  cut  the  Line  A  B,  as  it  was  required. 

Scholium. 

'T^HE  Ten  firfi  Proportions  of  this  Book  are  true  alfo  in 
^  Numbers:  But  this  Eleventh  cannot  be  excmplityd 
in  Numbers  ;  for  no  Number  can  be  fo  divided  that  the 
Froduit  of  the  whole  multiplied  by  one  Part  ihali  be  equal 
to  the  Square  of  the  other.  'J  he  Force  of  this  Sedion  of  a 
Line  is  wonderiuj.    For  which,  fee  Prop.  30.  Lib.  f, 

PROP. 
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PROP.  XII.     Theorem, 

JN  an  Ohtufe-at]gled  Triangle  (JCB,)  tbeFi^.iz. 

Square  oj  the  Side  (^B)  oppofite  to  theohtufs 
Jungle  (C,)  exceeds  the  Squares  of  the  other  Sides 
{AC,  CB,)  by  the  Re3angle  (BCF)  twice  ta^ 
kefi ;  which  fame  KeBavgle  is  comprized  under 
(BC,)  one  of  the  Sides  containing  the  ohtufe  An- 
gle^  and  the  Line  (C  F)  which  is  intercepted  be- 
twixt  the  '■Terpen dtctilar  {A F)  and  the  obtufe 
Jngle. 

The  Square  A  B  is  equal  to  the  Squares  of  A  F?  ,    x    ,  .  _ 

^  ^  ^  BFf  ^^-^  |^)^^47. 

But  the  Square  of  B  F  is  equal  to  the  Squares  of  F  C,  ** 
C  B,  with  the  Redangle  FC  B  twice  taken  (^.)     Therefore  (b)  V,;f£^, 
if  you  fubftitute  thefe  for  the  Square  of   B  F  ;  then  the^*  2' 
Square  of  A  B  is  equal  to   A  F   Squared 
FC  Square^ 
CB   Square  r* 
and  Re£langle  BCF  twice,  j 
.   But  the  Squares  of  AF,  FC  are  [c)  equal  to  the  Square  of  Co)  Perl^^, 
AC.     Wherefore  this  being  fubltituted  for  them,  /.  i. 

AB  Square  is  equal  to  A  C  Square  p 
C  B.  Square  > 
-|-Reaangle  BGF  twice. J^ 

;  PROP.  XIII.    Theorem. 

TN  any  Triangle  whatfoever  fas  ACBJ  thesis.  1^,14, 

Square  of  the  Side  fAB)  oppojite  to  an  acute 
Angle  (C)  is  exceeded  by  the  Squares  of  the 
ether  Sides  (AC,  CB)  by  the  KeB angle  (BCF) 
twice  taken  ;  which  fame  KeB angle  is  contained 
tinder  (B  C)  one  of  the  Sides  comprehending  the 
acute  Angle  (C-J  and  the  Line  (FC)  which 
is  intercepted  betwixt  the  Perpendicular  (AF) 

let 


yi 
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let  fdU  upon  the  Side.  (BC)  jrom  its  oppofite 
'jingle  (A)  and  the  acute  uhigle  (C.J 


(d'  Pcr4.       The  Square  of  B  C  is  ?qual  to  (//)  the  Reaan.   B  F  C^ 
/.  2.  *  (twice,  ( 

^-^  F  C  Square?" 
--^  FB  Square  > 
(e)  PcT47,  And  A  C  Square  is  equal  to  (e)  C  F  Square^ 

/.  1.       "^  +  ^-'^  Square^ 

Wherefore  the  \B  C  Squ.7  are  equal  to  Red.  BFC' 
two  together      ^AC  Squ.^  (twice^ 

B  F  Square 
2  F  C   Square! 
-{-  A  F   Square 
Eat  the  Reflangle  BFC  tvyice;  together  with  the  Square 
(2^Pt•r^.   of  F  C  twice,  is  («)  equal  to  the  Redangle   B  CF  twice. 
/.  2.         *   Therefore' this  being  lubttituteu  for  them. 

BC"SqLi.?aie  equal  to  the   Redang.  BCF  twice "> 
+  ACSqu.^  '  +BF  Square S- 

+  A  F  Squarej 
(b)  Per  47.  ^"^  the  Squares  of  A  F,  B  F  are  equal  to  [b)  the  Square 
/.  I.  *of  A  B.     Therefore  this  being  fubftituted  for  them, 

BC  £qu.;?are  equal  to  the  Redtangle  BCF  twice? 
+  A  C  Squ.  S  +  A  ti  Square^ 

ihat  is,  B  C  Square+AC  Square  do  ejiCeed  A  B  Square 
by  the  Redlangle  BCF  twice  taken. 

Corollary, 

^'S'  15'       '  j  ^  H  E   Fropofition  is   true,  although   the  Perpendicular 
-^     falleth  without  the  Triangle.     And  the  Dehionftration 
is  ainiQlt,  the  fame. 
(c^  Per  12       ['•'    More  briefly  thus.    ACq=(OABq  +  CB  Q^ 
l.z.  "zCBF.     And  on  both  Sides  CBq,  then  AC -he  Bq" 

(ci  P.V3.    '•'  — A  B  q  -f  2  C  B  q  +  2  C  B  F  =  (^)  A  B  q  ^-  i  B  C  F. 
'•2.  *'  ^  E.D. 
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SchoUum. 

FROM  this  Propofition,  and  the  47th  of  the  former 
Book,  we  have  the  NJeafure  of  any  Triangle  whatfoever, 
whofe  three  Side?  are  known,  although  the  Area  be  alto- 
geiher  iiiacceiTible.  For  by  the  help  of  thefe  Theorems, 
the  Perpendicular  is  known,  albeit  the  Impediments  of  the 
Place  Ihould  not  permit  us  to,  mark  it  out.  But  Note, 
That  the  Perpendicular,  multiplied  by  half  the  Side  on 
which  it  /allb,  produceth  the  Area  of  the  Triangle,  as  ap- 
pears out  of  the  Scholium  of  the  41ft  Propofition,  Lib.  i. 

Let  there  be  any  Triangle   (as  'A  B  C)   having  its   Sides  F/[^.  15, 
known.    It  is  required  to  give  the  Perpendicular  A  F,  which  or  14, 
falls  from  the  given  Angle  A  upon  the  oppofite  Side   C  R. 

Take  the  Square  of  the  Side  A  B  oppofite  to  the  acute 
Angle  C,  out  of  the  Sum  of  theSquares  of  AC,  and  BC,  By 
the  13th,  the  Remainder  fhall  be  the  Rei^angle  BC  F  twice 
taken.  Divide  half  of  the  Remainder,  that  is,  the  Redlan- 
g!e  B  C  F  by  the  known  Side  B  C  ;  thence  will  arife  the 
right  Line  CF.  Take  the  Scjuare  of  the  right  Line  CF  out 
of  the  Square  of  A  C.  The  Remainder  will  give  (aj  the (a^  Per  . 
Square  of  A  F,  whofe  fquare  Root  will  give  the  Ferpendi.  Pro^.  2. 
cular  A  F.  Schol.poji  , 

This  thing  alfo  may  be  obtained  out  of  the  12th   Propo.  47.*'^.  I. 
fition.     f^ut  the  13th  fufficeth,  forafmuch  as  in  every  Tri- 
angle the  Perpendicular  let  fall  from  fome  one  of  the  Ang!;,s 
unto  the  oppofite  Side,  falls  within  the  Triangles. 

PROP.     XIV.    Problem. 

"J^HE  Right'lwd  Figure  (<iiXZ)  heifjg  gi-pi^^  68, 
vefjy  to  make  a  St^uare  equal  to  it* 

Make  [b)  a  Re£langular  Parallelogram  C  I  equal  to  the  (b")  P<fr  45* 
Redilinear  Q^X  Z  ;  the  Sides  of  which   Parallelogram,   if /.  i. 
they  ftiall  be   equal,    you  have  already  made  the    .quaie 
which   was  required  ;  if  they  be  unequal  draw  forch  the 
greater  Side  I  A  unto  L,  until   A  L    fhall  be  equal  to  A  C. 
Then  bifeft   I  L  in   Z  ;  from  which,  as  from  a  Center 

through 
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through  I  and  L  defcribe  a  Circle,  and  !et  C  A  be  pro- 
duced till  it  meets  the  Circumference  in  B.  The  Square  of 
the  right  Line  A  B  is  equal  to  the  given  Reflangle  QJi  Z. 
For  let  the  right  -Jne  Z  B  be  drawn  ;  becaufe  1  L  is 
cut  equally  in  Z,  and  unequally  in  A  ;  the  Rectangle 

I  A  L  7 

(c)  Per  5.     12-  4  c  >are  equal  (c)  to  Z  L  Square,  that  is,  equal 

(d  Bythe    to  (<^  Z  B  Square,  that  is,  equal  to  [e]  Z  A  Square  +  A  B 

Conjtruc.     Square. 

tion.  Taking  away  therefore  on  both  fides  the  common  Z  Aq, 

(e)  Per  47.  there  remains 

^.  I-  Rea.  I  A  L  equal  to  A  B  ^ ;  that  is, 

Becaufe  A  C  and  A  L  are  equal,  the  Reft.  C  I  equal  to 
A  B  Square,  and  confequently  A  B  Square  equal  to  the 
^g)  5r  f^e  Reailinear  (^)  QJi  Z: 
Conjiruc- 

"■*«•  SchdUum. 

JpUCLlD^s  Conllruftion  of  this  Problem  requires  that  the 
given  Redilinear  reduced  unto  a  Reftangls  by  Prop.  45. 
A  I.     Which  Reduftion  being  opefofe  enough,  the  Problem 
perhaps  will  more  readily  be  dilpatch'd  after  this  manner. 
Let  the  given  Reclilinear   be  refolv'd  into  as  inany  Qua- 
(a).  Per    dr^ngles  ("X,   Z}  as  it  can.     Then  to  each  Quadrangle  (a) 
Sr*(//.P.45.niake  an  equal  Reflangle,     If  there  remain,  as  here  it  hap^ 
/K^*  P        pens,  one  Triangle   (Q^,)  to  it  alfo  (^)  make  a  Redangle 
(b.  Per     gq^J^^       j-j^^j^  ^^^  ^^^.1^  Redangle  by  this  14th,  /.  2.  make  an 
^oro  ./>.4  .^q^^-  3qyare;  and  laftly,  to  all  thefe  Squares  let  one   equal 
(c     Per     o'*^  b^  msidQ  (<:.)     This  will  be  equal  to  the  giveo  Reitili- 
Prob.  I.      near  Q^X  Z. 
Scbol,p.^j, 
1,1. 
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Elements  of  EUCLID. 

BOOK    III. 


TH  E  Fundamental  Properties  of  the  moft  perfeft 
amongll  Plain  Figures  are  demonftrated  in  this  Book. 
The  Uiefulnefs  of  the  Book  is  manileft  by  this  one 
Thing  alone,  that  it  treats  of  a  Circle,  that  abundant  Source 
of  admirable  Things  through  the  whole  Mathematicks. 
The  more  famous  Theorems  are  i6,   20,  21,  ir,  3I,  ^i. 

Definitions. 

I.  'T'HOSE  Circles  are  equal,  whofe  Diameters  or  Semi-  Fi^.toJ.-^, 
-*-    diameters  are  equal.  ■*' 

2.  A  right  Line  (F  B)  is  faid  to  touch  a  Circle,  when  it 
it  doth  fo  meet  it  in  the  Point  (B,)  that  albeit  it  be  produced, 
it  doth  net  cut  it. 

3.  Circles  are  faid  to  touch  one  another,  when  they  do  ff.  .^ 

fo  meet  that  they  do  not  cut  each  other.  *     '  ^' 

4.  In  a  Circle  the  right  Lines  (B  C,  FL)  are  faid  to  be  fi_^^  ig^ 
equi-diltant  from  the  Center  (A, ^  when  the  Perpendiculars 
which  are  let  fall  upon  them  from  the  Center   (A  O,   A  I) 

are  equal. 

«;.  Segments  or  Portions  of  a  Circle  are  the  Parts  into  F/^.  37. 
■  which  the  right  Line  (C  E)  which  cuts  the  Circle  doth  di- 
'■  vide  it. 

6.  An  Angle  in  a  Segment  is  that  (B  QjC)  which  is  con>  Fi^,  2^, 
tain'd  under   the  right   Lines,   which  are  drawn  unto  one 
•  Point  of  the  Circumference  {QJ)  from  the  Ends  of  the  Seg- 
>cnt  (BC.)  7.  The 
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■^'S-  33-  7'  '^^^  ^^rtg.e  ("CQ  B)  i^  faid  to  ftand  upon  the  Circim- 

ference  (EOC  ,)  a.  being  oppofiie  to  it. 

Fi^.  II.  8    A  iedtor  is  that  Part  of  a  Circle  which  is  contain'd  by 

two  SerrLcianieter:^  as  { AB,  A  F)  and  an  Arch  as  (BF  or 
B:„F)  iniercepted  betwixt  ti)e  :^emi>diameters 

PROPOSITION  I.     Problem. 

'S'  I-  ^•3-  ±Q  ji^j^  ^ir^^  Center  of  a  given  Circle, 

Let  the  right  Line  (B  C)  be  drawn  in  the  Circle,  at  ran- 
dom, wnich  bifeft  in  Q.  Through  Q^draw  the  Perpendicu- 
lar LF,  which  bifed  in  A.     A-lhall  be  the  Center. 

If  you  den)    it  ;  let  the  Center  De  O,  which  is  without 

the  right  Line  ?L  (for  in  FL  it  canno:  be,  fcrafmuch  as  this 

L.ue  js  divided  every  where  unequally   but  in  A^   and  let 

there  be  drawn   B  O,   Q^O,    C  O.     Becaufe  therefc-e  you 

fuppofe  O  to  oe  the  venter,  B  O,  C  O  muft  be  equal ;   and 

the  Fiiangles   B  O  Q_,    C  O  Q  mufi  be  equilateral  to  each 

other  ;  ieeing  by  the  Conftruclion  B  Q^and  CQare  equal, 

(a^P-r8     and  QO   is  common.     Therefore  the  Angle  O  Q^C  («)  is 

i'  I-  equal  to  the   Angle   O  Q_B.     Therefore  O  Q^C  is  a  right 

(b    P.r       ^ngle  (t/)  and  conlequently  equal  to  L  QC,  which  is  a  right 

/'^  *^'     one  by  Conitrudion,  a  Part  to  the  Whole.     Which  is  ab- 

furd. 

CcroUary. 


/.I. 
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ROM   what  hath  been  demonftrated  it  agpears,  that  if 
the  right  Line  (L  F)  cuts  another  right  Line  B  C  into 
two  equal  Parts  and  perpendicularly,  the  Center  is  in  the 
Line  th^t  cuts  the  other. 
f^„  2^  The  Center  of  a  Circle  is  very  eafily  found  by  a  Square  ; 

the  top  of  it  iQJ)  being  applied  to  the  Circumference  ;  for 
if  the  right  Line  D  E,  joining  the  Points  D  and  E,  in  which 
the  Sides  of  the  Square  cut  the  Circumference,  be  bifected 
in  A,  (A)  (hall  be  the  Center.  The  Demonftration  where- 
of depends  on  the  31ft  Propofuion,  Lib,  3. 


PROP. 
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PROP.  11.    Teo.c-^, 

TV  in  the  Circumference  of  a  Circ^^  there  h$ 
takeu  two  Joints  {C  and  B)  the  rip:.;  Line 
whi'Jj  is  drawn  through  them  falls  entivJy 
within  the  Circle. 

Let  there  be  taken  in  the  Line  BC  any  Point  whatfoever,  ^'J.2, 
as  O,  and  from  the  Center  A,  be  drawn  A  3,   A  O,   A  C. 
Becaufe  A  B,  A  C  are  equal,  the  Angles  alfo  B  and  C  are  (c)  P^rj, 
(f)  equal.     Becaufe  therefore  A  O  C  is  \d")  greater  than  the^-  '• 
internal  one  B,  itlhali  be  greater  alfo  ihan  C.     In  the  Tri-^^  /'^'" 
angle  therefore  O  A  C,  the  Side  A  C  fubtending  the  greatei  p^^^     ^^ 
Angle  AO  C,  is  {e)  greater  than  the  Side  A  O,  fubtending  /,  ,;' 
the  leiTer  Angle  C.   Seeing  therefore  AC  reaches  no  farther  (e)  Per  la, 
than  from  the  Center  to  the  Circumference,  A  O  fhall  not  /.  i. 
reach  fo  far.     Therefore  the  Point  O  fhall  fall  within    the 
Circle.     The  fame  thing  may  be  fhew'd  of  any  other  Point 
of  the  Line  B  C.     Therefore  B  C  falls  wholly  within   the 
Circle. 

The  Propofitlon  is  alfo  manifefl  from  the  very  Notion  of 
a  right  Line  and  a  Circle. 

Coroll.  "  Hence  it  follows,  that  a  right  Line  touching  a 

**  Circ'e.    toucheth  it  in  one  fingle  Point  only.     For  if  it 

•*  tcuched  the  Circumference  in  two  Points,  it  would  be  a 

"  right   Line  drawn  thro'  two  Points   of  the  Circle,   and 

*•  confequently  would  fall   within    the  Circle,   contrary  to 

•*  the  Definition  of  a  Tangent.     And  by  the  like  reafoning 

*•  (in  pafTing  from  Planes  to  Solids)  it  might  be  prov'd,  that 

**  every  Plane  toucheth  a  Sphere  only  in  one  Point. 

PROP.  III.     Theorem. 
IF  in  a  Circle  a  right  Line  {BL)  drawn  thro* Fig.  z, 

the  Center  lifers  another  (C  FJ  not  drawn 
through  the  Cent tr^  tt  will  cut  it  perpendicularly, 
Andtfit  cut  it  perpendicularly^  tt  ivillbife^  it. 

Part  L    From  the  Center  (A)  let  there  be  drawn  A  C, 
A  F.    The  Triangles  X  and  Z  are  Equilateral  to  each 

other. 
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other.     For  C  O,  F  O  are  by  the  Hypothefis  equal,    and 

A  C,   A  F   are  f"o,  becaufe  drawn  from  the  Center ;   while 

AO  is  common  to  both.     Therefore  the  .Angles  A  O  C, 

(a)Pfr8.   AOF  are  (a)  equal.     Therefore  right  (^)  ones.     Which 

/.  I.  was  the  firft  Fart. 

(b)P<rr  Part  II.  Becaufe  by  the  Hypothefis   A  O  C,  AOF  are 

Def.  14.      equal  Angles ;  A  C  Square  fhall  (<r)  be  equal  to  the  Squares 

^'^'  of  AO,  OC  together ;  and  A  F  Square  equal  to  the  Squares 

(c)  Per      of  ^  o,  OF  together.    Seeing  therefore  the  Squares  of  A  C, 

^  A  F  are  equal,  the  Squares  of  AO,  O  C  together,  will  be 

alfo  equal  to  the  Squares  of  AO,  OF  together  :  Wherefore 

taking  away  the  common  Square  AO,  the  Squares  of  O  C, 

O  F  remain  equal.     And  therefore  the  right  Lines   O  C, 

OF  are  equal.     Which  was  the  other  Part. 

Corollary  (i.)  **  Hence  in  every  equilateral  Triangle, 
"  and  in  that  alfo  which  is  only  an  J/o/ce/es,  a  Line  which 
**  falling  from  the  top  of  the  Angle,  bifefts  the  Bafe,  is 
y  perpendicular  to  it.  And  on  the  contrary,  a  Line  which 
^'  falling  from  the  top  of  the  Angle  is  perpendicular  to  the 
•*  Bafe,  doth  bifeft  it. 

(2.)  •'  Hence  it  follows,  that  half  of  the  Chord  of  every 
*•  Arch,  is  the  right  Sine  of  half  the  Arch. 

PROP.  IV.    Theorem. 

^'*r.  4>  5«  T^  ^'^  ^  Circle  two  right  LtfjeSy  (BC^  FL)  not 
•*  drawn  both  of  them  through  the  Center ^  cut, 
each  otherj  they  cannot  bife6i  each  the  other* 

f'l'  ?•  For  if  one  of  them  LF  pafTeth  through  the  Center,  it  !«• 

manifeft  that  it  fhall  not  be  bifetfled  by  B  C  which  doth  not 

pafs  through  the  Center 
fi'^,  4,  If  neither  of  them  pafTes  through  the  Center,  from  the 

Center  A  draw  A  O.  if  now  B  C,  F  L  were  both  bifeded 
fa.')  By  tJ/t  ^"  ^'  ^^^  Angles  AOC.  AOL  would  [a]  be  right  Angles, 
fougolfis     ^"^"^  confequently  equal  ;  the  Whole  to  a  .^art,  which  is  ab*- 

furd. 

PROP.  V,  VI.    Theorems. 

ff   ^^  7,    r*lrcles  cutting  each  other^  or  inwardly  touching 
one  the  otber^  have  not  the  fame  Center. 

For 
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For  if  it  were  otherv/iie,  the  right  I  ;nes  A  B,   A  C  F,  ' 
drawn  from  the  common  Cent-r  A,  would   be  equal ;   and 
A  C  would  be  equal  to  A  F  ;  i.  Pare  to  the  Whole,  becaufe 
they  are  both  equal  to  A  B.   Which  iS  abfurd. 

PROP.  VII.    Theorem. 

TF  in  a  Circle  there  he  taken  a-:v  ^oint  hejides  %•  8, 
!  ^  the  Center  (^,)  as  the  "^Point  (C,)  and  divers 
'  right  Lines  fall  from  thence  unto  the  Ctrcum^ 

ference  {as  CB^  CL,  CO^  CF'^) 

1.  (CB)  whtch  pajjeth  through  the  Center^ 
will  he  the  greatejf. 

2.  The  remaining  ^art  of  the  Diameter  (CF) 
will  he  the  leajt. 

\  3.  Of  the  reft  that  will  he  the  greater^  which 
i  is  nearer  to  the  greateft, 

4.  j4nd  no  more  than  two  equal  Lines  can  he 
:  drawn  from  the  f aid  ^oint  (C,)  which  is  differ " 
\  entfrom  the  Center^  unto  the  Circumference. 

\  Part  I.  Let  A  L  be  drawn  from  the  Center  A;  Becaufe 
'  A  L,  A  B  are  equal,  the  common  Line  A  C  being  added  ta 
,  each.  A  C  and  A  L  together  are  equal  to  C  B.  But  A  L 
,+A  C  are  greater  than  L  C  (5.)     Therefore  C  B  is  greater  (b)  Per  to, 

than  L  C.     In  the  fame  manner  B  C  v^ll  be  (hew'd  to  be^«  i. 

greater  than  any  other. 

I      Part  ir.  From  the  Center  A  draw  A  O.     A  O  (that  is, 
i  A F)  is  lefs  than  AC,  CO  [c)     Therefore  taking  away  the (c)  By  tbi 
i  common  Line  A  C,  C  O  remains  greater  than  C  F.     Inf^^^'- 

the  fame  manner  C  F  is  prov'd  to  be  lefs  than  C  Q^  or  any 
lother. 

Part  in.    In  the  Triangles  CO  A,  CLA,  the  Sides 

LA,  AC,  are  equal  to  A  O,  A  C,  each  to  each.  But  the 
t Angle  L  A  C  is  greater  than  the  Angle  O  A  C.  There- 
'fore  (^)  the  Bafe    L  C  is  greater  than  the  Eafe  O  C.  (d)i»<T24. 

Part  IV.  This  is  manifeit  from  what  goes  before.     For  if  A  i. 

there  could  be  three  drawn  equal,  CO,    CI,    C  Q^,    there 

Avould  be  two  on  the  fame  3ide  equal ;  Which  is  contrary 

[*o  Part  III. 

'  Corollafy. 
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Corollary.  "  By  the  foregoing  reafoning  ^heodojlus  ga- 
**  thered,  that  of  the  'Arches  of  great  Circles  drawn  upon 
«•  the  Surface  of  a  Sphere,  from  any  Point  diverfe  from 
**  the  Pole  of  a  certain  Circle  unto  that  Circle,  the  greateft 
«'  is  that  which  paffeth  thro'  the  Pole  of  that  Circle  ;  the 
**  kail,  that  which  is  drawn  unto  the  oppofite  Point  ;  and 
««  of  the  reft,  that  is  the  greater,  which  is  neareft  to  the 
**  greateft  ;  as  alfo  that  no  more  than  two  equal  Arches 
*«  can  be  drawn  from  that  Point  unto  the  Circle.  And  in 
**  like  manner  may  the  Pleader  reafon  of  himfelf  on  fome 
'*  other  of  the  Propofitions  of  this  Book  ;  it  being  very 
**  eafy  to  pafs  from  Planes  to  Solids  in  thefe  Argumenta- 
**  tions. 

PROP.  VIII.    Theorem, 
^jf-  9»  10.  r^  ffom  a  Toitjf  (A)  taken  without  a  Circky 
there  be  drawn  auto  the  Circle  the  right  Line 
CAR,  AC,  AFJ  or{AO,A§l,  AR- 

1.  0/  tho/e  ivbicb  fall  upon  the  concave  Cir^ 
cumference^  the  greateft  is  (ABJ  which  pajfes 
through  the  Center  (Z*) 

2.  Of  the  reji^  that  is  the  great er^  which  is 
nearer  to  the  greateft  ( ABrJ 

3.  Ofthofe  which  fall  without  the  Circle^  or 
upon  the  convex  ^eriphery^  the  leajl  is  ( AO) 
which  heivg  produced  would  pafs  through  the 
Center  {Z.J 

4.  Of  the  reff^  that  which  is  nearer  to  tht 
leaft  is  lefs  than  that  which  is  farther  off, 

5.  iVo  more  than  two  equal  Lines  can  he  drawl 
unto  the  Circumference  jrom  the  fame'-Point  ( A^^ 
whether  they  fall  within  the  Circle^  or  only  with 
out. 

P'S.  9.  Part  I.  From  Center  Z  draw  Z  C  ;  becaufe  Z  C,  Z  1 

are  equal,  the  common  A  Z  being  added  to  each,  A  Z-j'Z  ( 
(a)  Per  20.  are  equal  to  A  B.  But  A  Z-|-Z  C  are  («)  greater  than  A  C 
/.  I.  Therefore  A  B  is  greater  than  A  C.     In  like  manner  A 

will  be  {hewed  to  be  greater  than  any  other  whatfoever 

Part  11.  Draw  Z  F.  Oeciafe  in  the  Triangles  A  Z  C 
A  Z  F,  the  Sides  A  Z,  Z  C  are  equal  to  A  Z,  Z  F,  eac 

t 
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to  each  ;  but  the  Angle  ,  A  Z  C  is  greater  than'  A  Z  ]F, 
therefore  the  Bafe  AC  [b)  will  be  greater  than  the  Bafe  A¥.()j\Per  24. 

Part  III.   Draw   Z  Q,,    The  two  Lines  A  Q,    QZc^reZ-i. 
greater   than  A  Z  (^.)    Taking  away  therefore  the  Equajs^'^- ^o- 
ZQ.Z'O,    there  remains  A  Q^greater  than  A  O.     In  the^^^    ■^?^' 
fame  manner  A  O  is  prov'd  lefs  than  any  other.   .  •*...• 

Part  IV.   DrawZR.     The  right  Lines.  A  Q^,  Q^Z  are  '  >* 

lefs  than  A  R,   R  Z  {d)  ;  therefore  the  Equals  Z  Q,  Z  K(j\))per  ; 
being  taken  away,   A  R  remains  greater  than-  A  Q^  2j.  /.  f.  "- 

Part  V.     This  is  manifeft  from  the  Four  foregoing, 

P  RO  P.  IXi    .Theorem. 

TF  from  fome  ^otiit  witbhi  a  Circle  fas  j4J^'Z-  h- 

more  tkafitwo  equal  right  Lifjes  ca?J  be  drawji 
unto  the  Circumference  ythat  Point  is  the  Center. 

This-15  mahffeft  from  Part  I'V.of  the  7th  Prcpofition. 

PROPJl^/'' theorem. 
IrcJes  cut  each  other  in  two 'Joints  only.  -^'i"- 1?-  • 


C 


For  let  them  cut,  if  it  may  be,  in  more  (B,  C,  F,) 
From  A,  the  Center  of  the  Circle  L  Q^  let  there  be  drawn 
to  the  Points  B,  C;F,  the  Lines  A:B,  A  C,  A  F  ;  thefe 
will  be  equal.  Becaufe  therefore  from  the  Point  A,  within 
•the  Circle  Q S,  -there  are  drawn  three  equal  Lines,  A  B, 
AC,  A  F,  unto  its  Circumference,  A  muft  alfo  be  bfe'e 
Center  (a)  of  the  Circle  O  S.  Therefore  the  Circles"  L  Q,(a}  By  th-, 
O  S,  which  cut  ore  another,,-  have  the  fame  Center. /^'"''i''.''^^^. 
"Which  contradids  the  5  th  Propofuion. 

PROP.  XL    Theorem.    - 

TP  fi^o  Circles  touch  each  othtr.inwar.dIy\  avi^.  131 

right  Line   .drawn  thrmgh.  their   Centers 
'{Jandl)paJJes  through  the'J^ointpfCma^'{R,) 

'•  Tf  yoadeny  it,  let  the  Centers' haVe,  if  it  may'be,  that 
Situation,  that  a  right  Line  pafling  through  them,  fhalt 
'     •  F  faU 
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fall   without  the  t^lontaft  B,  cutting  the  Circles  in  O  and 

L  :      et   the    Center   be  A  and  C  ;  and  join  A  B,   C  B. 

Becaufe  therefore  C  B,  CO  are  equal,  the  common  AC  being 

added  to  eacli  of  them,  A  C+C  B  Ihall  be  equal  to  r  O. 

(h)  Per  20.  But  A  C,  GB  are  (b)  greater  than  A  B,  that  is,  than  A  L 

'•  !•  {c).    Therefore  alfo  A  O  is  greater  than  A  L,  a  Part  than 

(j)  ^y  ^^'  the  Whole.     Which  is  abfurd. 
Dejimtim 

ofacircu.  PRQP.  XTI.     Theorem, 

^'S*  M-      T'P  Circles  touch  one  another  on  the  outjide^  a 
right  JJney  which  jows  the  Centers^  muji 
pafs  through  the  'Toint  oj  Conta6f, 

If  it  be  denied,  let  the  Centers  be  fo  placed,  as  for  in- 

llance  in  A  and  B,  that  the  Line  palling  through  them  ihall 

not  pafs  through  the  Contadl  S,  but  cut  the  Circles  in  O  and 

Q^    Let  the  Points  A,  S  and  B,  S  be  joined.    Then  A  S, 

(^)  Per  20.  B  S  together  will  (</)  be  greater  than  A  B.     But   A  S  is  (/) 

/.  I.  equal  to  A  O,  and  b  S  equal  to   B  Q^      Therefore  A  O 

(e)  By  the  and  B  Qjtogether  will  be  greater  than  A  B,  a  Part  than  the 

Definition    s^\^q\q^     Which  cannot  be. 

[Corollary.  «^  A  right  Line  drawn  from  the  Center  of 
**  one  of  the  Circles  through  the  Point  of  Contaft,  will 
**  pafs  through  the  Center  of  the  other.] 

PROP.  XIII.     Theorem. 

^'ir-  is>  16.  f^Ircles  touch  both  one  another^  and  a  right  LitJCy 
in  a  ^Point  only, 

^'S'  15*  For  let  two  Circles  touch  one  another  inwardly  in  a  Part 

of  the  Circumference  L  C,  if  it  may  be  :  Then  a  right  Line 
(f)Pf'rii,drawn  through  the  Centers  A  and  B  will  (/)  pafs  through 
'•  3«  the  Point  of  Contad,  as  in  C.     Let  there  be  drawn  alfo 

A  L,  B  L.  Becaufe  therefore  B  L,  B  C  are  equal  (for  they 
are  drawn  from  the  Center  B  unto  the  Circumference  O  L  C) 
the  common  Line  A  B  being  added,  AB,  BL,  Ihall  be  equal 
to  AC.  But  AC  is  equal  to  A  L,  for  they  are  both  drawn 
from  the  Center  A  unto  the  Circumference  L  QjL\  There- 
fore A  B,  B  L  ar€  equal  to  A  L,  contrary  to  Frofojition  20. 

Then 
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Then  let  the  two  Circles   touch  ore  another  ©n  the  out-  Fi^.  16. 

jide,  m  the  Arch  O  L,  if  it  may  be.    The  right  Line  A  P, 
joining  the  Centers,  will  pafs  through  the  Point  oi  Conradt 

{a)  as  in  O,  for  inftance  :  Let  A  L,  P  L,  be  drawn.     The  Ca)Pfr  12. 

two  Sides  of  the  Triangle  A  L,  P  L,  will  be  equal  to  A  0>     ^* 
P  O,  or  the  whole  A  P  ;  contrary  to  Propojition  20.  L.  i. 

Laftly,  Let  the  right  Line  BF,  and  the  Circle  touch  each 
other,  if  it  may  be,  in  fome  Part  (C  E  :)  Let  there  be 
drawn  unto  the  Center  the  right  Lines  C  A,  E  A.     The 
i  Lines  CA,  E  A  will  then  be  equal  :   And  therefore  the  1  ri- 
angle  C  A  E  is  an  Ifo/celes.    W  herefore  the  Angles  C  and  E 
(^}  are  acute.     And  therefore  a  Perpendicular  let  fall  unto  (b)  Per 
B  F  from  the  Center  A,  will  fall  betwixt  E  and  C,   (c)  as,  Coro].  n. 
for  inftance,  in  D      There  wiil  therefore  both  AC  and  A  E  ^''"'P-  3^« 
be  equal  to  the  Perpendicular  A  D,    which  is  abfurd,  and  .'  J*  p 
contrary  to  Coro/iary  14.  />.  32.  and  to  Propofition  ^j.  L.  i.  (^^jrol   1 

Corollary,  /.  i." 

/^Ircles,   whofe  Centers  are  in  the  fame  right  Line,    and  F/V.  j^, 
^^  which  cut  it  in  the  fame  Point  B,  do  touch  one  another 
in  that  Point  only. 

[  This  Propofition  is  manifeft  from  the  very  Notion  of  the 
Lines  which  are  compared  trge:her  For  neither  can  a 
xigh;  line  and  the  curve  Circumference  of  a  Circle,  or  the 
divers  Curvatures  of  unequal  Liicumferences,  or  two  Curva- 
tures ^  both  convex,  agree  as  to  any  Part  of  themfelves. 
But  they  would  agree  if  they  touched  one  another  in  fome 
entire  and  proper  Part. 

1^-         PROP.  XIV.     Theorem, 

■TN'a  Circle^  eqaal  right  Lines  (BCy  FL)  area's-  ^^' 

equally  difiant  from  the  Center  (J.)  ^nd 
what  Lines  are  equi'diji ant  from  the  Center  are 
equal. 

From  the  Center  (A)   let  there  be  drawn  (A  C,  A  F.)  (djPc-^'j. 
Likewife   A  O.    A  I    ar  right  Angles  to  B  C,  F  L.     Thus^.  3- 
B  C,  F  \    ihall  be  bifeded  .  ./>  in  O  and  1. 

Seeirg   therefore  the    whole   Lines    B  C,  F  L  are    fup-  - 
po  fed  equal,  the  nalves  alfo  Oc     IF  mud  be  equal,  and 
■;onfequcntIy  the  Squares  of  them  ar*  alfo  equal.     Seeing 
F  2  therefor* 
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therefore  the  Squares  of  AC,  AF  are  equal,  and  the  Square 

of  AC  is  equal  to  O  C  q,  and  O  A  q,  ar  alio  the  Square  of 

(ij  P.T47.A  F  is  equal  to  I  F  q,  aud  I  A  Q.{a)  :  It  follows,  that  the 

/.I.  two  Squares  O  C  q,  O  A  q  are  equal  to   the  two   Squares 

I  F  Q_,  I  A  Q^      Wherefore   taking  away  the  Squares  of 

OC,   IF  (svhich  before  were  ihewed  to  be  equal)  the  bquare 

of  A  O  remains  equal  to  the  Square  of  A  I.     Therefore  the 

(h)  Per       Perpendiculars   OA,  A  I  are  equal.     Therefore  (^)    B  C, 

^^/.  4.  /.3.  F  L  are  equi.diflant  from  the  Center.     Which  was  the  firft. 

Part.     Then  for  thcconverfe  of  it  ; 

li  the  Diiiances  A  O,    A  I  are  fuppofed  equal,   then  thC; 
Squares  of  the  equal  right  Lines  being  taken  away,  by  thei 
fame  Ratiocination  it  will  be  fhe\ved,   that  the  remaining 
" '  Squares  OCq.     I  F  q  are  equal,  and  confequentjy  that  the^ 

'^'^''3-^-3-righi  Lines  O  C,  I  F  are  equal,  which  feeing  they  are  *, 
halves  of  the  right  Lines  B  C,  F  L,  thefe  alfo  niull  be  equal.-, 
Which  was  the  fecond  Part. 

PROP.   XV.    Theorem. 
^i-  '19.     Q  V  right  Lines  defcdhedin  a  Circle  ^ihe  great  eft 
is  the  Diameter'^  and  of  the  rejf^  that  is  ths 
gre^teji^  which  is  the  neareji  to  the  Center. 

Let  there  be  any  Line,  as  R  S  diiTerent  from  the  Diame. 
terFL.     From   the  Center  draw   A  R,  AS.     The  two, 

(c)  Vmo,  A  R,  AS,  which  are  equal  to  the  Diameter,  are  (c)  greater 
^-  I-  than  R  S.     Therefore,  ^ c, 

Then  let  BI  be  nearer  to  the  Center  than  X  Z.     From 
the  Center  unto  them  draw  the  Perpendiculars   AC,   A  Q^ 

(d)  Per  AQJhall  be  greater  [d]  than  AC.  Take  therefore  A  O  equal 
j^''/4-y.3- to  A  C,  and  through  O  draw  RS  perpendicular  to  A  O, 
(e  By  -the  which  {e)  will  be  equal  to  B  I  ;  and  let  A  R, .  A  S,  AX, 
Jore^omg.     p^^ht  join'd.     Eecaufe  therefore  A  is  the  Center,  the  Sides 

AR,  A  S  (hall  be  equal  to  A  X,  A  Z.   But  the  Angle  R  AS 

is  greater  tiian  the  Angle  2^  A  Z.     Therefore  the  Bafe  R  S, 

(f;  Per  24.  that  is,  Bl,   is  greater  than  the  Eafe  XZ  (/)     ^E.D. 

P/ROP.  XVI.     Theorem. 

Fi^.  20.       A  R  ight  Line  (IF)  which  being  drawn  through 
'^  i^if-Point  (B,)  the  Estremify  of  the  Dta- 
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of  H  without  the  Circhy  and  touchcth  it  i7i  (:B.) 
■Neither    can    any   right   Line   he    drawn  be- 

;  twi>;t  it  felj  and  the  Circle  unto  the  ^ouit  of 

■  Conta3  {By)  but  it  Jhall  cut  the  Circle, 

Part  I.  Let  there  be  taken  in  the  Line  I  B  F  any  Point 
L,  unto  which,  from  the  Center  A,  draw  the  Line    A  L. 
Becaufe,  in  the  Triangle  A  B  L,  the  Angle  A  B  L  is  a  right 
one,  by  the  Hypothecs,  ALB  fhall  be  acute  ig)      There-  (g)Pef 
fore  AL,.JVvhich  is  oppofite  to  the  greater  Angle  B,:wiII  ^^t^^-s-^. 
be  greater  than  A  B,   which  is  oppofite  to  the  leffer  Angle  32.  /.  i. 
L  (/?.)      But    A  B  reacheth  only   to    the    Circumference.  ^^.■^^** 
TJierebre  : A  L^lhall  reach  beyond -the  Circumference  ;  and    ^*  '  ^' 
confequently  fall  without  the  Circle.     Which  was  the  lirft 
Part.     -   J  . 

Part  If^.-^low  B  F,   if-  it  may  be,  let  R  B  fall  wholly 
without  thie  Circle.  -    Becaufe  ^F  BA  is  a  right  Angle  by  the 
Hypotnefis^'R-i)-.A  will  be  acute,  and  therefore  A  B  is  not 
perpendicular  to  B  R.     Therefore  let  there   be  drawn  from 
the  Ceiiter.   A; to  ^^,  the  Perpendicular  A  O,  which  [a)  (a)    Per 
v/:U  fall  towards  R,  and  cut  the  Circle  in  Q^    Therefore  ^^''o/.  3. 
A  B,  which  is  oppofite   to  the  greater    Angle  A  O  B,  is  ^^''i-  32. 
greater  than  A.  O,   which  is,  oppofite  to  the  leffer,   to  wit,   '  ^^ 
the  acute  Angle  O  B  A.     "BLft  'A  B  is  equal  to  A  Q :  There- 
fore A  Q  alfo  JB-  greater  than  A  O,  a  Part  than  the  Whole, 

Corollary, 

t.TJt  Ence  it  appears  again,  that  the  Conta6l  of  a  right  F/j-.  ao. 
^  •^-*'  Line  and  a  circular  one,  is  only  in  one  Point. 
'^'2.  If  from  Centers  taken  in  the  fame  right  Line  infinitely  F/^j.  17, 
ptotraded,  there  be  defcribed  through  B  infinite  Circles,  as 
well  .lelTer  than  the  firil    B  S  C,  a-s  great»r  j  they  Ihall  all 
touch  the  right  Line  1  F  in  the  fame  one  Point  B. 
.■•.3.- Circles  therefore  growing  into  an   Amplitude  greater 
than  any  given  one,  approach  always,    even  unto  Infinity, 
nearer  and  nearer  to  the  Tangent,  but  are  never  join'd  to  it, 
otherwife  than  in  one  fmgle  Point  of  Contact  ;  which  thing, 
although  it  be  moil  evident,  is  yet  truly  admirable. 

F  3  4.  From 
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F/f.  17.  ;  4.  From  thefe  Things  ic  is  maniteft,  that  every  Geo- 
metrical Line  whadoc/er  is  infinitely  divifible.  For  let 
there  be  drawn  from  feme  Point  of  the  Diameter  unto  the 
Tangent  the  right  Line  A  Q^  Infinite  Circles  having  Cen. 
ters  in  the  right  Lire  B  \  infinitely  produced  touch  the 
right  Line  I  F  by  Corollary  i.  of  this,  and  one  another  bv 
Corollary y  p.  13.  m  one  and  the  fame  Poin-  >,  and  confe- 
qusntly  are  no  where  joined,  either  amongit  themfelves,  or 
Avith  the  right  Line  1  F,  but  in  the  Point  b  cnly  There, 
fore  it  i'^^  neceifary  that  rhev  divide  the  none  Line  A  Q  into 
in^n:e  Parts,  taat  15,  into  Parts  exceeding  any  Number  af- 
fignable. 

f'^.  20.  ')•    ^^i~  An^le  of  Contingenceor  Contact  L  B  Q^,  fthat, 

-  to  wit,  u  lich  is  cor  tamed   cnder  the  Tangent  and  the  cir- 

cumference) cannot  be  divided  by  any  right  Line. 

F/f.  17.  6.   Neverthelefs:  by  Circumferences   touching  the   Line 

I  F  in  the  fame  Point,  it  may  be  divided  and  diminifhed  in- 
£nitely.  And  in  this,  and  the  third  CornVary^  lies  hia  the 
whole  Myrtery  of  Afymptotes,  that  is,  of  a  right  Line  ap_ 
proachiiig  unto  an  Hyperbola,  together  with  it  felf  infinite- 
ly produced,  unto  a  Dillance  lefs  than  any  given  one,  yet 
never  concurring  with  it. 


F/f.  26. 


PROP.  XVII.    Problem. 

'PKOM  the  given  ^oim  (By)  to  draw  a  right 
Liney  which  pall  touch  a  given  Circle  (OgO 

From  A  the  Center  of  the  given  Circle,  let  there  be 
drawn  into  the  Point  B,  the  right  Line  A  B,  cutting  the 
Periphery  in  O.  From  the  Center  A  defcribe  through  B 
another  Circle  B  C,  and  from  O  draw  OC  perpendicular  to 
A  B,  which  may  meet  the  other  Circle  in  C.  Draw  C  A 
meeting  the  Circle  O  Q^in  I.  The  right  Line  drawn  from 
B  unto  I,  will  touch  the  Circle  O  Q^ 

For  becaufe  the  Sides   B  A,   I  A,  are  equal  to  the  Sides 

CA,  Q  A,  and  the  Angle  A  contairLd  betwixt   the  equal 

Si6s5  is  common  to  both,  ^iii  the  Triangles!  A  B,  O  A  C, 

(:C)Per  ^.   ^he  Atgles^O  C^ATB  are  alfo  {a)  equaK     Therefore 

i\^' p         A  I  B  is  a  right  Angle.     For  A  O  C   is  a  right\?ne  by  the 

16^/.  ^       Conilruaion.     TheWore  B  I  (J?)  toucheth  the  Clicle  in  I. 

Scholhm* 
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Scholium, 

BY  the  3 1  ft  following,  from  the  given  Point  O,  a  Line  K^.  217, 
touching  a  given  Circle  (B  Q^)  may  be  well  drawn 

thus  : 

Let  the  right  Line,  joining  the  given  Point  O,  and  the 
Center  A,  be  bifeded  in  P.  Then  from  the  Center  P, 
through  A  and  O,  defcribe  a  Circle,  meeting  the  given  one 
in  B.     The  right  Line  O  B  will  touch  the  Circle. 

For  A  B  being  j  Jin'd,  the  Angle  ABO  in  the  Semi-circle 
is  a  right  one  by  Prop.  31.  Therefore  by  Prop,  \6,  OB 
toucheth  the  Circle  B  Q^ 

PROP.  XVIII.    Theorem. 

JF  a  right  Line  (CL)  touch  a  Qrckj  a  right  ^'S-  ^8, 

lj7je  (^B)  drawn  from  the  Center  (J)  unto 
the  -Point  of  Conta5i  (B)  is  perpendicular  to  the 
tangent. 

If  it  be  denied,  let  fome  other  right  Line  (as  A  F)  be  the 
Perpendicular  from  the  Center  A,     This  will  cut  the  Circle 
in  O      Becaufe  therefore  the  Angle  A  F  B  is  fuppofed  to  be 
a  right  one,  A  B  F  (<:)  muft  be  acute.     Therefore  A  B  ;^that  (c)   ptr 
is,  A  O)  js  greater  than   A  F  (^^  *  a  Part  than  the  Whole,  Coral.  5. 
which  is  abfurd.  P-  32.  /.  i. 

(d)  Per  19. 

PROP.  XIX.    Theorem.  ^•'• 

T¥  a  Line  (BC)  touch  the  Circle^  and  from  the  Fig,  29. 

'Point  of  ContaSi  {J,)  there  he  raisd  {At) 
perpendisular  to  the  Tangent^  the  Center  will  he 
in  that  ^Perpendicular. 

If  you  deny  it,  let  the  Center  be  without  A  I  in  Z  ;  and 
from  it   let   there   be  drawn  unto  the  Contadl  the  Line 
ZA.     The  Angle  Z  A  C  will  be  a  right  one  {/)  and  there,  fe)  'By  th 
fore  equal  to  the  Angle  I  A  C,  which,  by  the  Hypothecs, Z"^^^*''".? 
is  a  right   one ;  that  is,  the  Part  will  be   equal   to  the 
Whole,  which  is  abfurd. 

F  i  PROP. 
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PRO  P.  XX^r  Theorem. 

T!g.  10, 31, ''pifW  %gk  at  the  tefjier- {B  AC)  is  double 
32.  ^    to  the  JfjgJe  (BFC)  ivhich  is  at  the  dr- 

cftmfirem^^  wher;  the  fame  Arch  (BC)  is  the 

Bafeofibe  JjigJesi 

■p-^  ^Q  Here  are  three  Cafes.     In  the  firft  Cafe,   the  Sides  B  A, 

""  ■*  '       E  F  coincide.     And  then  becaufe  A  F,  AC  drawn  from  the 
Center  a're  equal,  there   will  be  in  the   Triangle  Z,  the 
(a)  Ver  5.    Angles  F  and  C  equal  {&)       But  B  A  C  is  equal  to  the  two 
^' ^  Angles  F  and  C  {b).     Therefore  B  A  C  is  double  of  F. 

(b; .FcT 32.      j^  ^^^  ^^^^j  ^^^^^  -^  :\,Qk  fall  witbin  B  F,  C  F,  and 

Y]<t'  XI  ^^^"  ^ ^  ^^  being  drawn,  X  AB,  by  the  firft  Cafe,  is  double 
"■'  of  X  F  B  ;  and   X  A  C  double  of  X  F  C.     Therefore  the 

whole  B  A  C  is  double  of,  the  whole  BFC. 

F/V.  32.  In  the  third  Cafe,  B  F  cuts  A  C,   and  the  Angle  E  A  C 

is  without  the  Triangle  B  F  C.  Here  let  FA  L  be  drawn: 
By  the  fiiTr  Cafe,  the  whole  L  A  C  is  double  of  the  whole 
L  F  Cj  and  LAB  t^ken  away,  is  double  of  L  F  B  taken 
away.  Therefore  the  remaining  Angle,  B  A  C,  is  alfo 
double  of  the  remaining  one,  BFC.     Q^E.  D. 

j^^-  53-  Corollary.    **  Hence  we  gather,  that  the  Sides  of  every 

'*  Triangle  are  to  each  'othef  ^s  the  Sines  of  the  Angles  op- 

*'  pofite  to  thofe  Sides  relpeflivcly.     Let   E  F  G-  be  any 

.     *'  Triangle  ;  about  which  let  a  Circle  be  underiiood  to  be 

(ciPert,     "  circumfcrib'd  (r,)  and  from  \\\q  Center  of  the   Circle, 

/.  4.  *'  let  there  be  let  down- the  Perpendiculars. A  B,  AC,  A  D., 

*  Per -i  *'  which  will*  bife^ltHe  Subtcnfes.  Now  as  E'F  is  tQ 
/.  3.  '  **  EG,  fo  half  EF  (thst  is,  E  b)  to  half  E  G'.(that  is, 
t  Ver  Co.  «*.  E  D.)  But  E  B  is  the  Sine  of  the  Angle  f  J  A  E,,  that 
ro/.2.  p.  3. '«  is^  of  half  the  Angle  E  A  F,  that  is,of  the  whole  Angle 
^•S-            ''  E  G  F,  *  oppofue  to  the  Side  E  F  ;  and' E  t)  is  the  Sme 

*  Per  20,  *«  of  the  Angle  E  A  D,  that  is,  of  half  the  Angle  E  A  G, 
^■3'.            *'  that  is,  of  the  whole  Angle.  E  F,  G,    which  is  oppofite 

*'  to  the  Side  E  G.-  therefore  E  F  is  to  B  G,  as  the  Sine 
**  of  the  Angle  EG  F,  is  to  the  Sine  of  the  Angle  .EFG. 
*'  Q^E.  D.  And  from  this  one  Propofition  a  great  Part  of 
*'  Trigonometry  is  deduced.  Which  thing  will  be  worth 
*'  our  Obfsrvauon. 

Corollary 
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Corcljary  (2.)     *'  From  the  former  Corollary  we  learn  F?>.  86. 
*'  to  nitfiiiure  the  Dillance  of  the  a  .con.     For  Allrononii.^-  '• 
*'  cal  Obfervations  giving  us  the  Angle  of  the  Diurnal  paj 
"  rallax  *  BC  A,  we  lind  oat  the  Diltance  of  the  JVloOn  by  *  Corol.  16. 
"  the  following  Proportion.     As  the  Sine  of  the   Angle/*.  32. /.  i. 
"  ACB,  is  to  the  Sine  of  the  Angle  ABC;  fo  istheSemi- 
**  diameter  of  the  Earth,  B  A,  unto  the  Moon's  Diftance, 
''  AC.     ^E.L 

Corollary  (3,)  From  the  fecond  Corollary  we  learn  alfo  p',^.  5^, 
*'  to  meafure  the  Diflance  of  the  Sun,  for  there  being  given 
"  by  Agronomical  Obfervations  the  Acgle  of  the  Men- 
*'  llrual  Parallax,  (namely,  that  which  is  made  vvrjen  the 
**  Moon  appears  precifely  -biledted)  or  the  Angle  Z  F,  O, 
**  and,  together  with  this  Angle,  the  Moor,'s- Dii'ance,  ZO. 
**  We  find  the  Diftance  of  the  Sun  by  this  Analogy^  .  As 
"  the  Sine  of  the  Angle  Z  £0,  is  to  the  Sine  ofrhe  Angle 
**  EOZ  ;  which  Sine  is  thii Radius  :  So  is  ZO,.the  Moon's 
**  I^iitancc,  unto  ZE,  the  Diibnce  of  the  Sun.     2^£.  1, 

PROP.  XL     Theorem. 

'JTJE  Angles  i^(^,'BVC)wUi^M.aii^^ 

Circle  Jf and  upon  the.  fame  Arch  \BOC^         \     ~ 
or  'Which  are  in  the  fame  Se^nan  (B  ^^SC)  ar^ 
aUe^iaTaniongthejnfeiji^^'S*^,..        '  * ',%'^^' ;,..'"- 

Let  firfl  the  Segment, BQ^C, be  greater  $han  .g  SemL 
drcle.  From  the  Center  A 'draw!  A  B,  jAC'  (  iByj the  fore- 
going, the  Angle  B  A  C,,  at  the  Center,'  Js"d6ii6re  of  .each, 
JBQ.C,  BFC.  Therefore  tKeV^iifl,  B  Q^C,^'B  F.C, '/afe 
equal  (^,)     ^  E.  D.      '     '  "^  ""  "  ;;;;■'  ^'  V;  -  "  (a)  F.f 

TKsn.  let.  th2  Segment  B  QC  be  equal, to/'pr'.'Iefs  than  a^iA/ow6^^ 
Semi-circle.     In  the  Triangles  BQJ,  CFl,'  fcecaufe  the/'i-34- 
Angles  vertically  oppofite  at  I  are  equal  (4'),  the  Sam    of(b)  Per 
tiie  reft,  Q  and  R  wjll;be.equai  to  the  Sum^of.  t,he'(r)  reft,' 15.  /.  i. 
F  and  O.  '  Wherefore,  if  from  thefe  equal' Sums  theye^be(c) -P^^ 
taken  away  rhe  Angles  il  and  6^. which  by.  the  fitil  Part,  ^°''"^V^^- 
are  equal,  'as  ftanding  upon  thefanie  Arch  Q^F,  the'^'Ari'^les^'  ^^'^\  ^V 
which  remain,  (^F,  m'ufl  b^  equai.'    '^  £.  i>. 

Corollary.     **  Hfence  We 'gatl^ef '  in  Opticlts,   that  dny 

**  hi^c3  C  to  the  Eye  placed  where  you  will  in  the  Cir- 

'   *  *'  cumfercncc 
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**  cumference  of  the  Circle,  whereof  the  Lines  is  a  Chord, 
**  appears  of  the  fame  lagni.ude;  to  wit,  becaufe  ic  ap- 
•*  pccirs  every  where  andcr  an  equal  Angle  B  QjC. 

Scholium.  **  It  of  two  equal  Angles,  Handing  upon 
*<  the  fame  Arch,  one  of  them  be  ar  the  Circumference, 
**  the  other  alfo  will  be  at  the  Circumterence. 

F/J-.33, 34.  •*  If  it  be  denied,  BQJC  Ihail  either  be  equal  to  the 
**  Angle  B  1  w,  on  this  fide  the  Ciixumference  QJ^,  or  to 
**  the  "'ngle  BEG,  whicl;  is  beyond  the  laid  Circnmfercnce. 
*•   But  the  Angle  BIC,  i?  V;  greater,  and  the  Angle  B£C 

(d)  Pef    tt  (^;is  !efs  than  the  angle  BC^C.     Thereiore,  &c. 

Carol.  I. 

^'  ^'  '• ''  PROP.  XXIT.    Theorem. 

^'2'  35-      J^  ^f^y  ^^^^"ii'^^^'t^^^^  ififirlhcd  in  a  Circle 
(JBCB)  the  oppojhe  Jagles  make  two  right 
ones* 

Let  B  F,  C  A  be  drawn.     The  Angle  ABC,  with  the 

(^>^PeY\i  W  "^^^'o*  ^  ^"^  -^»  "^^^^  ^^°  ^^g^^  Angles.     But  O  is 
/.  I.  *  equal  to  I  (^,)  becaufe  it  Hands  upon  the  fame  Arch,  BC  : 

(b; Per  21.  And  again,  X  is  equal  to  Z,  becaufe  it  Hands  upon  the  fame 
t.l..  Arch,   A  B.     1  herefore   ABC   taken   together,  with  the 

two  Angles  I  and  Z,  that  is,  with  the  whole  oppofite 
Angle  AFC,  makes  two  right  Angles.    ^.  E.  D, 

Corollary  (i.)   '*  Hence,  if  one  Side  of  a  Quadrilateral, 

•*  defcribed  in  a  Circle,  be  protrafled,  the  external  Angle 

«*  will  be  equal  to  the  oppofite  Angle  of  the  Quadrilateral ; 

**  for  the  internal,  added  to  either  of  them,  makes  two 

«*  right  Angles. 

(2.)  **  Likewife  a  Circle  cannot  be  defcribed  about  a 

«*  Rhombus,  becaufe  its  oppofite  Angles  either  fall  fhort  of, 

«*  or  exceed  two  right  Angles. 

(3.)  *«   Likewife,  if  in  any  Qnadtilateral   A  B  C  F,  the 

**  oppofite  Angles  F  and  B  are  equal  to  two  right  ones,  a 

(a)  Pert,.    *'  Circle  may  be  defcribed  about  it.     For  '^a)  a  Circle  will 

/.  4.  *«  pafs  through  any  three  Angles,  C,  F,  A,  and  thi?,  fo  that 

*  Per  22.    i <  «  fourth  be  equal  to  B  ;  which  cannot  be,  unlcfs  it  doth 

'•3-  ^  ,     ««  indeed   pafs  through  the  Pomt  B  f,     Therefore  it  doth 
\PerSchol.   ,        r     l  u  •.. 

J  21  /  ^        P^^s  through  it. 

^•^'    •^'  PROP. 
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PROP.  XXIII,  XXIV.    Theorems. 

A^E  mt  fiecefary  ;  and  they  treat  of  f mil  air 
^  Segments^  ijchich  cannot  rightly  be  defined 
without  Proportions. 


To 


PROP.     XXV.    Problem. 
perfe3  a  given  Arch  {ABC-)  P's-  36. 


Let  there  be  iubtended  at  Random  the  two  right  Lines 
A  B,  C  H  i  which  bi.ed  in  I  and  L.  l^'roni  I  and  L  raife 
Perpendiculars  meeting  one  another  in  O.  This  fliall  be 
the  Center  of  thac  Lircle  whereof  ABC  is  a  Portion, 

^  For  (a)  the  Center  is  both  in  the  Line  I  X,  and  in  the Csl)  Per 
Line  L  Z.     l^hereforc  it  is  in  their  common  Point  O.  Corol.p.  i, 

The  Pra6lice.  From  the  Center  B,  taken  in  the  Arch/*  3- 
defcribe  a  Circle  ;  and  with  the  iame  Interval,  from  other 
Centers  in  the  Arch,  defcribe  two  other  Circles,  each  of 
which  cuts  the  former  twice.  Two  right  Lines  drawn 
through  the  Inten'edions,  and  croffing  each  other  in  O, 
will  give  the  Center. 

PROP.  XXVI,  XXVII.   Theorems. 

JZV  equal  Circles^  equal  right  Lines  (CE^  FI)Fi^.  ^y. 

fuhtend  equal  Arches  ;  and  if  the  Arches  are 
equaly  the  Suhtenfes  are  alfo  equal, 

Thefe  two  Propoiitions  are  plainly  Axioms,  and  need  no 
Demonft  ration. 

Corollary  (i.)  'Mf  in  a  Circle  A  BCD  the  Arch  AB  heFig,  55. 
**  equal  to  the  Arch  D  C ;  A  D  will  be  parallel  to  E  w\ 
**  For  AC  being  drawn,  the  Angles   A  C  B,   CAD,  as 
**  ilanding  on  equal   Arches,  will   be  equal.     Wherefore*  Per  zj, 
"  A  D  is  parallel  to  B  C.     Q^E.  D.  ^..i. 

(2.)  •♦  The  right  Line  E  F,   which  is  drawn  from  the  ^'i?- S^* 
**  PpintA,  the  middle  Point  of  fome  Arch,  and  toucheth 

**  the 
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**  the  Circle,  is  parallel  to  the  right  Line  B  C,  which  fub- 

*•  tends  that  Arch.     For  from  the  Center  D,  draw  unto 

«<  the  Point  ot  Contact  A  the  right  Line  DA,  and  join  DB, 

*'  >  C.     The  Side   D  G  is  common,  and    D  B  is  equal 

«*  to  DC.  and  the  Angle  B  DA  equal  to  the  Angle  CDA, 

*'  the  Arches  BA,  La  being  fuppofed  to  be  equal.   There. 

*  Per  4.  ••  fore  the  Angles  D  G  B,  D  G  C  are  equal  "^y  and  confe- 
/.  I.  •  «<  quently  are  right  x^ngles  But  the  internal  Angles 
I  P^r  18.   «.  GAE,  GAF  are  alfo  right  Angles  f.     Therefore  B  C, 

^3.      „     •*  E  F  are  parallel  *.     i?.  E.  D. 

*  Per  28.  ^                        '^ 


I  I. 


Fis,  38. 


PROP.  XXVIIT,XXIX.   Theorerfis.- 

TF  in  equal  CircleSy.the  j^ngles^  whether  at 
the  Centers  (B  Jl^  F LI)  or  at.tbeCtrcum^ 
fereijce  {BOC^  F S I)  be- eqital ;  the  Arches  alCo 
(BXCy  FZI)  on  which  they  ft  and  are  equal '^ 
and  if  the  Jrches  h^  _^gj^^^,oi  }P^  .^-iS^^^  ^^f9-  ^^^ 
equaLc..-'\  .:  .  0  .  ;  ■  m  '  .:.'  ■ -.iv..-  -v:j>-.'-    .     -  -• 

Thefe  two  Fropofiti.Qris  alfg^)^  plainly iA*]oiniP^. and  ne^d 

no •DenM)xiikatJori>  _    ;.:.>»>  b.ii:  ^:ju  ;        ^/    -^li:  i!:3!irj":;.: 

PROP.  XXX.     Problem. 
•''^^'      lO  hifea  a  given  Arch  (JBC.)  _ 

"    '■       ')    ■■    ^•'    '    V.-*^  ^'^»'V''    c      ■■^'^■'^  ■■-■  v^  \ 

I?raw,ik,'<;,  '>hicb^if^a:  in)^.  Tlrom  G^^Wt^WPer: 
pendicular  O  B,  meetipg^the^ch;ia,P,\.  I  fay,  the^^ 
is  done.  '•        '- 

For  lei  A  B,  B.C  be  join.M.  ^  The  Sides  A  0,  B  0,are  by 

t'he  Conftruaion  equdW'C  b;'^C)'6  r  ajidtheAn^l^        O 

are  equal,  as  being  right  ones.     Therefore  the  Kafes'  A  B, 

(a)PcT4,  C.B  are,eqv»al   («).     l^herefore  tj[ie  Arches  aJfo  (^^^  A  B, 

^- !•*  B  Clare  equal.'      ^      •.,..' 

rb)  Per26.      The  Pradice.     From  the  Centers  A  ana  C  defcribe  with 
-■?'  an  equal  Interval,    Arches  cattirjg  each  ether  iji  ihe  Point 

,     F  and  I,  the  ripht  Line  drayt^n' through  thefe  Points  will 
/  bifc;athe  Arch  A  B  C.  "        '■'  : 

PROP. 
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PROP.  XXXI.    Theorem. 

'T'HE    Angle  {BCF)in  a  Serai-circle^  is  ar/g./^o, 

right  one  ;  that  in  a  Segment  greater  than 
a  Semt'Ctrcle^  ts  lejs  than  a  right  one ;  that  in 
a  Segment  lefsthan  a  Semi-circle^  ts  greater  than 
a  right  one. 

Part  I.  From  the  Center  A  draw  AC.  Becaufe  AB  and 
A  C  are  equal,  the  Angles  O  and  B  are  equal  [c.)  (c)Pcr  r. 

For  ,thc  fame   Caule  the    Angles  I   and   F  are  equal./,  i. 
Therefore  the   Angle  BCF   is  equal  to  B  and  F  together. 
Seeing  (^}  therefore   the  three  together  make  two  right(a)  p^rjz, 
Angles,  B  C  F,  which  is  half  of  two  right  Angles,  is  one/,  i. 
right  Angle. 

Part  11.  Let  the  Segment  L  O  B  C  be  greater  than  aF/;^.  41, 
Semi.circle,  and  in  it  let  there  be  the  Angle  COL,  and  let 
L  B',  the  Diameter  of  the  Circle,   be  drawn.     The  Angle 
C  O  L  is  lefs  than  that  B  O  L,  which,  by  Part  I.  is  a  right 
one.     Therefore,  &c. 

Part'JIL  Let  the  SegmeotX  O  X  be  lefs  than  the  Semi-F/j-.  41, 
circle  L  O  B,  and  X  O  L  be  the  Angle  in  it.     This  will  be 
greater  than  BOL,  which  is  a  right  one.     Therefore,  ^c. 

Corollary  (1.)  **  Hence  we  may  make  a  Proof  of  theF/V.  4^^ 
**  Inftrument,  called  a  Square,  whether  it  be  exadjy  Reft- 
**  angular  or  not.  For  in  what  Circle  foever  the'  top  of  the 
**  Square  is  laid  upon  C,  or  any  Point  of  the  Circumfe- 
**  rence  whatfoever,  if  the  Sides  of  it  do  pafs  -through  the 
**  Points  of  the  Diameter  B  and  F,  the  Angle  is  aright 
*'  one;  otherwife  not. 

(2.)  **.  If  theSidei  of  a  Square  be  held  continually  upon" 
*\  the  Points  B  and  F,  in  the  mean  while  that  the.  Angle  is 
**  moved  round,  £rll  on  one  Side,  then  on  the  other,  the 
**  top  of  the  Angle  C  will  defcribe  a  Circumfetence  cf  a 
*'  Circle,  whofe  Diameter  is  the  Line  B  F.     '  ' . 

{3.)  '.•  Hence  v/e  learn,  to  raife  a  Perpendicular  at  the 
**,  end  of  a  Line.  Let  B  C  be  the  Line,  C  the  Point  given, 
•'  from  whence  a  Perpendicular  is  to  be  rais'd.  From. any 
**  Point  whatfoever,  A ,  as  the  Center,  let  a  Circle  be  defcri bed 
*[  palTmg  through  the  Point  C,  and  cutting  B  C  in  any  Point, 
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**  as  B.     If  the  Diameter  B  F  be  drawn,  it  is  manifeft  that 

**  the  Line  CF  is  the  Perpendicular  required,     i^.  E  F. 

Fi^.^j,  (4.)  **  Hence  it  is  manifeft,  that  Circles  touching  one 

*'  another  inwardly,  do  cut  all  Lines,  as  A  D  proportion- 

*•  ably  i  or  fo,  that  A  C,  the  Subtenfe  of  the  lefTer,  is  to 

•*  AD,  the  Subtenfe  of   the  greater  Circle ;  as   A  E,  the 

•*  Diameter  of  the  leiTer,  is  to  A  B,  the  Diameter  of  the 

**  greater.   For  there  being  drawn  the  Subtenfes  EC,  B  D, 

**  the  Triangles  E  A  C,  DAB  are  eq.ui.anglcd.     For  the 

**   Angle  A  is  common,  and  ACE,  A  D  B  are  right  ones, 

*'  as  being  Angles  in  a  Semi-circle  ;  and  therefore  A  E  C, 

(b^  Per      *'  A  B  D  [b)  are  equal.     The  Triangles  therefore  are  fimi- 

Corol.  9.     **  lar,  by  the  Fourth  Propofition  of  the  Sixth   Book,  and 

Prop.  32.     "  A  E  :  A  B  :  :  A  C  :  A  D.     ^  E,  D. 

^..i-  (5.)  **  In  a  right-angled  Triangle  B  C  F,  if  the  Hypo- 

F'J.40.       ti  thenufe  B  F  be  bifeded  in  A,  the  right  Line   A  C  cuts 

**  the  Triangle  into  two  equicrural   ones,  A  C  B,  A  C  F, 

**  and  fo  a  Circle  defcribed  from  the  Center  A,  through 

•»  B,  muft  pafs  through  C,  the  Top  of  the  right  Angle. 

PROP.  XXXII.    Theorem. 

fig,  42,43.  jTF  a  right  Line  (CF)  touch  a  Circle^  and  ano- 
■*  ther  {j4B)  whtch  is  drawn  from  the  \P0i7n  of 
ContaSi  {A)  cut  ity  the  Angle  made  hy  the  Ian- 
gent  and  the  cutting  Linc^  is  equal  to  the  Angle 
which  is  made  in  the  internal  or  oppofite  Segment. 

That  is,  the  Angle  CAB  will  be  equal  to  the  Angle  L, 
which  is  made  in  the  Segment  A  L  B  ;  and  the  Angle  FA  B 
will  be  equal  to  the  Angle  O,  which  is  made  in  the  Seg- 
ment A  O  B.     For, 
Fij,  42.  Firft,  let  the  Line  A  B  pafs  through  the  Center.     Here 

by  Prop.  18    C  A  B  is  a  right  Angle  :  And  by  Prop.  31.  L 
is  alfo  a  right  one.     Therefore  CAB  and  L  nre  equal. 
F/f.  43  Then  let  the   Line  A  B  not  pafs  through  the  Center. 

Let  the  Line  A  Q^therefore  be  drawn  through  the  Center, 
and  B  Q^be  joinM.     Becaufe  the    Angle  in  the  Semi-circle 
(a)  P^r3i.  A  B  QJ^a)  is  a  right  one,  BQA  taken  together  with  B  A  Q^ 
A  }>  will  make  one  right  Anele  (^.)    But  C  AC^is  alfo  by  Prop. 

(h)P^r  32.  J  g  ^f  jhig  jjqqJ^  3  right  Angle.  Therefore  tQA  with  BAQ, 
^*  ^'  are  equal  to  C  A  Q^    The  common  Angle  therefore  B  A  Q^ 

being 
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being  taken  away,  there  remains  B  Q  A,  which  is  equal  to 

L(0  equal  to  CAB.     The.-f.re  L  and  C  ^  B  are  equal  :  ^c)  Perzu 

Which  is  the  firft  Part  to  be  proved.  ^-  3- 

Then  FAB  and  CAB  make  two  right  Angles  (d,)  and  (dy  Per  13. 
in  the  Quadrilateral  BOA  L,  the  Oppofites  L  and  O  make^-  i. 
two  right  Angles  {e.)     Therefore  the  two  FA  B,  CAB  are  C^)  P^r  2^^ 
equal  to  the  two  O  and  L.     Therefore  there  being  taken  '  ^' 
away   on  one   Side  CAB,  on   the  other  L,    which  have 
already  been  fhew'd  to  be  equal,  there  remains  FAB  equal 
to  O.     Which  was  the  other  Part  to  be  proved. 

PROP.  XXXIII      Problem. 

TT'TON  a  give?;  Line  {B  C)  to  make  a  Seg-  F/j.  44,^ 

mem  of  a  Circle^  in  which  the  Jngle  Jhall 
he  equal  to  any  Angle  given, 

Firft,  let  there  be  an  acute  Angle  given,  A  B  F,  from  B 
draw  B  L  perpendicular  to  A  B  ;  and  at  C,  the  Extremity 
of  the  Line  B  C,  make  B  C  I  equal  to  CBL  (by  23.  /.  1.) 
whole  Side  Ihall  cut  B  L  in  I.  From  the  Center  I  defcribe 
a  Circ'e  through  B  :  This  Circle  will  alfo  pafs  through  C 
(fo!  imuch  as  becaufe  of  the  Equality  of  the  Angles  at  B 
and  C,  the  Sides  likewife  CJ,  hi  are  (by  6.  /.  1  )  equal, 
and  the  Segment  B  QjC  Ihall  contain  an  Angle  equal  to  the 
given  one  A  B  F. 

For  becaiife  A  B  is  perpendicular  to  the  Diameter   B  L, 
A  B  will  touch  the  Circle  which  B  C  cuts  (« J     Therefore  (a)  Per  18. 
the  Angle  in  the  Segment  B  QC  is  equal  (J?)  to  the  Angle  ^.  3. 
A  B  F.  (b)  By  the 

But  if  the  Angle  given  be  obtufe,  as  R  B  C,  do  as  be-^^'""^^'"'''- 
fore,  and  COB  will  be  the  Segment  required. 

PROP.  XXXIV.     Problem. 

pROM  a  given  Circle  to  take  away  a  Segment^  Fi^,  4^. 
containing  an  jingle  equal  to  a  given  one* 

Unto  the  Diameter  of  the  Circle  FA,  draw  the  lerpen- 
pendicular  b  A  L.     'f  hen  {e)  let  A  C  be  drawn,  which  may  (e)  P^rai, 
make  the  Angle  B  A  C  equal  to  that  which  is  given      This  /.  i. 
Line  A  C  fhall  cut  off  tne  begment  A  Q^C,  confviining  an 
Angle  equal  to  the  given  one,  as  i?  manifeft  from  Prop.  ^z. 

PROP. 
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PROP.  XXXV.    Theorem    . 


^'1.46.47^  IF  in  a  Circle  two  right  Lines  {CL^  B  B)  cut 
^^'  one  another^  the  ReclangJe  CO  L)  under  the 

Segments  of  one  is  equal  to  the  R  eB angle  {B  OF,) 
under  the  Segments  of  the  other.     For^ 

If  tliey  interfed:  each  other   in   A,  the   Center   of  the 

Circle,   the  thing  is  manifell 

F/f.  46.  If  one  of  them  ^.:  L  paffeth  through  the  Center  A,  and 

bifef^?  the  other   B  F,   which  doth   not  pafs  through    the 

(^i'jPer^,  Center  ;  it  if)   cuts  it  perpendicularly,  and  fo  the  Square 

/.  3...  of  F  O  is  the  fame  with  the  Reftangle  FOB-     Let  A  F  be 

drawn.     Becaule  CL  is  bifedled  in  A,  and  otherwife  divided 

in  O. 

It  will  be  thus, 
Ta")  Per  c  ^^ft   C  O  L  ^  will  be  equal  to  A  L  q  (^.) 

iX       "  +AOq.     I 

that  is,  A  F  q. 
that  is,  equal  to  A  Oq.  7 
(b)P.r47.  4-FOq.5'(^.) 

/.  I,  Therefore  the  common  Square  A  O  being  taken  away, 

there  will  remain  . 

Red.  COL  equal  to  F  O  q.  that  is, 

to  the  Rea.  FOB. 

Vig,  47.  Then  if  one  of  the  right   Lines  C  L  pafTes  through  the 

Center,  and  cuts  the  other  B  F  unequally  in  O,  let  a  right 

Line  drawn  from  the  Center  A  cut  B  F  into  two  equal  Parts 

Cc)Pf*r  3.    ^"^  ^'     ^"  "^^is  Cafe,  A  I  B  will  be  a  right  /^ngle  [c.)     Now, 

/.  3.  becaufe  C  L  is  bifeded  in   A,  and  otherwife  in  O,  it  will 

be  thus, 
(d)  Per  5.  Rc6l.  COL?  will  be  equal  to  A  L  q.  {d)  that  is,  tc 

/.  2.  +AOq.    $"  A  Bq  that  is,   to 

{i)Bythc      Eiit  AOq  is  equal  to  Olq  +  AIq.  (/:)      There-,| 
fame.  fore.  :.    : 

Rca.  COL  pequal  to  A  I q.  7 
+  OJq.S.  ^.  B.Iq.S 

^-Alq.^S 
Therefore  the  commoi*  Square  .A  IjbeiDg  taken  away 
therq  remains, 

Rea 
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Rea.  COL7=:2BIq. 
+  OIq.f 

ButBf    Square  is  equal  to  the  Refl^ngle  FOB,  to- 
gether with   O  I   Square  i   {g)  becaufe  F  B  is  bifefted  in  I,  (^^\  p^y  5^ 
and  other  wife  cut  in  O.     Therefore,  /.  2. 

Reft.  C  O  L7  are  equal  to  Reft.  FOB 
+  OIq.S'  +OIq. 

Therefore  the  common  01  q  being  taken  away,  there   " 
remains. 

Reft.  COL— Reft.  FOB 

But  MIy,  if  neither  of  the  Lines  C  L,  FB  pafles  f ^j-.  4S. 
through  the  Center  :  Through  their  common  Interfeflion 
(O)  let  there  be  drawn  the  right  Line  X  Z,  which  pafles 
thro' the  Center  (A.)  By  what  hath  been  juft  now  dc, 
monilrated,  both  the  Rectangle  COL,  and  that  FOB,  are 
equal  to  the  Redangle  Z  O  X.  Therefore  C  O  L,  F  O  B, 
are  equal  betwixt  themfelves  [6.)  i^\  ^^^' 

['«  Or  the  Proportion  may  be  demonftrated  more  eafily  -^f'^^*^  i» 
"  and  univerfally  thus.     Join  AC  and   B  D.     Here,   be.  •'^'  ^  ' 
"  caufe  of  the  Equality  of  the  Angles  C  E  A,,  BED,  as 
*'  being  vertically  oppofite  (a)  -,  and  of  the  Angles  C  and  (a)Pc'r  15, 
*'  B^  as  being  upon  the  fame  Arch  A  D  f  :  the  Triangles^-  J^- 
*'  CEA,  B  EDareequi.angled  f/'frCorcA  ^.Z-.  32. /.  i.;/;''^^^* 
*'  Therefore  *CE  :  EA  ::EB:ED.     Therefore  C  E  ;  ^;^ 
*'  XE  D  is  equal  to  E  AxE  B  (per  1 6.  /.  6  J     ^  E.  D.     /^  ^,    ^' 

PROP.  XXXVI.     Theorem. 
IF  frojn{B)  a  Point  given  without  a  Circle /'I' ^'^''^^' 

there  he  drawn  unto  the  Circle  two  right  Lines ^ 
one  {BF)  touching  it,  the  other  (BC)  cutting  it ; 
the  ReBangle{CBOj)  which  is  comprehended zm- 
der  the  whole  cutting  Line  (C  B)  and  the  Part 
(BOj)  which  lies  betwixt  the  Point  {B)  and  the 
Circle^  is  equal  to  the  Square  of  the  %ange7it  {BF.) 

I.  Jf  the  cutting  Line  B  C  pafTes  through  the  Center  A, 
join  A  F.     This,  with  the  Line  FB,  will  make  a  right 
Angle  {a.)     And  therefore,  becaufe  C  O  is    bifeded  in  A,  (a)  P^r  18. 
and  to  it  is  added  O  B  ;  it  will  be  thus,  A.  3 

Reft.  C  B  O  >  will  be  equal  to  A  B  q  (b)  that  is, 

toAFq^  }/i^ 

G  There. 


{b)Per6, 
/.  2. 
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Therefore  the  equal  Squares  A  O  q,  A  F  q  being  taken 
away  on  both  Sides,  there  remains, 

Rea.  C  B  0,=B  F  q. 
F^.50,51.  2.  But  then,  if  CB  doth  not  pafs  through  the  Center, 
'  let  there  be  drawn  A  B,  AF,  AO,  and  A  L,  and  let  AL 
bifea  O  C  in  L.  The  Angle  A  L  O  is  therefore  a  right  one 
Cd)  Per 7.  ^^'^  Likewife  AFB  is  a  right  Angle  (e.)  Now,  becaufe 
/  3.  '  CO  is  bifecled  in  L,  and  to  it  is  added  O  B,  it  will  be  thus, 
(e)  Per  18.  Re^.  CBO?=:LBq(/) 

A  3-  +LOqS' 

(^f)Per  6.      Let  there  be  added  on  both  Sides  A  L  Square,  and  then 
^•2.  Reft.  CBOpequal  to  LBq.^ 


:B  op  equal  to  LBq.7 
LOq.S-  +ALq.S 

Lq.3 


+  A 
(^)]Per^7.      But  the  Squares  of  L  O,  A  L  are  equal  (g)  to  the  Square 
/.  I.  of  A  O,   or  A  F  ;  and  the  Squares  of  LB,  A  L  are  equal 

(k)By  the  to  the  Square  of  AB  {h.)     Therefore, 
fame.  Reft.  C  B  O  >  =  ABq.  that  is,  (/) 

0)Bytbe  ^AFq-S" 

M''-  toBFq.7 

+  AFq.f 
Therefore  the  common  Square,  that  of  A  F  being  taken 
away,  there  remains 

Red.  C  B  O  equal  to  the  Square  of  B  F.     ^^  E.  D. 
^'^'  59'  ['*  Or  more  eafily  and  univerfally  thus.     Draw  AB  and 

"  B  C.     Now  becaufe  of  the  Equality  of  the   Angles  A. 

*  Per  32.  «c  ^^^  D  B  C,  *  and  for  that  the  Angle  D  is  common  to 
^•3  «*  both;  the  Triangles  B  D  C,  ADB  are  equi-angled  f. 
rolQt  72  *'  ^"^  therefore  (by  Lib.  4.  6.)  A  D  .  D  B  :  :  B  D  :  D  C. 
/    -9^3  '  ,t  Wherefore  the  Reaangle  *ADxDC  is  equal  to  the 

*  Per  17    "  Rectangle  B  D  x  D  B,  or  D  B  q.     Q^E.  D.] 


/.6. 


Corollaries, 


F/f.  52.       '•  T^  ^^°"^  ^^^  ^^^^  Point  B,  without  the  Circle,  as  many 
J-  cutting  Lines  BC  as  you  will  be  drawn,  all  the  Reft- 

angles  C  B  O  are  equal  amongft  themfelves.     For  each  of 

them  is  equal  to  the  Square  of  the  Tangent  B  F. 

2.  The  right  Lines  B  F,  B  CL,  which,  from  the  fame 

Pomt,  touch  the  Circle,  are  equal.      For  each  of  their 

Squares  is  equal  to  the  fame  Reaangle. 
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3.  ♦*  It  is  alfo  clear,  that  from  the  fame  Point  B,  taken 
*'  without  the  Circle,  there  can  only  two  Lines  B  F,   B  Q^ 
**  be  drawn,   which  iliall  touch  the  Circle.     For  if  a  third 
**  be  faid  to  touch  it,  it  muft  be  equal  to  B  F,   or  B  Q^, 
**  and  therefore  the  fame  with  one  of  them. 

4.  *'  In    every   Right-angled  Triangle  BFA,   that   is  F/^^,  44. 
**  not  alfo  an  Ifofceles,  the  Re6iang!e  arifmg  from  the  Sum 

**  of  the  Hypothenufe,  and  one  Side  drawn  into  the  Dif- 
**  ference  betwixt  them,  is  equal  to  the  Square  of  the  other 
*'  Side.  For  the  Sum  of  the  Hypothenufe  B  A,  —■ '^  F  or 
*'  AC,  is=B  C.  And  their  Difl^rence  is  B  A— AF==B  A 
**  — AO~BO.  And  the  other  Side  of  the  Triangle  is 
*'  B  F.  But  the  Redangle  C  B  O  is  equal  to  the  Square 
"  of  B  F.     Therefore,  tlfc 

PROP.  XXXVII.     Theorem. 

JF  the  Refia?7g!e  under  C  B  ajid  0  B  be  equal  to  Fh.  52, 
the  Square  of  B  F,  this  mufl  touch  the  Circle 
inF, 

From  B  let  there  be  drawn   the  Tangent  B  Q^,  and  the 
right  Lines  E  Q,  E  F  being  drawn  from  the  Center  E,   un- 
to the  Points  Q  and  F,  let  B  E  be  joined.     Eecaufe  by  the 
Suppofition  the   Square  of  B  F  is  equal  to  the  Rectangle 
C  B  O,  as  is  alfo  the  Square  of  B  Q^,  by  36th  of  this  Book, 
the  Squares  of  B  Q_,  BF  fhall  be  equal  betwixt  themfelves, 
**  and  confequently  the  right   Lines    B  Q^,   B  F  are  equal. 
Therefore  the  Triangles  FEB,  BE  Q_are  Equilateral  each 
toother.     Therefore  the  Angles  Q_,   F  are  equal  (^2.)    But(a)  Pcv8. 
Q^is  a  right  Angle  (per  18.  /.  3.)     Therefore  F  alfo  is  a^.  i. 
right  Angle.     Therefore  B  F  toucheth  the  Circle  (h.)  (b)  P^jr 

^  °  ^  16. /.  3. 

Corollaries  (t.)  '*  Hence  the  Angle  E  B  F  is  equal  to 
"  the  Angle  EBQ,(/.fr  §.  /.  i  ) 

(2.)   •♦"if  two  equal   right   Lines   B  F,    B  Q  fall  from 
**  fome  Point  B  upon  the  convex  Circumference,   and  B  F, 
**  one  of  them  toucheth  the  Circle,  the  other  B  Q^muft 
**   touch  it  alfo.     For  feeing   B  F,    BQ_are  equal,    their  (a)  5/ /-&^' 
"  Squares  are  alfo  equal.     But   B  F  q   is  equal  to  Q.  u  Oforc^oin?. 
*'  {a)     Therefore    BQqr=CBOC^.)     Therefore   BQ(t')^^'- 
'*  alfo  toucheth  the  Circle  <c.)  ^  f^'X  ^ 

^    '  (c)  By  tdit 

G   2  Scholium. -^^^i^e/^-''^- 
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Scholium  [i.]  **  Seeing  all  Planes  paffing  through  the 
'*  Center  of  the  Earth,  v/hich  all  Hand  perpendicular  upon 
**  the  Horizon,  do  produce  great  and  equal  Circles  upon 
"  the  Earth's  Surface,  we  fhall  here  bring  in  fome  elegant 
**  Confedaries  from  thence,  but  of  our  Author  in  his  Aftro- 
•'  nomy  ;  which  from  the  Nature  of  Circles  may  very 
**  eafily  be  underftood. 

(i.)  "  if  in  any  Part  the  Surface  of  the  Earth  were 
**  perfectly  plane,  Men  could  no  more  fland  upright  upon 
**  it,  than  upon  the  fide  of  an  Hill,  faving  in  the  Point  of 
**  a  Contacl  only. 

(2.)  **  The  Head  of  a  Traveller  performs  a  longer  Way 
**  or  Courfe  than  his  Feet :  Likewife  he  that  is  on  Horfe- 
**  back,  and  goes  the  fame  Way  as  a  Footman,  meafures  a 
**  greater  or  lunger  Space  than  he  that  is  on  Foot.  As 
*'  likewife  in  a  Ship,  the  uppermofl  Part  of  the  Mafl  runs 
*'  over  more  Way  than  the  lower  Parts  of  it. 

(3.)  **  If  any  one  ihouid  travel  over  the  whole  Circum- 
**  ference  of  the  Earth,  the  Way  gone  over  by  his  Head 
**  would  exceed  that  which  was  gone  over,  by  his  Feet,  by 
**  the  Difference  of  Circumferences ;  or  by  the  Circum- 
**  ference  of  a  Circle,  whofe  Semi-diameter  is  the  man's 
•*  own  Stature. 

(4.)  **  It  a  Veflel  full  of  Water  be  elevated  perpendicu- 
**  larly,  the  Water  will  continually  be  running  over,  and 
**  yet  it  will  remain  full;  namely,  becaufe  the  Surface  of 
'*  the  Water  is  continually  coniprefied  into  the  Surface  of  a 
*'  greater  Sphere.  Yea,  if  a  Vefiel  be  elevated  continually 
"  higher  and  higher,  the  Surface  of  the  Vvater  which  is 
**  contained  in  it,  will  continually  defcend  and  come  nearer 
**  unto  a-  plane  ;  unto  which  yet  it  will  never  adually  come 
(5.)  **  If  a  VeiTel  full  of  Vvater  be  carried  diredlly. 
"  downwards,  although  rotiiing  run  over,  yet  it  will  ceafe 
**  to  be  full ;  namely,'  becauJe  the  Surface  of  the  Water 
*'  fvvelis  contin-ially  into  a  i^art  of  a  leffcr  Sphere.  Ffom 
*'  whence  it  follows. 

(6.)  *'  That  one  and    the   fame  VefTel    contains   more 
'*  Water  at  the   Foot  of  a  Mountain  than  at  the  Top  ;  as 
*'  likewife  more  in  a  f^bterraneous  Cellar,  than  in  a  CJiam- 
,  <•  ber.     To  which  Ihings  add. 

^  (7-)  •"  That  t\yo  Strings,  on  which  two  Iron  Balls  hnng 
■  "  perpendicular,  [and  confequently  the  Walls  of,  Buildings 
;  *'  erewled  perpendicularly]  arc.^iot  Parallel  one  to  anothcV, 

•    '  '  **  but 
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"  but  Parts  of  Radius's  meeting  together  in  the  Center  of 
««  the  Earth. 

Scholium  [2.]   **   I  think  it  not  amifs  to  infert  in  this  ph,  60. 
*'  Place  the  following   Problem  alfo,  which  wao  communi- 
**  cated  to  me  by  a  Friend,  as  demonftrated  by  me  fome- 
**  what  more  briefly. 

**  Through  the  two  Points  (B)  and  (C)  in  a  given  Circle 
"  fF  D  M)  to  draw  the  Circumference  of  a  Circle  which 
**  ihall  bifed  the  Circumference  of  the  other  given  Circle. 

**  Through  the  Center  A,  and  one  of  the  given  Points 
'*  B,  let  there  be  drawn  the  infinite  right  Line  B  A  M  E. 
**  Unto  which,  from  the-  Center,  kt  there  be  ereded  the 
'*  Perpendicular  A  D,  and  let  B  D  be  drawn.  Let  the 
**  JLine  D  E,  be  n.ade  perpendicular  to  B  D,  cutting  the 
*'  infinite  Line  BAME  in  the  Point  E.  Laftly,  let  a  (a)  P.-'r5, 
*•  Circle  be  drawn  (a)  through  the  three  Points,  E,  C,  E.  ^.  4' 
**  I  fay  the  Thing  is  done.     For, 

**.  Let  the  Chord  of  the  fecond  Circle  be'  drawn  through 
**  either  of  the  Jnterfedions  of  the  Circles,  as  G,  and 
**  through  A  the  Center  of  the  firft  Circle,  to  wit,  G  Ai ; 
*^  let  alfo  the  Diameter  of  the  firft  Circle  G  A  F  be  drawn. 
**.Then  in  the  firil;  Circle  (by  Carol,  i.  Prop.  8.  /.  6,  and 
«.  by  Prop.  17.  /.  6.)  B  A  X  A  E=:A  D  q,  that  is,  (becaufe 
"of  the  Equality  of  the  Sem.-diameters,  A  D,  AG,  A  F) 
<«  A,  GxAF.  And  m  the  fecond  Circle  there  will  be 
f«:  (/^)  A  B  X  A  E=:A  G  X  A  f.  Therefore  A  Frr:A  f,  and  (b)  Pcr^^, 
«*  the  Points  F  and  f  will  coincide,  and  the  Arch  F  t)  G  is  ^'  3- 
^  equal  to  the  Arch  eUQ.    O^E,F, 
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TH  I  S  Book,  which  is  wholly  Problematical,  teacheth 
by  what  Artifice,  Figures,  thofe  which  are  ordinate 
or  regular  efpecially,  may  be  infcribed  in,  and  cir- 
ciimfcribed  abpnt  Circles.  There  is  very  great  Ufe  of  it  m 
building  Forti'f;cations ;  and  from  it,  as  a  Fountam,  have 
been  derived  thole  moil  excellent  Tables  of  Smes„  Tan- 
gents and  Secants,  to  the  very  great  Benefit  of  the  Mathe. 
maticks. 

[*'  This  Book  is  moft  ufeful  for  Trigonomeiry  ;  for  by  in- 
«*  fcribing  Po/j^o;js  in  a  Circle,  we  learn  to  frame  Tables  of; 
•'  Chords,  Tangents  and  Secants  ;  by  the  help  of  which  we 
*♦  learn  to  nieafure  the  Magnitudes  oi  Figures  ^nd  Bodies. 
*'  Neither  without  It  can  we  duly  dillmgui/h  the  J/pe^s,  as  , 
«'  they  call  them,  of  the5/^rj,  as  the  i^artile,  Sextile,  &c. 
«'  they  wholly  depending  upon  the  Infcriptionsoi  Polygons  m 
*'  Circles.  Neither  can  wc  other  wife  colledl  the  ^r^fl  (which 
«*  is  a  certain  i^hiadrature  of  a  Circle)  than  from  the  Jreas  or 
«•  %,.im  of  innumerable  P4;go»j  infcrib'd  in,  and  circum. 
*'  fcrib'd  about  a  Circle.  And  in  like  manner  we  know 
*«  duplicnte  Proportion  of  Circles  amongft  thcmfelves.  from 
*'  the  duplicate  Proportion  of  PolsZ'^ns  infcribM  m,  or  circum- 
-  fcrib'd  about.  Circles.  And  as  for  Military  Architeaure  it 
"  makes  To  much  ufe  of  Polygons  inlcrib'd  in  Circles,  i\\2.\. 
*'   more  than  ail  other  Sciences  it  may  feem   to  be  wholly 

«'  cvvino;  to  this  Book.]  _ 

De-vj 
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Definitions. 

I.  A   Reftilinear  Figure  is  faid  to  be  infcrib'd  in  a  Circle, 
■tV.  or  to  have  a  Circle  circumfcrib'd  about   it,  when 
the  Tops  of  all  the  Angles  thereof  are  in  the  CircumiCrence 
of  the  Circle. 

2.  A  Redillnear  Pigure  is  faid  to  be  circumfcrib'd  about 
a  Circle,  or  to  have  a  Circle  infcrib'd  in  it,  when  each  one 
of  its  Sides  toucheth  the  Circle. 

3.  An  ordinace  or  regular  Figure  is  that  which  is  Equi- 
lateral and  Equiangular 

PROPOSITION  L     Problem. 

^T^O  infcrihe  a  right  Line  {A^)  which  is  not  ^'j.  i-  ^.  4. 
greater  than  the  Diameter^  in  a  Circle  {B  D.) 

Take  in  the  Circumference  any  Point  B.  From  the 
Center  B,  with  the  Interval  of  the  given  Line  A,  defcribe 
an  Arch,  cutting  the  Circle  in  C;  Draw  the  right  Line 
B  C.     I  fay  the  Thing  is  done. 

PROP.  n.     Problem. 

T^O  infcribe  in  a  Circle  a  Triangle  having  equal  f;^.  2. 
Angles  with  a  given  one  {X).  ■'" 

Let  the  Line  E  F  touch  the  Circle  in  D.     Let  ET)  G  ra)  Per 
be  made  [a)  equal  to  the  Angle  C,  and   F  D  H  equal  to  23.  /,  i, 
B;  and  join   GH.     I  fay  the  Thing  is  done.     For   {b)[.^)P<^riz. 
E  D  G  is  equal  to  H.     H  confequently  is  equal  to  the  Angle  ^-  3- 
C  (f.)     And  F  DH  is  equal  {d)  to  G  ;  and  confequently  ^'^^/■>'  '^' 
G  to  B.     Therefore  G  D  H  (^)  is  equal  to  the  Angle  A.^^-^^f    '" 
Therefore  what  was  required  is  done.  (d)'pc^"2. 

PROP.  III.     Problem.  (e)' ^  »• 

'^0  circumfcribe  about  a  Circle  a  Triangle^  ha- p.  32.  i.i. 
ving  equal  Angles  with  a  given  one  (IKL.)^'^-  3i 

Let  the  Line  1  K  be  drawn  forth  on  both  Sides,  fo  as  to 

make  the  external  Angles  O  and  N.     Make  at  the  Center 

A,  the  Angles  GAB,  B  A  F  equal  to  O,  N  refpedively, 

G  4  which 
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whlcK  Is  done  by  i$.  /.  i.     Then  in  the  Points  G,   F,  B, 

let  three  right  Lines  touch  the  Circle,   meeting  together  in 

C,  E,  D.     The  Triangle  C  E  D  is  circumfcnb'd  about  the 

Circle,  and  b  equi.angled  to  ihe  given  one  ILK.     For, 

In  the  Quadrilateral  C  G  A  B,  the  Angles  G  and  B  are 

(f)P^ri8.  (/)  both  of  them  right  ones.     Therefore  the  remaining 

/.  3.  ones  G  AB,  and  C  taken  together,  do  (g)  make  two  right 

(g)  P^^     ones,  and  confequently  are  equal  to  the  two  together,  O,  1. 

neorem  L  Therefore  the  two,   G  A  B  and  O,   which  are  equal  by  the 

CO.  P-3^-Qqj^^j.^^[q^^  being  taken  away,  there  remains  C  equal  to 

I.     In    the  Tame  manner  E  will  be    proved   equal  to  the 

,r  N  p  Angle  K.     Therefore  D  and   L   are  (Jj)  likewife   equal, 

Coro/  ^q      That  therefore  is  done  which  was  demanded. 

Prop.  \z.         Eor  t'hnt  the  Tangents  do  concur  is  thus  Ihew'd.     The 

7.  {.  Angles  O,  I,    and   K,  N  are  {a)  equal  to  four  right  cnes  ; 

Ca)Pfri3.and    IK  are  lefs   than  two  right  ones.     Therefore   O,  N 

^-  ^'  (that  is,  by  the  CTonflrudion  GAB  and  B  A  F)  are  greater 

(bj  Pfr  32.  jj^^j^  j.^yQ  ^jg^j.  Qj^gs.     Therefore  G  A  F  (c)  is  lefs  than  two 

•  \'  light  ones.     Therefore  G  F  falls  between  A  and  D.  There- 

cLl  I     fore  feeing  A  G  D,  and  A  F  D  are  right  Angles,   D  G  F, 

Pr.p.  12,     and  D  F  G  are  lefs  than  "two  right  ones.     Therefore  CG  D 

/.  I.  and  E  F  D  f  meet  together  towards  D.     In  the  fame  man- 

■\  PerSchol.  ner  it  may  be  demollrated  that  the  reft  concur. 

p.  3.  /.  I. 

^'^•^-  PROP.  IV      Problem. 


To 


infcribe  a  Circle  in  a  Triangle, 


i^'>.  3.  Bifeft  the  two  Angles  C  and  E  with  the  Lines  CA,  E  A, 

meeting  together  in  A.  From  A  draw  the  Perpendiculars, 
AB,  AG,  A  F.  A  Circle  defcribed  from  the  Center  A 
through  B,  will  pafs  alfb  through  G  and  F,  and  touch  the 
three  Sides  of  the  Triangle. 

For  in  the  Triangles  C  A  G,  CAB  becaufe  the  Angles 
A  G  C,  ABC,  and  Ukewife  thofe  G  C  A,  and  B  C  A  are 
equal   by  the  Conftriiflion,  and  the  Side  A  C  is  common, 

*  Per  26.    the   Sides  AG,   A  B  "^  mull  be  likewife  equal,     in  like 

^'  I.  manner  A  B,  A  F  may  be  fhewn   to   be  equal.     Therefore 

t]:e  Circle  defcrib'd  from  the  Center  A,  paiTeth  through 
B.  G,  F.     And  becaufe  the  Angles  ZK  thofe  three  Points 

-^  Per  16.    ^^^  equal,  it  toucheth  f  all  the  S'des  ©f  the  Triangle.    That 

/.  3.  therefore  is  dene  which  was  required. 

V'  Hence 
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['*  Hence  the  Sides  ot  a  Triangle  bejng  known,  the  Seg, 

*  ments  of  them,  which  are  made  froiii  the  Contads  of  an 

*  inlcribed  Circle,  will  be  known,  let  D  C  be  12.  D  E 
'  18.CE16.  DCand  CE  willbe  28  from  which  fub- 
'  trad  i8=::DE  =  DG  +  BE,  there  remains  io=:C  G 

*  +  C  B .  I  herefore  C  G  or  C  B  =i  5 .  Confequently  E  B 
'  or  E  E=i  I.     Wherefore  F  D  or  D  G—y.'] 

PROP.  V.    Problem. 

To  defcrihe  a  Circle  about  a  Triangle^  or  through  Fi^,  4. 

three  given  Points ^  B,  C,  D,  not  lying  in  a 
right  Line,  to  defcribe  a  Circle, 

Conncfl  the  given  Points  with  two  right  Lines  B  C, 
C  D,  which  bifedt  with  the  Perpendiculars  E  A,  OA,  meet- 
ing tocether  in  A.  This  will  be  the  Center  of  a  Circle 
\vhich  pafleth  through  B,  C,  D. 

Let  the  right  Lines  A  C,  AD,  A  B  be  drawn.     By  the 
Conftruction,  the  Sides  DO,   O  A  are  equal  to  thefe,  C  O, 
AO  ;  and  the  Angles  at  O  are  right  ones.     Therefore  A  D 
is  equal  to  AC  («  )      In  the  iame  mnnner   AB   may  be  (a)  i'cr  4, 
provM  equal  to  A  C.     'i  herefore  AD,  AB   (^)  are  equal. /.  i. 
Therefore  a  Circle  defcribed  from  the  Center  A  through  B,  (b)  Per 
will  pafs  alfo  through  C  and  D.     Which  was  the  I'hing -^'""^  ^9 
required. 

As  for  the  Pradlice,  it  is  fufHcient  to  defcribe  from  B,  C, 
D,  three  equal  Circles,  interfering  each  other  i  and  through 
the  Interfedions  to  draw  right  Lines,  thefe  meeting  one 
another  will  give  the  Center  fought. 

PROP.  YI,  VII.     Problems.  ;\i  ;^r'^ 

To  infer ibe  a  Square  in,  and  circumfcribe  one  Vig.  5, 
about  a  Circle, 

Let  the  Diameters  B  D,  C  E  be  drawn,  cutting  each 
other  perpendicularly.  The  right  Lines  which  join  the 
Terms  of  thefe,  infcribe  a  Square  in  a  Circle. 

The 
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The  Demonftraticn  is  manifeft  from  4.  I.  i.and  31.  I. 
3.  Then  let  four  Tangents  be  drawn  touching  the  Circle 
in  B,  C,  D,  E,  meeting  together  in  I,  F,  G,  H.  The 
Figure  i  F  G  H  is  a  Square,  circumfcrib'd  about  a  Circle. 

The  Demonilration  is  manifeft  from  18.  1.  3.  with  Cor- 
rollary  2.  Prcpofition  36.  I.  3.  and  28,  and  34.  1.  i. 

Scholium, 

Tig,  5.  A    Square  defcrib'd  about  a  Circle  is  double  to  that  fn- 

"^  fcrib'd.    For  becaufe  the  Angle  B  C  D  in  the  Semicircle 
(c)  Per  21-  (0  '5  ^  ^^g^^  ^^'^»  ^'^^  Square  of  B  D  (that  is,  F  I  Square' 
/.  3.  fhall  be    {^i)    equal   to    B  C  q.  +  C  D  q,    and    therefore 

(d;  Per ^7.  ^ouhle  to  the  Square  of  C  D,  /.  ^.  to  C  D  E  B. 

PROP.  YIII,  IX.     Problems. 

^'S*  6.      nrO  infcribe  a  Circle  in,  and  circumfcrihe  one 
•*■    about  a  Square,  as  {BCFE,) 

Let  there  be  drawn  the  Diameters  of  the  Square,  cutting 
*^.-  each  other  in  O.     From  tlie  Center  O  defcribe  a  Circle^ 

through   B  ;  this  will  alfo  pafs  through  E,  F,  C. 

Then  from  the  Center  O  draw  O  D  perpendicular  tO' 
B  C  ;  a  Circfe  defcrib'd  from  the  Center  O  through  D, 
will  touch  all  the  Sides  of  the  Square.  * 

■      Pait  1.  Eecn-jfe,  by  the  Hypothefis,  the  Lines  C  B,  E  B 

(c)  Pit  c  ^^^  ^^"^^  j  ^he  Angles  B  C  E,  B  E  C  will  be  equal  {c  )  Bu( 
)  \  C  B  E  is  a  right  Angle  by  the  Hypothefis.    B  C  E  therefore 

(d)  Per  and  B  E  C  a.'^e  half  right  ones  {^.)  In  the  fame  mannej 
Curo/.  II.  C  B  F  will  be  fnewM  to  be  an  half  right  Angle,  as  likewik 
j>.  32.  /.  I.  the  reft  of  the  Angles ;  and   fo   they  are  equal   amongf^ 

themfelves.       Therefore    in    the  Triangle   B  A  C,    feeing 
there  are    two  equal    Angles  C  B  O,    B  C  O,    the   ngh 

(e)  Per 6.  Lines  OB  and  O  C  [e]  are  equal.  In  the  like  manner  thi 
^-  !•  right   Lines   OB»  O  E,   CF   may  "be  (hewM  to  be  equal 

Therefore  a  Circle  defcribed  from  the  Center  O    througl 
B,   will  pafs  through  E,  F,  C. 

Part  11.  From  O  let  there  be  alfo  drawn  the  Perpendicu 
krsOG,  Oil,  OL  Becaufe  in  the  Triangles  GBO,  DiiO 
-the  Angles  at  D  and  G,  as  likewife  ihofc-  at  B,  are  equal,  an 

th 
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the  Side  OB   is  common,  the  Sides   OD,  OG  muft   be 

equal  (a  )     In  the  fame  manner  O  G,  OH,  O  I  may  be  i^^PeriG, 

fhevvM  to  be  equal       1'herefore  a  Circle  defcrib'd  from  the^-  ^* 

Center  O,  which  pafTeth  through  D,  will  alfo  pafs  through' 

G,  H,  I,  and  touch  all   the  Sides  of  the  Square  {b,)     Be-(b)P^»'  l6, 

caufe  the  Angles  at  D,  G,  H,  I  are  right  ones.    Therefore^'  3« 

we  have  done  what  was  required. 

J!  PROP.  X.    Problem. 

1! 

{'TO  make  an  Ifofceles  Triangle  BAG,  in  which  Fig.  7. 
\  -*   the  Angle  at  the  Bafe  (ABC,  or  ACB)Jball 
Me  double  to  that  which  is  at  the  "Top  {A.) 

Let  any  right  Line,   what  you  will,  as  A  B,   be   taken," 
which  fo  cut  in  D  (<r)  that  the  Retlangle  A  B  D   fhall  ht(c)Pefiu 
equal  to  A  D  Square.'    Then  from  the   Center  A,  thro'  B,  ^.  2. 
defcribe  a  Circle  ;  in  which  infcribe  [d)  B  C  equal  to  A  D,  (d).P<^ri. 
and  join  AC.     B  A  C  Ihall  be  the  Triangle  fought.  /.  4-. 

For  let  the  right  Line  DC  be  drawn,  and  through    A, 
D,  C  defcribe  (^)  a  Circle.     Becaufe  the  Redangle  A  B  D  (e)  Per  s, 
is  equal  to  the  Square  A  D,  (that  is,  B  C)   it  is  manifeft,  M- 
that  B  C  (/)  toucheth  the  Circle  D  O,  which  C  D  cuts.  C^^  ^'^IJi 
Therefore  the  Angle  B  C  D  f^)  is  equal  to  the  Angle  A  in  /*  ^'p^^ 
the  oppofite  Segment;  and   fo  the  com  n:)on  Angle   D  C  A  ^|^  ^  ,^ 
being  added,  B  C  A  mufi:  be  equal  to  A+D  C  A.     But  be. 
caufe  the  Sides  A  E,  A  C  are  equal,  ABC  [h]  is  equal  to  (h)  Per 
the  Angle  AC  B.     Therefore  the  Angle  A  B  C  is  alfo  equal  5-  ^.  i. 
to  A-|-i>CA.   But  the  externalAngle  alfo  B  DC  is  equal  to 
the  two  internal  ones  (/)   A+D  C  A.     Therefore   ABC,  (i)  Per  32. 
and  3  D  C  are  equal.     Therefore  the  Line  D  C  is  (a)  equal   •  J- 
to  B  C,  (that  is,  by  the  Conftruaion  to  D  A.)     Therefore  C*^')  P'^ 
the  Angles  A  and    DCA   (/)  are  equal.     Wherefore  the  .j  •^• 
Angle  ABC,  which  hath  been  fhew'd  equal  to  thofe  two,  /^  j^  ^    ^' 
fhall  be  double  to  one  A.   That  is  done^therefore  which  was 
required. 


Corollary, 
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Corollary, 

EACH  of  the  Angles  at  the  Bafe  B  and  C  in  the  Jjofceles 
now  framed,  is  two  Fifths  of  two  right  ones,  or  four 
Fifths  of  one  right  one,  and  the  remaining  one  A  is  one 
Fifth  of  two  right  ones,  or  two  Fifths  of  one  right  one. 
And  is  manifefl  out  of  this  Propofition  taken  together  with 
that  32.  1.  I. 

PROP.  XI.     Problem. 
F/>  7  8     ^^  infcribe  a  regular  Pentagon  in  a  Circle, 

(a)  By  the       Let  there  be  defcribcd  [a)  the  Triangle  BAG,  having  the 

for-:going.     Angles  at  the  Bafe  double  to  that  at  the  Top.     Inkribe  a 

(b)P^r2.     Triangle  CAD  eqai.angled  to  this  in  a  Circle  (a.)     Bife(n: 

^'  4-  the  Angles  at  the  Bafe  A  C  D,  ADC,  with  the  right  Lines 

C  E,   l5  B,  cutting  the  Circle  in  E  and  B.     The  Points  A, 

B,  C,  D,  E,  join'd  by  right  Lines,  will  give  an  ordinate 

^Pentagon  infcrib'd  in  a  Circle. 

For  from  the  Conilruftion  it  appears  that  the  Angles  I, ' 
N,  Q^,  S,  O  are  equal.     Wherefore  the  Arches  fubtended 
(c)  Per  28.  to  them,  A  E,  E  D.  C  D,  C  B,   B  A,  are  alfo  (c)  equal. 
{.^3.  Therefore  the  right  Lines  fubtended  to  thofe  Arches,  ihall, 

^       ""  therefore  is    Equilateral.' 

becaufe  its  Angles  B  A  E, 

..  ^^,    ^..    ^.,-_.  Arches   B  C  D  E,  A  B  C  D, 

l^c,  that  therefore  is  done  which  was  required. 
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'•  3.  Therefore  the  right  Lines  iubtence 

(d)  Vet  27.  alfo  (  )  be  equal.     The  Pentagon 
\'  \'  But  it  IS  alfo  (e)  Equiangular,  be 

(e)  Per  29.  ^  £  £)^    ^^,    ftand  en  eqiial  Arc 


Corollary. 

TH  E  Angle  of  a  regular  Pentagon  makes  fix  Fifths  of 
p^P^  jj^  one  right  Angle,  or   three   Fifths  of  two.      For   the 

three  Angles  at  A,  feeing  they  are  equal,  as  landing  upon 
equal  Arches,  B  C,  C  D,  D  E,  and  the  middlemofl  of  them 
by  the  Corollary  foregoing  is  two  Fifths  of  one  right  Angle  ; 
the  three  together,  that  i^,  the  Angle  of  the  Pentagon  it-' 
felf  muft  make  fix  Fifths  of  one  right  one. 

[Scholium. 
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[Scholium.  "  This  holds  univerfally,  that  Figures  of  an  f'^.  S. 
*•  odd  Number  of  Sides  are  infcribed  in  a  Circle,  by  means 
"  of  an  Ifojceles  Triangle,  whole  equal  Angles  at  the  Bafe 
*'  are  multiple  of  thofe  at  the  Top.  But  Figures  of  an 
'*  even  Number  of  Sides  are  infcribed  by  the  means  of 
**  IJofceks  Triangles,  whofe  Angles  at  ;hs  Bafe  are  each  cf 
*'  them  multiple  fefquialteral  of  that  which  is  at  the  Top. 

**  As  in  the  Ijojceles  A  C  D,  if  the  Angle  C  or  D  be 
**  threefold  of  A,  the  Side  C  D  will  be  the  Side  of  an 
*•  Heptagon;  if  fourfold,  it  will  be  the  Side  of  an  Enne. 
"  agon,  ^c.  But  if  C  or  D  fhall  be  one  and  a  half  of  A,  CD 
**  will  be  the  Side  of  a  Square  ;  and  if  C  fnall  be  two  and 
'*  a  half  of  the  x^ngle  A,  C  D  will  fubtend  a  fixth  Part  of 
'*  the  Circumference  :  In  like  manner,  if  C  or  D  fliall  be 
'<  three  and  a  half  of  the  Angle  A,  C  D  Ihail  be  the  Side  of 
•'  an  Odagon,  i5c. 

Scholium, 

TpUCLID's  Infcription  of  a  Pentagon  is  ingenious,  but 

that  of  Ptolomy,  which  he  delivers  in  the  firfl  Book  of    • 
lis  AlmageJ}^  is  much  more  expeditious :  A^nd  it  is  this  : 

Let  the  Diameters  E  D,  B  F  be  drawn,  cutting  one  ano.  F/".  12, 
her  perpendicularly  in    A.     Bifedt  the  Radius   A  D  in  C. 
'rom  the  Center  C,  through  B,  defcribe  an  Arch,  meeting 
he  Diameter  E  D  in  G.     The  right  Line  G  B  is  the  Side 
If  a  Pentagon,  and  A  G  of  a  Decagon. 

The  Demonllraiion  cannot  be  given  here,  for  it  depends 
pon  the  15th  Book  of  Euclid.  See  it  in  Clavius,  in  his 
jcholium,  after  Prop.  lo.  L  13. 

Problem, 

J I  JfPON  a  given  right  Line  (A  B)  to  defcribe  a  regular  Fig.  9. 
■^   Pentagon. 

Cut  AB  fo  in  C  (a)  that  the  Reftangle  ABC  may  be  (a)  Per  11. 
■qual  to  the  Square  of  A  D.  From  A  B  protradled  on  both  L  2, 
■ides  take  away  A  Dy  BE  equal  to  the  greater  Segment 
i  C.  From  the  Centers  A  and  D,  with  the  Lntcrval  A  B, 
efcribe  two  Arches,  cutting  each  other  in  F.  Likewife, 
OHi  the  Centers  B  and  E,  defcribe,  with  the  fame  inter- 
val. 
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val,  two  Arches  catting  each  other  in  G.  And  again, 
from  the  Centers  G  and  F,  with  the  fame  Interval,  de- 
icribe  two  others,  cutting  each  other  in  I.  The  Points  A, 
F,  I,  G,  B,  being  join'd,  will  give  a  regular  Polygon  upon 
the  right  Line  A  B. 

That  it  is  Equilateral,  is  manifeft  from  the  Conftruftion  ; 
that  it  is  aqni-angled,  will  be  thus  demonftrated.  Let  D  i 
be  drawn.  It  is  manifeft  by  the  Conltru6lion,  that  A  D  F  i; 
an  Ifojcelei.  And  the  Bafe  A  D  is  the  greater  Segment  o 
the  Side  D  F,  fo  divided,  that  the  Redangie  of  the  whol 
and  the  leffer  Side,  is  equal  to  the  Square  of  the  greater 
(For  D  F  is  equal  to  A  B,  and  A  D  equal  to  AC.)  There 
fore  the  Angle  D  A  F  is  two  Fifths  ot  two  right  ones  ;  b; 
Carol.  Prop.  lo.  /.  4.  Therefore  the  remaining  Angle  FA  j 
is  three  Fifths  of  two  right  ones,  or  fix  Fifths  of  one  righ 
fb")  PcT  13.^^^  (^)  »  ^"^^  therefore  is  an  Angle  of  a  regular  Pentagon  (r, 
}.  I.  In  the  fame  manner  may  it  be  fhewn,  that  the  Angle  G  B  i 

(c)Pf^'Co-is  three  Fifths  of  two  right  ones,  and  fo  equal  to  F  A  E 
ro/.  5. /(.ii.  From  whence  it  is  neceffary,  that  the  reft  F,  G,  I,  fhoul 
^.  4*  be  equal  to  thefe,  as  appears  from  their   being  Equilaten 

to  thefe,  if  the  right  Line  F  G  be  conceiv'd  to  be  fubtem 
ed,  as  appears  by  Prop.  8.  /.  i. 

PROP.  XII.     Problem. 

T)7  10     T'O  circumfcribe  an  ordinate  Pentagon  about  i 
^    Circle. 

Let  there,  by  the  foregoing,  be  infcrib'd  the  regular  Pe> 
tagon  G  H  I  K  M ,  and  let  there  be  drawn  Tangents  in  t-: 
Points  G,  H,  I,  K,  M,  which  may  concur  in  B,  C,  D,  '. 
F.     I  fay  the  Thing  is  done. 

For  from  the  Center  draw  the  right  Lines,    A  G,  A  , 

AH,  AC,  A  I.     Here,   becaufe  from  the  fame  Point  , 

(2i)Per       B  G,    and    BH  touch   the  Circle,    they    (a)   are  equ. 

Corul.  2.  p.  Therefore  the  Triangles  GAB,  BAH  are  Equilateral  > 

'36. /.  3.      each  other.     Therefore  {^3  j  the  Angles  O,    P,  as  likewJ 

{h)Per%.    thofe  Q^  s^  are  equal.     And  therefore  the  whole  AngkJ 

^'  *•  is  double  to  P,  and  the  whole  G  A  H  double  to  S.     Ir 

the  fame  reafon  the  Angles  C  and  H  A  I  are  double  to'.'' 

(Q)Per  29.  and  N  refpedlively.     But  G  A  H  and  H  A  1  are  equal  l) 

A3.  becaufe   they   fland  upon  equal    Arches,  by  Conllrufln 

G  H,  HI.     .Therefore   their  halves,  S   and   N  are  :o 

eq  I- 
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equal.      Becaufe  therefore  in  the  Triangles  B  A  H,  H  AC, 
the  two  Angles  S  and  N  are  equal,  and  thofe  at  H  are  both 
right  Angles  (^,)  and  likewife  the  Side  A  U  k  common  i  (-ij  Per 
therefore  the  Sides  [e]  BH,  CH,  as  likcwiie  the  Angles  P,  18.  /.  3. 
T,  are  equal.     In  the  fame  manner  I  might  ftievv   B  G,  ^c)-P^'"26. 
F  G  to  be  equal.     Therefore  B  F,   C  B,   which  are  double  *  ^' 
to  the  Equals   B  G,  B  H,  are  alfo  equal.       In   the  fame 
manner  it  may  be  fhew'd  that  the  reA  of  the  Sides  of  the 
circumfcribed  Pentagon  are  equal.     It  is  therefore  Equila. 
teral  ;  but  it  is  alfo  equi-angled  ;  for  feeing  it  hath   been 
fhew'd  that  the  Angles  B  and  C  are  each  of  them  double  to 
the  Equals  P  and  T  they  muft  alfo  be  equal  betwixt   them. 
felves.     And  in  the  fame  manner  of  the  rell      We  have 
therefore   defcribed   a   regular   Pentagon   about  a   Circle. 

1  Which  was  the  Thing  to  be  done. 

In  the  fame  way  any  ordinate  Figure  whatfoever  is  de- 

i  fcrib'd  about  a  Circle,  that  is,  it  a  like  Figure  be  firll  in- 

i  fcrib'd  in  the  Circle. 

PROP.  XIII,  XIV.    Problems. 

^0  injlribe  a  Circle  in  a  regular  Pentagon^  andpi^.  n. 
circmnfcribe  one  about  it, 

Bife£l  the  two  Angles  of  the  Pentagon  B,  C,  with  the 
fright  Lines  B  N,  C  S,  cutting  each  other  in  A.  From  A 
idraw  the  Perpendicular  A  L. 

A  Circle  defcrib'd  from  the  Point  A,  with  the  Interval 
^  A  L,  touches  all  the  Sides  of  the  Pentagon  ;  and  a  Circle 
idefcrib'd  from  the  fame  Point  A,  with  the  Interval  A  B, 
ipafTes  alio  through  the  Points  E,  F,  D,  C. 

Part  I.  In  the  Triangles  DCA,  BCA,  becaufe  the  Sides 

|DC,  CA,  are  equal  to  B  C,  C  A,  by  the  Hypothecs,  and 

I  the  Angles  P  and  O  are  equal  by  the  Conllruftion,    thofe 

jalfo  G  and  I  will  be  equal  by  4.  /.  i.     Now,  the  whole 

alfo  B  and  D  are  equal  by  the  Hypothefis.     Wherefore 

^feeing  the  Angle  G  is  half  of  B  by  the  Conftrudlion,    I 

;alfo  will  be  half  of  D.     Therefore  D  is  bifedtcd   by   the 

jright  Line  D  M.     For  the   fame  Caufe  the  reft  of  the 

Angles  of  the  Pentagon  E  F,  are  bifefted,  and  confequently 

all  the  half  Angles  are  equal  among  themfelves.     Now,  let 

Uhc  Perpendiculars  be  drawn,  A  M,  A  S,  A  N,  A  R.     For 

becaufe 


iia  "Evclid's  Elejnents,        Lib.  IV. 

becaufe  in  the  Triangles  L  B  A,   MBA,  the  Angles  G  and 

B  L  A  are  equal  to  the  Angles  Q^and  B  M  A,  by  the  Con. 

llrudlion,  and  the  Side  B  A  is  common,  A  L  and  A  M  muft 

(a)  Per  26.  bealfo  equal  [a]     In  like  manner  I  might  fhevv  that  the  reil 

^»  l«  of  the  Perpendiculars,  AM,  AN,  AS,  AR,  are  equal. 

A  Circle  therefore  from  the  Center  A,  paihng   through  L, 

will  likewife  pafs  through    M,  S,  N,  R,  and  becaufe  the 

Angles  at   L,   M,   S,  N,  R,  are  right  ones  by  the  Con- 

*  Pet-  16.   flruftion,  *  it  will  touch  the  five  Sides  of  the  Pentagon. 

^  3-  Which  was  the  fir  ft  Part. 

Part  II.  In  the  Triangle  CAB,  becaufe  the  Angles  O 
and  G  have  already  been  fhewn  to  be  equal,  the   Sides  alfo 
(b)P«?r  16.  AC,  AB  muft  be  equal  (h,)    and  in  the  fame  manner, 
^'  ^'  A  B,  A  F,  A  E,  A  D,  may  be  provM  equal,  and  therefore 

a  Circle  from  the  Center  A  paffmg  through  B,  muft  pafs 
alfo  through  C,  D,  E,  F.  Therefore  we  have  both  in. 
fcrib'd  a  Circle  in  a  Pentagon,  and  circumfcrib'd  one  about, 
a  Pentagon.     ^E.D. 

['*  Jn  the  fame  way,  in  any  regular  Figure  whatfoever^ 
a  Circle  may  beinfcrib'd,  and  circumfcribM  about  it. 
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PROP.  XV.     Problem. 
IN  a  given  Circle  to  defcribe  a  regular  Hexagon 

Let  the  Diameter  FA  B  be  drawn.  From  the  Center  B 
through  A,  defcribe  a  Circle,  cutting  the  given  one  in  ( 
and  D.  Likewife  from  the  Center  F,  through  A,  a  Circl. 
cutting  the  given  one  in  E  and  G.  The  fix  Points,  B,  C 
E,  F,  G,  D,  conneded  by  right  Lines,  will  give  the  Hexs 
gon  required. 

From  the  Center  A,  let  fall  the  right  Lines  A  E,  AC 

AG,  AD.     It  is  manifeft  that  the    1  riangles  H,  I,  M 

L,   are  Equilateral,  both  in  themfelves,  and  with  one  an( 

{Q)Perl,    ther  (f.)     Then  becaufe  the  Angles  CAB,  E  A  F,  eac 

/.  I.  of  them  make* one  Third  of  two  right  Angles  {per  Corollai 

11   p.  32.  /   I.)  and  therefore  do  make  both  together  tv^ 

(d)  Per      Thirds  of  two  right  Angles  ;  it  remains  (d)  that  EAC. 

Coroi.  I.      one  Third    of   two  right    Angles  ;    therefore    the   AngL, 

^13.  ^.  »•  EAC,  CAB  are  equal.     But  the  Sides  alfo   EA,  AC 

are  equal   co  the  Sides  B  A,  AC.     Therefore  the  Ba 
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fore  the  Safe  F  C  {per  4.  /.  1 .)  is  equal  ro  the  Bafe  B  C, 
that  is,  to  the  Radius  A  C  by  the  Conltrudicn.  \^''hc^re- 
fore  the  Triangle  K  is  alfo  Equilateral  t^.vA  in  the  fame 
manner  the  1  riangle  K  ma\  be  ihewn  to  bqfo  •  Becau.e 
therefore  all  the  fix  Triangles  H,  I.  K,  L,  jM,  N,  are  Equi-  ;  ".  • 
lateral ;  it  is  manifeft:  that  all  the  Sides,  C  B,  B  D,  D  G, 
G  F,  F  E,  E  C,  are  equal  one  to  another,  and  to  rhe  Rad'ius 
A  C.  The  Hexagon  is  therefore  Equilateral.,  Cut  it. is  alio 
Equiangular,  leeing  each  one  of  its  Angles  E  C,  V^T),  G  F, 
confuls  of  two  Angles  of  an  Equilateral  i  riangle.  Therefore 
we  have  iafcribed  a  regular  Hexagxjn  in  the  Circle. 

Corollaries, 

1.  np  K  E  Side  of  an  Hexagon  infcrib'd  In  a  Grcle,  £or  a 
-*-     Ch^^rd  of  60  i/egrees]  is  equal  to  tnt  RaUius,  [and 
confequently  the  Sine  of  30   L'eg'-ees  is  equal  to  lialf  the       ,    .  ,  '." 
'BizdAMSy  per  CoroUary  2   />•  3.  /•  3-]  .     :,       I    w"    •    ,^ 

2.  An  Angle  of  a  regular  Hexagon  i^  four  Thirds  bfone 
right  Angle  ;  as  confiftiiig  of  two  Angles  of  an  Equilateral 

I  Triangle,  each  ot  which  makes  two  1  birds  of  a  right  Angle.        .     ,'  ;  .. 

3.  If  there  be  drawn  the  Diameter  P  S,  perireodicular  tpF/g'^.iij,'  ..{ 
the  other  F  B  ;  and  with  the  Interval  of  the  Racius.P  A»  ,•.•,;.',,. 
from  the  Center  P  and  b-,  there  may  be  made   Sec;ioas  in    .iTilf'.V 

0  and  jC^,  in  R  and  T,  and  in  likr  manner  from,  the  Cen-  -  A 
Iters  F  and  8,  make  the  Sedions  in  G'and  E,'jn  D  and  v', 

the  Points,   P,  E.  O,  F,  R,  G,^,  D,  T.B^'Q^  C,   con- 
nected with  right  Lines,  wiU  give  a  Figure  of  tw.elye  SideSj      ^  -    ,r^ 
inlerib'd  in  a  Circle  with  one    Aptrture  of  the  cpmpafTes.      ^,    •,,./.; 
Which  Thing  is  of  grea    Service  in  ■  ialling..  .  .  \  ^.    ,c. 

4.  From  w-hat.has  been  dejiionilrateJ,  we  may'eafily  de- F/j.  14,  " 
fcribe  an  Equilateral  1  riangle  in  a      Ircle.     Th^,  V-iaj-iieter 

jFB  being  drawn,  from  the  v^enter  B,  ih.ough.  A»  deicnbe 
the  Arch   CAD.     The  Points  C,  F,  I>,  conned'ed   with 

1  right  Lmes,  will  give  the  Tria:  gk  fought. 

5.  1  he  Side  C  X  D  of  the  Equilateral  Triangle,  cuts  cfF 
'from  the  jjiameier  BF  perpendicular  to  it.   a  rouith  Fart 

thereof  BX       For  the  Angles  ACX,  BCX,  Handing  upon 
I  "equi!  Arches  G  D,   D  6  are  equal  : per  19.  I.  ^5.)  and  the 
'  Sides  AC,  C  X,  are  equal  to  tht  Sdes  B  C,  C  X.     1  here- 
Tore  AX.   BX  are  equal  [a.)     Inertfoie  B  X  is  the  fourth  (a'  ^^^  4- 
'Part  of  the  Diameter  B  F.  ^-  •^' 

H  Scholium^ 
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Scholium  r.    Problem. 

P'S'  13'      "Vr  O  U  may  ralfe  a  regular  Hexigon  upon  a  right  Line 

*  Per  I.       X    B  C  thus.     Make  an  *    Equilateral  Triangle    CAB 
*  ^  upon  the  given  Line  C  B.     From  the  Center  A  through  B 

and  C  defcribe  a  Circle.  This  will  contain  an  Hexagon 
upon  the  given  right  Line  CB.  The  Thing  is  manifeft 
from  the  Propolition,  and  Coro/Jary  i. 

Theorem. 

THE  Square  of  a  Side  of  an  Equilateral   Triangle  is 
treble  to  the  Square  of  the  Semi  diameter  of  a  Circle 
in  which  it  is  infcrilr/d,  and  is  to  the  Square  of  the  whole 
Diameter,  as  3  to  4. 
^J*  '4'  Let  there  be  drawn  the  Semi-diameter  A  D.    The  Square 

of  F  D  is  equal  to  F  A  q+D  A  q+rhe  Reaangle  FAX 
twice  taken  (per  iz.  Lz.     But  the  ReiSlangle  FAX  twice 
taken,  is  equal  to  the  Square  of  the  Semi-diameter  F  A  or ' 
(b)  Per    DA  :  (For  becaufe  A  X,  X  B  {b)  are  equal,   the  Reftangle 
Cord,  5.     FAX  twice  taken,  is  equ:il  to  the  two  Redlangles  which  are 
foresoing,     y^jg^  p^^  ^X,  and  under  F  A  and  XB,  that  is,  equal  to 
{(:)Per  I.    ^^^  Redangle  FAB  [c]  ;  that  is,  equal  to  F  A  q.)    There- 
fore  F  D  q   is  treble  to  F  A  q  or  D  A  q,   the  Square  of 
the  SemLdiameter. 

Now,  becaufe  the  Square  of  the  whole  Diameter  is  Qua- 
Cd)  Per  druple  of  the  Square  of  F  A,  the  Semi.diameter  (</),  it  ii 
Carol,  3.  manifcfl  that  the  Square  of  F  D  is  to  the  Square  of  the 
Prop,  4.      Diam.ner,  as  3  to  4.' 

•  ^'  ^   Hence  it  follows,  that  a  Side  of  an  Equilateral  Triangle 

IS  to  the  Diameter,  as  the  Square  Root  of  3  is  to  2,  the 
Square  Root  of  4  ;  and  therefore   that  thofe  Lines  are  in*! 


commenfurable. 


PROP. 
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PROP.  XVI.    Problem. 
X  0  infcribe  a  regular  ^indecago7i  in  a  Circle,  "Fis.  is. 

Infcribe  the  Circle  A  C,  the  Side  of  a  Pentagon  (r^),  andCa")rcTn. 
A  D,  the  Side  of  an   Equilateral  Triangle  (per  Lorol  4/*  4» 
/.  1 5 .  ;.  4.  bifea  the  Arch  CD  in  E.     L  E  is  the  Side  of 
the  Quindecagon,  or  iikeen-angled  Figure  fought. 

For  if  the  whole  Circumference  be  fuppos'd  to  be  15,  the 
Arch  AC  will  be  3,  and  the  Arch  A  D  5 ,  and  therefore  the 
Arch  GD  2,  and  conlequently  C  E  i. 

Corollary, 

jD  Y  this  Method  innumerable  regular  Figures  may  be  in-^>j.  I5, 
^  fcrib'd  in  a  Circle.  For  ii  AC,  A  D,  the  Sides  of  two 
regular  Figures  be  infcrib'd  in  a  Circle,  the  Difference  of 
the  Arches  C  D  will  contain  fo  many  Sides  of  a  new  regu- 
lar Figure,  as  are  the  Units  whereby  the  Denominators  of 
the  former  differ  one  from  another.  But  the  Denominator 
of  the  new  Fi^^ure  is  had,  if  the  Denominators  of  the  lor- 
mer  be  multiplied  one  by  the  other. 

As  if  A  D  be  the  Side  of  a  Square,  and  A  C  of  a  Deca- 
gon, the  Difference  of  the  Denominators  is  6.  Therefore 
the  Arch  C  D  contains  6  Sides  of  a  new  Figure.  But  the 
new  Figure  is  of  40  Sides.  For  the  Denominators  4  and 
\  10,  multiplied  one  by  the  other,  make  40. 

Scholium, 

^  INHERE  hath  not  yet  been  found  out  the  Art  by  which 
\  "■-  regular  Figures  of  7,  9.  11,  13,  17.  i^c.  Sides  may 
ibe  infcribed  in  a  Circle,  by  a  *^air  of  ComppfTes  and  a  Rule 
only;  forafmuch  as  that  Ini'cription  of  Figures  depends 
upon  the  Divifion  of  the  Circumference  into  any  given 
Parts,  which  thing  is  lacking  :  But  if  the  Circumference  of 
a  Circle  be  divided  inrc  ,60  ^arcf,  you  may,  in  a  mechanical 
,Way,  infcribe  any  regular  Figure  whaffoever,  in  it,  after 
this  manner. 

H  2  Problem, 
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Problem  i. 


P//.  i5. 


DIVIDE  360  Degrees  (that  is,  the  whole  Circumference, 
by  the  Denominacor  of  the  Polygon  to  be  infcrrb'd  {e. 
g:  a  Nonangle.)     Make  at  the  Center  the  Angle  A  G  K  of  I 
fo  many  Degrees  as  are  the  Units  ©f  the  Quotient  in  the  faid  | 
Divifion.     A  K  fhall  be  the  Side  of  the  nine-angled  Figure, 
which  is  required  to  be  infcrib'd  in  the  Circle. 

Problem  2: 

%.  15.1     TJ  U  T  upon  a  given  right  Line  you  may  defcribe  any  i 

•    >'J     r>  regular  Figure  whatfoever  by  the  help  of  the  following , 

Table. 

A  right  Angle  is  to  the  Angle  of  the  Figure, 

Difference. 
In  a  Pentagon,  as—  5  to     6 — i 

In  an  Hexagon,  as  .  3  to     4 — i 

In  an  Heptagon,  as—  7  to   10^ — 3 
In  an   O6tagon,  as   —  2  to     5 — t 

InaNonagon,  as. .  9  to  14 — 5 

In  a  Decagon,  as . 5  to     8 — "3 

In  an  Undecagon,  as  —  1 1   to  j  8 — 7 
In  a  Duodecagon,  as  —  3  to     5 — 2 


F/^.  i5»  Let  a  regular  Heptagon  be  to  be  infcrib'd  upon  the  given  ' 

right  Line  X  B.  From  the  Center  X,  with  the  Interval 
X  B,  defcribe  a  Circle,  from  which  cut  off  the  Quadrant 
BO.  See  in  the  Table  what  is  the  Proportion  of  a  right 
Angle,  to  the  Angle  of  an  Heptagon :  You  will  find  it  to 
be  as  7  to  lo,  and  the  DifFErence  is  3,  Divide  the  Qua. 
drant  therefore  into  feven  equal  Arches,  fo  many  of  which 
add  to  it  from  O  to  N,  as  the  Difference  hath  Units. 
Through  three  Points,  B,  X,  N,  defcribe  {per  5.  /.  4.)  a 
Circle.  This  contains  an  Heptagon  of  the  given  right  Line 
XB. 

The  Table  was  made  by  means  of  Theorem  II.  in  the 
^chol.  upon  ^.32.  /.  I.  by  which  js  found  the  Number  ol 
right  .Angles,  which  the  Angles  of  any  right-lin*d  Figure 
make;  which  Number  being  divided  bv  the  Denominatoi 
of  the  Figure,  gives  the  Denominator  of  the  Proportion  oi 
the  Angle  of  the  Figure  to  a  fight  one. 

Now. 


Ik 
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Now,  becaufe  hitherto  many  Things  have  been  pro- 
|)Ounded  concerning  regular  Figures,  let  the  following  faw 
mous  Theorem  of  Produs  clofe  this  Book, 

Theorem: 

ONLY  three  regular  Figures,  to  wit,  fix  Equilateral 
Triangles,  four  Sqi^ares,  and  three  Hexagons,  can  hll 
a  Space ;  that  is,  confticute  one  continued  Superficies. 
Which  is  thus  demonftrated.  That  fome  regular  Figure, 
often  repeated,  fhould  be  able  to  fill  a  Sp^ce  ;  it  is  required 
that  the  Angles  of  many  Figui  ;5  of  that  kind  being  difpofed 
about  one  Point,  fhould  make  juft  four  right  ones ;  for  jult 
fo  many  right  Angles  may  be  placed  about  one  Point,  asap-J 
pears  from  Corollary  3.  Prop.  17,.  L  i.  As  for  Examplei 
that  Equilaceral  Triangles  (hould  fill  a  Space,  it  is  rc- 
quir'd  that  fo  many  Angles  of  fuch  Triangles  N,  M,  L^ 
K,  1,  H,  bdng  difpos*d  auout  the  Point  A,  Ihould  make 
juil  four  ri^ht  ones  But  fix  Angles  of  an  Equilateral  Tri- 
angle do  m  ke  four  right  ones ;)  for  one  makes  two  Thirds 
of  one  right  one  *,  and  therefore  fix  of  them  make  twelve 
Thirds  of  one  right  one,  that  is,  four  right  ones :)  Likewife 
ihe  four  Angles  of  a  Square  make  four  right  ones,  as  is 
manifefti  likewife  three  Angles  of  an  Hexagon;  for  one 
maketh  four  Thirds  of  one  right  Angle,  (per  Corollary  2. 
p.  15.  /.  4. J;  and  therefore  three  of  them  do  make  twelve 
Thirds  of  one  right  Angle,  that  is,  four  right  ones.  There- 
fore, ^c. 

But  that  no  other  Figure  befides  thefe  can  do  this,  will 

manifeftly  appear,  if  its  Angle  being  found,  as  above,  you 

Ihall  multiply  the  fame  by  any  Number  whatfoever  ;   for 

the  Angles  will  always  cither  fall  Ihort  of,  ©r  exceed  four 

[  right  ones2  ' 
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THIS  fifth  Book  of  Elements  is  altogether  necefiary 
for  demonflrating  tlie   Propoihions    ©f    the  fixth 
Book.     The  Dottrine  which  it  containeth  is  almoli 
in  continual   Ufe.     The  Way  of  Reafoning  from  Geome- 
trical Proportion  is  moft  fubtil,  folid  and  brief.     This  Me- 
thod of  Reafoning,    as    a  kind   ot  iMathematical  Logick, 
Ceomc^try,   Arithmedck,    Mufick,    Aftronomy,    Stacicks,. 
and  all  the  other  Parts  of  the   Mathcmaticks,  make  efpe, 
cial  Ufe  of  :   Forafrauch  as  they  almoft  wholly  depend  upon 
Proportions   conneftcd  together  one  with  another  ;  and  are 
wont  to  berrow  their  Ways  of  Reafoning  concerning   Pro- 
portional?   from    this    fifth    Book.      Practical    Geometrv,. 
which  confifts  in  the  meafuring  of  Lines,  Figures  and  So-, 
lids,  is  for  the  moft  part  derived  from  the  Dodrine  of  Pro- 
portions.    There  b  not  a  Rule  in  Arithmetick,    but  what 
may    be  demonlhated   from  the   Proportions  of  this   fifth 
Book,  witnout  the  help  of  the  7th,   8th  and  9th   Books, 
which  treat  profeiTcdly   of  Numbers.     We  may    fitly  call 
theMufickof  the  Antients,   Geometrical    Proportions  ap. 
ply'd  to  tuneful  Sounds ;  which  fame  Thing  you  may  we^: 
r.igh  lav  concerning  Staticks,    which  are  converfant  abouP 
the  Weights  of  Bodies.     To  comprehend  the  whole  iMatter 
io.few  Words ;    If  vou  take  away  the  Doftrine  of  Propor- 
tion from  the  Mathematicks,  you  will  leave  a)mofl  nothing 
which  is  excellent,  or  greatly  to  be  accounted  of 

Scbolii/m^l 
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Scholium, 

*'  There  is  no  Mathematician  who  is  ignorant  of  how 
*'  great  Importance  in  Geometry  the  Knowledge  of  Pro- 
«'  portions  is ;  for  it  is  the  very  Marrow,  as  it  were,  of  the 
**  Mathematical  Sciences :  And  the  various  Ways  of  Rea- 
"  foning  concerning  Proportionals,  are  both  mofl  ufeful, 
*'  and  moll  certain ;  neither  can  we  without  them  move 
•'  one  Step. 

«'  Lut  then  I  reckon  that  this  Doflrine  is  congenite  in 
<*  Men's  Minds  with  common  Reafon  itielf ;  and   that  the 
**  various    Ways  of  Reasoning  concerning   Proportionals, 
**  which  Euc/U,  by  much  winding  and  going  about,  de- 
**  livers  in  this  whole   iook,  do  not  fo  much  need  Demons' 
*'  llradon,  properly  io  cali'd,  as  Illuflration  and  Examples, 
**  And  I  am  altogether  of  Opinion,  that  thofe  who  take  in 
**  hind  to  deliver  this  raoft  eafy  Doflrine  by  along  Circuit 
**  of  Propontions,  do  involve  a  Thing  in  it  felf  moll  clear, 
**  in  a  certain  Cloud,  and  render  it  far  more  difficult.     The 
**  Sum  of  the  Matter  I  will  open  in  a  few  Words.     It  is  a 
*•  thing  eafilv  known,  that  four  Quantities  are  then  pro- 
*'  portional,  or  that  the  Analogies  are  then  ilike,  when  the 
**  iirft  Quantity  contains  ihe  fecond,  as  o^ten  as  the  third 
*•  contains  the  fou.'-th  ;  or  when   the  fini  is   as  often  con- 
**   tain'd  by   the  fecond,  as  the  third  is  by  the  fourth.     So 
**   16^  :  8  : :  4  :  z.     And   3  :  p  :  ;  4  :  12.     Here  are  like, 
**  or  the  fame   P'-oportions ;  becaule  in  the  former  Exam- 
*'  pie,  the  Coniequents  8  and  z  arecontain'd  twice  in  their 
**  refpeflive  Antecedents ;  and  fo  the  Proportion  of  the  An- 
**  tecedents   to   the   Confequents  is  double.     And  in  the 
**  other  Example,  the  Proportions  are  alio  alike,  becaufe 
"  the  Coniequents  p  and  iz  do  contain  their  refpe(^ive  An- 
**  tecedents  three  times ;  and  fo  the  Proportion  of  the  Am- 
"  tecedents,    to  the  Confequents,   is  fub-triple.     (Nor  is 
**  there    any    Proportion    of    commenfurable    Quantities 
**  which  may   not  be  exprefs'd  by  certain  Numbers ;  nor 
**  indeed  of  Incommeniurables,  which  may  not  be  exprefTed 
•'  by   Numbers  infinitely  approaching   nearer  and  nearer 
**  unto   the   true  one.)     Furthermore,    from    what  hath 
**  been  faid  it  appears,  that  like   Proportions,   whatfoever 
*•  they  are,  may  be  exprefled  not  only  by  divers  Numbers, 
•*  but  alfo  by  the  fame.     Thus  2  to  i  defigns  as  well  the 
,  H  4  l\  Pro- 
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**  Proportion  of  '6  t«  8,  as  ol  4  to  2  ;  i  to  3  no  leis  ex- 
«*  pr^  fT  th  that  of  4  to  iz,  than  that  of  3  to  9,  as  is 
«*  moft  mdnitell.  Suppofing  therefore  four  Quantities,  to 
**  be  propo'tiond,  A  :B::a:b;  it  is  cnquii'd  in  this 
«'  Borjk  after  how  many  like  Vianncrs  the  Terms  of  thefe 
**  like  Proportions  may  be  changed,  and  ordded  amongft 
**  themfelves  So  that  the  emerging  Proportjon  on  both 
«'  Siaes  may  be  ilill  alike.  And  it  may  beanfwered.  that 
*•  it  may  be  done  after  all  the  Ways  and  Manners  poflib!e  j 
*'  for  feeing  the  Proportion  of  A  to  B,  and  that  of  a  to 
*'  b  are  afike,  both  of  them  may  be  expreffed  by  the 
•*  fame  Numbers  aner  this  manner,  A  :  3  : :  9  :  3,  and 
•*  a  :  b  : :  9  :  3.  And  conlequently  all  the  Proportions 
♦*  emerging  on  both  Sides,  either  by  Alternating  the 
**  Terms,  or  by  h.'Vfrttng  them,  or  by  Compounding^ 
**  or  Di'viding.  or  Concerting,  Of  Mixing  them,  may 
'*  be  t^xpreffed  by  the  *very  lame  Numbers  ;  and  cone. 
**  qntntly  the  fame  Proportion  will  always  be  kept  on 
«'  both  Sides.  As  for  Example  fake.  A-f-B  :  B  :  :  a  +  b 
•'  :  b,  btcaufe  9+3:3,  exprtlTeth  the  fame  Propor. 
'^  tion  }  which  is  Compofttion ,  The  fame  is  to  be  faid  of 
«'  all  the  Ways  of  changing  the  Terms  Therefore  let 
•'  BeginiiCrs  obferve  this  one  Thing,  that  Proportions, 
*'  which  arc  on  both  Sides  the  fame,  be  ever  changed  and 
"^  *'  ordered  in  the  very  fame  manner.     And  then  there  will 

*'  be  no  room  to  queftion,  whether  the  Proportions  wh'cK 
*'  arifer.n  born  Sides  be  alike  or  no.  It  is  indeed  a  Thing> 
*f  to  be  wonder'd  at,  that  no  one  of  thofe  who  have  hither- 
**  to  compiled  Elements  of  Geometry,  have  made  ufe  of 
^*  this  moft  eafy  Method  of  Stating  the  Equali'.y  of  Pro- 
**  portions,  for  the  UluHrating  of  this  Fifth  Book  about 
*'  the  Doftrine  of  Proportions.  Take  therefore  the  pri- 
^'  maty  Ways  which  Geometry  makes  ufe  of,  in  Reafoning 
«*  concerning  like  Proponions,  as  they  are  digelled  into 
'"  this  fhort  fable. 
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Let  it  be        A         ;  B         : :       a:     b  -.:  ^         ;  3 
7hen  it  njJiU 

be  h'j 
Alternating    A         'a         :  :       B  '.     ^  :  :  9  :  9  :  :  3  :  3 
Jnnsertirg       B         \  A         : :       ^  :     c  :  :     3  :  :  9 
Compounding  AA^B  '.B  :  :  «+^  •     ^  •  •  9+3  C'  2)  :  3- 

Dinjiding        A—B  :  B         :  :  «— ^ :     ^  : :  9 — 3    T^)  :  5 
Con<verttng    A         :  A-^-B  : :  a       \a-\~b:'.  9  :  94-3  (i  2) 
<?r  A         '.A — B::a        :a — ^::9:9 — ?    (6) 

Mixing  A-]-B : :  A--B  :  :  a-j-b  :  a — b : :  9+3  :  9— 3 : 

Ex  squo      A:B::a:  b,  ^  B  :  C  '.  \  b  -,  c,  then  A  :  C  ::  a  :  e, 

9  :  3  :  :  9  :  ^,  3  :  i  :  :  3  :  j ,  tben  9  i  : :  9  :  i. 
Ex  aequo  A :  B  : :  a  :  b,  ^  B :  C  :  :  r  :  a,  then  A  :  C  :  :  r  \b. 
Iperturbate.  8  :  3  :  :  8  :  3,  ^  3  :  Iz  :  :  2  :  8,  fhen  8:12::  2:3. 
Or  thus,        8  :  3  :  :  r6:  f ,    (ff  3  ;   z  : :  24  :  16.  then  8  :    z  : :  24  :  6. 

a\b  \\  e-\^a :  a-^b  iff  b  :  e  : :  a-^b :  a-^-e  then  a:e  :i  a-f-b ', 

€'\-b. 

He  therefore  that  is  expert  in  thefe  Ways  of  Reafoning 
**  concerning  Proportionals,  and  knows  how  to  bring  them 
**  into  Ufeupon  occafion,  will  feldom  ftand  in  need  of  the 
**  particular  Propofitions  of  the  t'lfth  Book.  Only  two  of 
**  them,  which  yet  are  almoft  Axioms,  may  not  improperly 
<*  be  inferted  and  illuftrated  by  Example,  in  Way  of  Appen. 
•*  dixy  becaufe  of  the  Frequency  of  their  Ufe  in  all  Parts 
*«  of  the  Mathematicks  -,  which  therefore  fhall  be  done  after 
"  the  Definitions. 

Definitions. 


I.  AN  AIiguot?aYt  of  Magnitude,  is  that  which  being  (6 
•^  many  times  more  or  lefsjepeated,  deth  meafure,  or 

is  jufl  equal  to  the  Magnitude.     An   Aliquant  Part  is   that 

which  doth  not  meafure  it. 
The  Length  of  one  Foot  is  an  Aliquot  Part  of  the  Length 

Df  10  Feet,  becaufe  being  ten  times  repeated,  it  meafures  it. 

But  the  Length  of  4  Feet  is  an  Aliquant  Part  of  a  Line  of 

lo  Feet,  becaufe  being  fo  many   times   repealed,    to  wit, 

twice,  it  falls  fhort  of  it,  but  being  thrice  repeated,   it  ex- 

:eeds  it. 
2.  One  Magnitude  is  faid  to  be  a  Multiple  of  another, 
f//jwhen  the  lefTer  mwfures  the  greater,  and  confequently  is 

an 
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as  Aliquot  ^TiXt  tne.eof ;  or   when  the  greater  contains  the 
leller  To  many  times  preciiely. 

3.  Proportion  is  ihe  mutual  Refpe'l,  as  to  Quantity,  of 
two  Magnitudes  of  the  lame  Kind. 

Thereiore  nere  are  in  all  Proportions  two  Terms,  oi 
which  that  is  csMcd  the  Antecedent  which  is  firll  named, 
or  whicxh  is  nam'd  in  the  Nominative  Cafe ;  the  other  the 
Confeqj'cnt. 

'■^htvi  the  Antecedent  and  the  Confequent  are  equal,  il! 
is  called  Proportion  of  Equality  ;  when  they  are  unequal, 
Proportion  of  Inequality. 

4.  Fvational  Proportion  is  that  which  is  betwixt  com 
menfurable  Ki?gnitudes,  and  may  beexpreiTed  in  Numbers 
Irr?wionaI  Proportion,  is  that  which  if  betwixt  Quantitie 
incommenfarable,  and  cannot  be  explicated  by  cny  Num 
bers. 

Moreover,  ccmmenfurable  Quantities  are  thofe  whici 
fome  common  Vleafure  meafureth  ;  Incommenfurable,  thof 
which  cannot  b-  meafured  by  any  common  Meafure. 

Tig.\.  /.  5.      5.  Two  Proportions  (that  of  A  to  B,  and  that  of  C  t( 
F)  are  ilike,  equal  or  the  fame  ;  when  the  Antecedent  0 
one  [A]  doth  equally,  or  in    the  fame  manner,   that  isl' 
neither  more  nor  lefs,  contain  its   Confequent  [B]  as  th 
Anrecedeni  of  the  other  [C,]  contains  its  Confequent  [i*  •] 

F/>  2»  ^*  when  the  Antecedent  of  the  one  [A]  is  fo  often  cor 

tain'c  in  its  Confequent  [B]  as  [C]  the  Antecedent  of  th 
other  IS  in  its  Confequent  [0.] 

|r/(r,  ■?,  6     i  wo  Proportions  are  unlike,  or  one  is  greater  tha 

the  other,  when  the  Antecedent  o{  one  [1]  doth  more  cor 
tain  its  Conlequent  [L,]   than  the  Antecedent  of  tlie  othc 

F/f.4^  [O]  doth  contain  its  Confequent  [Q^;j  or  when  the  Ant« 
cedent  of  one  is  lels  contained  in  its  Confequent,  than  th 
Antecedent  of  the  other  in  its  Conf.qucnt. 

7.  Like  or  fim'ilar  Part-,  are  ^hofc  which  are  equally  ( 
in  the  fame  manner  contain'd  in  their  Wholes  ;  fo  that  wh 
fort  of  Part  one  is  of  its  Whole,  fuch  a  Part  tne  other  is  « 
ils  Whole.  Which  thing  indeed  is  nothing  elfe,  but  th; 
the  Par:>  bear  the  fr.rae  ^'roportioii  to  their  VV holes. 

Aliquot  Parts  are  alike,  which  do  equally  meafure  the 
"Wholes,  as  if  each  of  them  be  one  Third  or  one  TentI 
ISc.  of  its  Whole. 

8.  Ma<:;nitude5  [A,  E,  C.  D]  are  fa'd  to  be  continua: 
proportional  when  the  middle  Terms  [B,   C]  are  tak< 

twio 
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twice  ;  that  is,  when  they  are  each  ot  them  a  Coofequent  in  F/>.  6. 
refpeft  of  the  foregoing,  and  an  Ancecedent  in  relped  of 
J^the  following. 

We  thus  pronounce  continual  Proportions.     A  is  to  B, 
as  B  to  C  ;  and  B  is  to  C,  as  C  is  to  D.     And  fo  on 

9.  Magnitudes  are  diiaeteiy  proportional  when  no  Term 
is  twice  taken. 

Difcrete  Proportions  we  thus  pronounce  :  A   is  to  B,  as  Tig.  \, 
C  to  F.     When   they   are  more  ri  an  three  proportional 
Magnitudes,   if  they  be  faid  to  be  proportional,  they  are 
always  undrrftood  to  be  difcretely  fo. 

10.  When  theMngnitudes  [A    B.  C,  D]  are  continually  ^'1?.  6. 
proportional,  the  hilt  [Aj  is  iaid  to  have  to  the  third  [l] 

a  duplicate  Proportion  of  that  which  it  hath  to  the  fecond 
[B  :]  And  the  firft  [A]  is  laid  to  have  to  the  fourth  [D]  a 
triplicate  Proportion  of  that  which   the  fame  hill  hath  to 
diithe  fecor.d  [B  :]  Ard  fo  forwards. 

ofei  ['*  If  one  triplicate  Proportion  be  equal  to  another  dupli- 
cate Proportion,  the  latter  fimple  Proportion  Ihall  be 
fefquiplicate,  or  one  and  a  half  of  the  former  fimple 
Proportion  Let  A,  6,  C,  D.  be  -f^  ;  and  a,  b,  c.  -^  ; 
15,1"  and  let  A  the  fi;  11  in  the  former  Analogy  be  unto  D  the 
tlit|«*  fourth  ;  as  [a]  the  firft  in  the  fecond  Analogy  is  to  [c] 
.][•«  the  third  ;  1  lay,  that  [a]  is  to  [b]  in  a  Proportion, 
oiiji»<  which  is  one  and  a  half  of  that  which  A  is  in  to  B. 
^or  let  '  be  a  middle  Proportional  betwixt  B  and  C  : 
Or,  which  is  the  fame  thing,  betwixt  A  and  D  Be- 
caufeof  the  Eqjality  of  the  Proportions  of  A  to  D,  and 
coi4**  [a]  to  [c]  and  the  middle  Proportifons  on  both  Sides  F 
M'*  and  [b  ;]  it  will  be  A  :  F  :  :  a  :  b.  But  the  Proportion 
iite|**  of  A  to  F  is  compounded  of  the  entire  Proportion  of 
A  to  B,  and  of  the  Proportion  of  the  fame  B  to  F 
halved  ;  and  confequently  the  Proportion  of  [a]  to 
[b  ]  which  is  equal  to  that  of  A  to  F,  contains  the 
entire  Proportion  of  A  to  B,  and  alfo  the  fanriC  halv  d, 
isr-  to  wit,  the  Proportion  of  B  to  F.  But  the  whole  Pro- 
tli**  portion,  with  its  hsif,  is  a  fefquiplicate  or  fefquialteral 
Proportion,  or  that  which  is  one  and  a  half  of  the 
other,  [a]  Therefore  is  to  [b]  in  a  Proportion  iefqui- 
plicare  of  that  of  A  to  B.  bo  in  Afironomy,  fince  the 
Cube;;  of  the  Diflances  of  the  Planets  from  the  Sun  bear 
jiij''   that  Proportion   one   to  another,   which  the  Squares  of 

**  their 
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**  their  periodical  Time?  bear ;  fo  that  rhe  triplicated  Pro- 
*«  portion  of  the  Diftances,  is  the  lame  with  the  Dupll- 
«'  cate  one  of  the  periodical  Times  ;  it  is  wont  to  be  faid, 
*«  that  the  periodica!  T^mes  are  in  a  fefquiplicate  or  fefqui- 
**  alteral  Proportion  of  their  Diftances  from  the  Sun.] 

II.  Antecedent  Magnitudes  are  faid  to  be  Homologous, 
or  like  to  Anteceaent,  and  Confequent  to  Consequent  Mag- 
nitudes. As  if  A  is  to  B,  as  C  to  F  i  A,  C,  and  B  F,  are 
homologous  Quantities. 

XII.  If  a  Set  of  Pairs  of  Quantities  contain  every  one 
the  fame  Proportion,  that  is  the  very  Proportion  alfo  which 
the  Sum  of  all  the  Antecedents  bears  to  the  Sum  of  all  the 
Confequents. 

20+6+8+18-1-14=66 

10+3+4+9+7=33 

XIX.  If  Parts  be  as  Wholes,  the  Remainders  will  be   ^ 
alfo  in  the  very  fame  Proportion. 

If  30  be  to  20,  as  3  to  2  ;  27  will  be  to  18  alfo  as  3c 
to  20,  or  as  3  to  2. 
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TH  E  Dodlrine  of  Proportions,  which  was  generally 
fet  forth  in  the  Fifth  Book,  is  applied  in  the  Sixth, 
to  plain  Figures.  And  thofe  Things  which  are  de- 
livered in  this  Book  are  fo  neceiTary  to  be  known,  that 
without  them  no  Man  can  penetrate  into  the  Secrets  cf 
Geometry,  and  reap  the  fweet  Fruits  of  the  Mathematicks. 
Each  Propofition  deferves  to  have  an  Encomium  annexed  ; 
fo  great  is  the  Utility  of  all. 

*'  This  Sixth  Book,  as  hath  been  faid,  begins  to  apply 
**  that  excellent  Do^riue  concernirig  Geometrical  Propor- 
tion, which  was  juft  before  delivered,  to  divers,  and 
thofe  certainly,  inoft  notable  Ufes  ;  and  beginning  with 
Triangles,  the  moft  fimple  of  Figures,  fearches  out  their 
**  Sides  and  Areas,  as  they  anfwer  to  one  another  in  a  cer. 
**  tain  Proportion.  Then  it  defines  proportional  Lines,  and 
•*  the  proportional  Augmentations,  or  Diminutions  of  Fi- 
'*  gures ;  and  fhevvs  in  what  manner  we  may  either  encreafe 
"  or  diminifh  them  according  to  any  Proportion  given.  It 
opens  likewife  the  Goiden  Rule,  or  R-jle  of  Proportion, 
the  very  chief  of  all  Arithmetick  ;  and  demonflrates 
that  in  a  Reftangle  Triangle,  not  only  the  Squ:-e,  but 
alfo  the  Pentagon,  Hexagon*  and  in  general,  every  re- 
j  '•  gular  Polygon,  which  is  defcribed  by  the  Hypothennfe, 
is  equal  to  the  Square?,  Pentagons.  Hexagons,  or  any 
regular  Polygons  whatfoever,  that  are  dcicrib'd  by  the 

**  two 
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"  two  Sides.      It  allb  propounds   moll  eafy  and  certain 

'*  Principles  for  meafuring  as  well  Solids,  as  Lines  and  bur. 

«*  faces,  wh.ch  are  of  very  great  Ufe  in  all  Parts  of   the' 

**  Mathematicks. 

Definitions. 


I,  T   IKE  or  fimihr  Figures,  are  thofe  which  both  have 
■^  all  the  Angles  equal,  each  to  each  other  reipedively 
and  the  Sides  which  are  oppokd  to  the  equal  Angies,  or 
which  are   betwixt  them,  or  which  are   about   the   equal 
Angles,  (for  they  cemeall  to  one)  Proportional. 

F/>.  7.  /.  6.  As  the  Triangles  X,  Zi  will  be  laid  to  be  like,  or  fimilar, 
if  the  Angle  A  be  equal  to  the  Angle  F^  and  the  Angie  B 
equal  to  the  Angie  I,  and  conlequently  the  Angle  C  equal 
to  the  Angle  L  :  And  moieovfr,  if  A  B  be  to  t  I,  as  B  C 
to  Li  ;  and  &C  is  to  LI,  as  CA  is  to  LF  ;  and  CA  to  L  F,: 
as  AB  to  F  I  ;.by  comparing  always  the  Sides  oppohte  tc 
the  equal  Angles.  In  the  lame  manner  the  Likcneis  of  all  k 
1-ight-linM  Figures  may  be  explained 

F/V.  29  2     ktciprocal  Figures  are  when  the  Antecedent  and  ConJ  v. 

fequent  Terms  of  the  Proportions  appear  on  both  bides 

As  m  tht  Parallelograms  X  Z, 

If  ACbetoCB. 

As  FC  is  to  C  :,. 

The  Antecedents  here  are  AC   and  F  C,  of  which  there  Jifeli 

one  in  both  Figures  ;  and  tiie    Confequents  are   C  B,    and  X 

C  L;  of  which  likevwie  there  is  one  in  tach  Figure.     An<  it 

therefore  the  Parallflogram  X,  Z,  are  called    Reciprocal 

UndeiHanding  che  fame  of  other  Figures. 

3.  The  Alritude  of  a  Figure  is  the  Perpendicular  let  ful 
from  the  Top  to  th^  .'Jafe.  This  is  with  Euclid  the  fcurtl 
Di^finition. 

F/f.  I.  A.  the  Altitude  of  the  Trijngle  A  B  C  is  the  Perpendicu: 

ill-  A  Q^,  which  fallj  from  the  Top  upon  the  Bafe  B  C 
either  wiurn  the  Tiianf^lt  o;  without,  upon  the  Bafe  pre 
tracied      Now  the  Bafe    ■  d  1  up  are  airv^med  at  P  eafure 

4.  Like  Arches  i.r  '.  ire  s  are  ihofe  w»  ich  have  the  fanij 
Propo' ti'  n  unto  tneir  v  hoie  Circumferences. 

A  jf  each  of  mem  be  a  Third  or  Fourth  Part,  l^c,  c 
that  v.ircumferencc. 
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PROPOSITION!.     Theorem. 

nrRiangles{ABC,  DEF)  and  FarallelogrtmsFh.z. 

(AOPC,  D^JiF)  which  are  betwixt  the 
fame  Parallels^  or  have  the  fajne  Altitude^  have 
the  fame  Proportion  betwixt  themfelves  as  theif 
Bafes,  (AC,DF) 

Upon  this  Theorem  the  whole  Sixth  Ecok  depends,  yest, 
A^hatlocver  any  where  is  deniDnftrated  about  Figures  by 
"Proportions,  whether  Plane  or  Solid. 

Let  there  be  taken  any  Ah'quoi  Part  of  the  Bafe  D  F  ; 

.  g.D  G  one  Third,  and  let  the  right  Line  G  E  be  drawn  : 

The  Triangle  D  EG  will  likewife  be  one  Third  Part  of  the 

C Triangle  D  E  F,  as  is  gathered  from  38.  1.  i.     Wherefore 

!)  G,  and  the  Triangle  D  G  E   are  Like  Aliquot  Parts  of 

\a  heir  Confequents  *.     Then  lei  there  be  taken  away  D  G  *  Pi'r 

ill  rom  the  Bafe  AC,  as  often  as  ir  can,  as  fuDpoie  fix  tanes,  ^'-y"-  ?• 

nd  let  the  right  Lines  H  B,   IB,  KB,  LB.  MB,   N  BJ- S- 
B,  c  drawn.    Becaule  the  Lines  C  H,  HI,  &€.  are  c^cii  of 
hem  equal  to  D  G,  the  fix  Trirngles  CB  H,  H  B  I,  (fTc 
re  eacn    of   them  {a)   equal   to    the  Triangle   D  E  G.  Ca)  ■P^»'38. 
""herefore  as  often  as  D  G  is  contain'd  in  the  An.eceder.t  ^' ^* 
iC,  f.  often  is  the  Triangle  D  EG  contained  in  the  Tri- 
,  igle  ABC.     By  the  fame  Reafoning  it  may  be  fhevv'd, 
rJiat  the  like  Aliquot  Parts  whatfoever  of  the  Confequents 
Ihc  Bafe  D  F,  and  tne  Triangle   D  E  F}  are  in  an  equal 
iffumbcr  contained  in  the   Antecedents  (the  Bafe  A  C,  and 
le  Triangle  ABC:)  Therefore  as  the  Bafe  A  C,  is  to  the' 
^afe  D  F  ;  fo  is  the  Triangle   ABC,   to   the   Iriancle 
>EF.     ^E.D, 

But  now  becaufe  the  Parallelograms  AP,  D  R  are  {^}Yb'  Pct 
)uble  to  the  Triangles  A  B  C,  D  E  F,  they  alfo  will  be  as  41,  /.  i, 
iieir  Bafes. 


Corallary. 


:SI 


PHE  Triangles  (A  B  C,  F  I  L)  and  the  Parallelograms  F/>.  3. 
■■     which  have  equal  Bafes  (A^C,  FL)  or  the  fame,  iiave 
'^t Proportion  one  to  ajiotker,  ».;.ich  their  Altitudes  (BO, 
Q)  have. 

For 
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For  let  Q^S,  O  R,  be  made  equal  to  the  equal   Bafes 

(F  L,   AC  ;)  Q^S,  O  R  will  then  be  equal       Draw  S  f . 

R  B.     If  in  the  Triangles  O  B  R,  QJ  S,  you  take    B  O,, 

IQ  for  the    Bafes,  OR,   Q^S,   will    be   their    Altitudes; 

which  feeing  they  are  equal,  the  Triargies   OBR.   Q^I  S 

(q)  Pen.    (f)  will  be  betwixt  themfelves,  as  their   Bafes   B  O,  I  Q^ 

/.  6.  But   becaufe  by  the   Conftruftion,  O  R  is  equal   to  A  C, 

(d  -  Per  38.  and  Q^S  equal  to  F  L,  the  Triangles  OBR,  QI  S,  are  (d) 

'.'•  equal  to  the  Triangles  ABC,   F  J  L.     Therefore  the  TrL 

^'^'  ^^'     angles  A  E  C,   F  1  L,  are  alfo  as  B  O  is  to  Q  I. 

Corollary  (2)  "   Hence  a  Trapezium  A  B  C  D,    whofe 

**  'Sides  A  D  and  B  C  are  parallel,  may  be  divided  into  an)^ 

**  ,equal  Parts    wha:foever.      For  let  C  E  be   made  equal 

*'   to  A  D.     Becaufe  of  the  Equality   of  the  Angles  ver:i- 

(e)  Per  15.  ,,  ^^jiy  oppoiije  (^)  A  F  D,  E  F  C,  and  of  the  alternate 

(\\'p    o     **   ^^"^^^  '/)  ^  '^  P»   "^  ^  ^'  and  A  D  F,  E  C  F,  and  the 

X\/^^''*  Equality  of  the  Bafes  AD,   C  E,  by  Conftruaion.  the 

{%)  Per      "  Triangles  AD  F,  FCE   g,^  are  equal ;  and  therefore  the 

26.  /.  I.       **  Triangle   A  B  E  is  equal  to  the  Trapezium  A  B  C  D, 

**  Therefore  theBafeB  E  being  divided  into  any  equal  Partf 

**'  whatfoever  ;  as  for  inftance,   three,    BG,   G  R,  RE, 

•*  the  Triangles  ABG.  AGR,  AR  E,  Ihall  each  of  then 

"  be  one  fhird  Part  of  the  Trapezium.     ^   E.  L 

PROP.  II.     Theorem. 
f''i'4.       JF  to  one  Side  of  a  Triangle  {as  BC).  there  h 
drawn  (FL)  a  Parallel,  this  nits  the  Side: 
proportionally,  that  is,  (AF)  will  be  to(FB 
as  (AL)  to  \LC.) 

And  if .  the  right  Line  (F  L)  cuts  the  Side, 
(BA,  CA)  proportiojially ,  it  will  be  pardlel  t^ 
the  other  Side  (BC.) 

(a^  Per -^7.      Part  I.  Let  B  L,  C  F  be  drawn,  becaufe  F  L  is  fuppofe 
^- I-  parallel  to   hC,  the  Triangles    ^  B  1.     LUh    having  th 

y^/.^l/^' ^-^^^  ^^^^  ^'^ '"")  ^^^^^^-  Iherefore  the  Triangle  X  hat 
{°c<^Ryt'be  ^^^  ^^"^^  Proportion  to  both;  now  the  Triangle  X  ie  t 
^"  the   1  riangle  FB  L,  as  the  fame  Triangle  X  U  to  thr 


fame. 


LCF.  But  the  Triangle  X  is  to  the  Iriantile  F  B 
{h,)  as  A  F  is  ;  FB  ;  and  be  Triangle  X  is  to  that  f,C 
as  A  r,  (c  is  L  C  Iherefore  alfo  A  F  is  to  F  B,  ; 
ALtoLC.    O.E.D. 

^  Fa 
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Part  II.  As  A  F  is  to  F  B,  fo  is  the  {d)  Triangle  X  to  fd)  By  the 
the  Triangle  F  B  L  :  And  as  A  L  is  to  L  C,  fo  is  the  famc^'--J'-  X?. 
Triangle  X  to  the  Triangle  LCF.  Now  A  F  is  iup- 
pos'd  to  be  to  F  B,  as  A  L  is  to  L  C.  Therefore  the  Tri- 
angle X  is  to  the  Triangle  F  B  L,  as  the  fame  X  is  to  L  C  F. 
Therefore  the  Triangles  F  B  L,  L  C-  F  are  equal.  Therefore 
feeing  they  have  a  common  Bafe  F  L,  the  Lines  F  L,  B  C, 
are  [e)  parallel.     ^^  E.  D.  (q)  Per  ^(^, 

^  I.  I. 

.  Qorollar^]. 

TF  unto  (BC)  one  Side  of  a  Triangle  there  be  drawn  more  Tig.  5. 
*■-  Parallels  (1  O,  F  L)  all  the  Segments  of  the  Sides  will 
be  proportional. 

Let  F  Q  be  drawn  parallel  to  AC.   The  right  Lines  F  S, 
SQ^,  are  equal  (/)  to  L  O,   OC.     But  B1  is  to  F  I,  as  rf )  p^^3^, 
Q^S  to  S  F.  {a)     I'herefore  B  I  is  alio  to  I  F,  as  C  O  to  /.  1 
O  L.  (a)  Per  jL 

PROP.  III.     Theorem.  ^'^' 

TF  a  right  Line  (B  F)  which  hi  feds  an  Angle  rig.  6. 

of  a  Triangle^  doth  alfo  cut  the  Bafe  (AC.,) 
the  Segment  of  the  Bafe  (AF^  FC)  will  ha^ve  the 
fame  Proportion  betwixt  themfehes  as  the  Sides 
(AB,  BC)  have. 

And  if  the  Parts  of  the  Bafe  (AF^  FC)  hare 
the  fame  Proportion  betwixt  themfelves^  as  the 
other  Sides  (AB,  CB)  the  Line  (BF)  which  cm 
the  Bafe,,  hifeBs  the  oppofite  Angle  {ABC.)    ^ 

Part  I.  Draw  forth  CB  until  B  L  be  equal  to  B  A  ;  and 
join  A  L.     Eecaufe  in  the  Triangle  Z,  the  Sides  L  B,  A  B, 
are  equal,  the  Angles  alfo  (h)  L  and  O  are  eq-jal      Becaufe  ,  b)  Per  5. 
therefore  the  external  Angle  ABC  is  equnl  to  the  two  in,/,  i. 
ternal  ones  (c)  L,  O,  the  Angle  J,  which  by  the  Hypcthe-(c;  P^r  32, 
fis  is  half  ABC,  will  be  equal  to  the  Angle  L.     Therefora-^- ^• 
A  L,  F  B   {d)    arc    parallel.     Therefore    in    the   Trinngle)^^'^ '^''^^V- 
ACL,  AF  IS  toFC  (^)  as  LB  (that  is,  A  E)  is  to  BC.^^p.^^ 

I  Part 
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Part  II.  Protra£l  C  B  again,  until  B  L  be  equal  to  B  A. 

Becaufe  AF  is  fupposM  to  be  to  F  C,  as  A  B  (that  is,  LB) 
fa)  Per  2.  is  to  B  C  ;  A  L,  F  B  (^}  are  parallel  Therefore  the  ex- 
^'  ^-  ternal  Angle  I  is  equal  to  the  internal  one  L  {6)  ;   and  the 

C^) '^^'' 2"' alternate  Q  equal  to  the  alternate  O.  But  becaufe  L  B, 
/}'  A  B,  are  equal,  the  Angles  L  and  O  (c)  are  equal.     There- 

S)    ^''S'    f-Qj-g  J  gj^jj  Q  aj-e  alfo  equal.     Therefore  A  B  C  is  bifeded. 

Q^E,  D, 

PROP.  IV.     Theorem. 

'TRiangles  which  are  Equiangular  to  one  ano- 
ther^ are  like  or  fimilar^  that  is^  have  their 
Ca)  Per      ^^^^^  ^If^  (^)  ^^^^^  ^^^  oppofite  to  the  equal  Angles  > 
Def.  I.  /.  (2,  proportional. 


Tig.  7.  In  the  Triangles  X,  Z,  let  the  Angle  A  be  equal  to  the 

Angle  F,  and  the  Angle  C  to  the  Angle  I.,  and  the  Angle 
B  to  the  Angle  I  ;  1  fay,  that  A  B  is  to  F  f ,  as  A  C  is  to 
F  L;  and  A  C  is  to  F  L ,  as  C  B  is  to  LI;  and  C  B  is  to 
LI,  as  B  A  is  to  FI. 

Tig,  J,  8.  Dcmonji.  U  the  Angle  F  be  laid  upon  its  Equal  A,  the 
Sides  F  1,  F  L,  will  fall  upon  the  Sides  A  B,  AC.  And 
becaufe  the  external  Angle  A  I  L  is  by  the  Hypothefis  equal ' 

(b)  F/f.  8.  to  the  internal  B  {b),  therefore  (c)  I  L,  B  C,  are  parallel. 
alone.  Therefore  B  I  is  to  I  A  {d)  as  C  L  to  I.  A.     Therefore  by 

(c)  P^r29. compounding,  B  A  is  to  I  F.  as  C  A  to  L  F.  And  if  the 
rdl'p"  A"g^e  L  be  laid  upon  the  Angle  C,  it  will  be  fhe^v'd  in  the 
J  ^    °^^-    fame  manner,  that  A  C  is  to  F  L,  as  B  C  is  to  I  L  ;  and  if 

the  Angle  I  be  laid  upon  the  Angle  B,  it  will  be  fhew'd  in 
the  fame  manner,  that  B  C  is  to  1  L  as  A  B  to  F  I.  The 
Propofiticn  therefore  is  prov'd. 


. 


Corollaries, 

Fig.  8.  1. 1  F  in  a  Triangle  a  Line  L  I  be  drawn  parallel   to  one 

A  Side  B  C,  the  Triangle  L  F  1  will  be  like  to  the  Whok 

CBF;  and  confequently    CF  will  be  to  L  F,  as  BC  tc 

-Vj  I. 

For  becaufe  LI,  B  C.  are  parallel,  the  external  Angle: 

F  I  L,    F  L  I   will    (per  27.  /.  I.)  be   equal  to  the  interna 

ones  B    and  C  :  But   F   is   common   to  both    Triangles 


There    i> 
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Therefore  they  are  equiangular.     Therefore  the  Sides  C  F, 
L  F  oppofite  ro  the  e-ual  Angles  B  and  F  I  L  («)   are  pro.  (a)  By  the 
portional  to  the  Sides  B  C,  L  J,  which  are  oppofed  to  ih^jf^orfgoifi?, 
common  Angle  F. 

2.  \i  in  a  Triangle  a  right  Line  B  F,  drawn  from  theF/j-.  9. 
oppofite  Angle  B,  doih  cut  the  Parallels  A  C,  L  O,  it  cuts 
them  proportionally. 

For  by  Corollary  f .  A  F  is  to  L  I,  as  F  B  is  to  I  B  ;  and 
F  C  alfo  is  to  I  O,  as  F  B  is  to  I  B.  Therefore  A  F  is  to 
LI,  as  F  C  to  10.  Therefore  by  changing,  AF  is  to 
F  C,  as  L  [  to  I  O. 

[3.  From  Corollary  i.  '*  Wc  learn  to  find  the  HeighthK-j-.  51^ 
**  of  a  Tower,  or  any  elevated  Point,  by  only  the  Shadow 
*'  of  a  Staff.  Fix  the  Staff  F  L  perpendicu'arly  uron  the 
**  Ground  in  that  Place  where  the  Ray  of  the  Sun  X  B  A, 
*'  that  terminates  the  Shadow  of  the  Foiver  B  Z  may  alfo 
*'  pafs  through  L.  There  wiU  be  in  the  Triangle  A  Z  B, 
*'  the  Line  F  L,,  parallel  to  the  Heighth  of  the  J  ower  Z  B, 
"  Whence  as  A  F,  the  Diftance  of  the  Staff  from  the 
*'  Point  of  the  Shadow,  i:  to  F  L,  the  Length  of  the 
"  Staff;  fo  is  A  Z,  the  Diflance  of  the  Tower,  from  the 
*'  Point  of  the  Shadow,  to  ZB,  the  Heighth  of  the 
"  Tower.  And  becaufe  the  three  firfl  Terms  are  eafily 
"  had  by  meafunng,  the  fourth  alfo,  i.  e.  the  Heighth  of 
*'  the  Tower  is  had  alfo.     ^  E.  1. 

4.   "  From  this  alfo   incomparably  ufeful  PropofitJon,  F/V.  52. 
**   we  may  deduce  that  famous  Theorem  of  Ptoiomy  ;  to 
**  wit,  that  in  every  Quadrilateral  infcrib'd  in  a  Circle,  the 
•'  Re(flangle  of  the  Diagonals  ACxBO  is   equal    to  the 
••  two  Reflangles  of  the  oppofite  chides,  A  BxC  D    and 
*'  A  DxB  C.     For  let  the  Angle  E  A  E  be  made  equal  to 
"  the  Angle  CAD.     Becaufe  the  Angles  B  A  E,  C  A  D, 
'*'  are  equal  by  Conflroction,  the  Angles  ABE,    A  C  D. 
**  {landing  upon  rhe  fame  Arch    A  D,  are  *  equal  j  there-*  s^^^t 
"  fore  the  Triangles  B  A  E,  CAD,  are  alike.     And  AC;/.  3. 
*•  C  D  :  :  A  B  :  rt  E  ;  and  confequently  f  the  Redlangle  q{\  Per  16. 
**  the  Extremes  A  CxB  E  is  equal  to  the  Reclangle  of  the^,  6. 
**  Means  C  DxA  B.     Jn   like  manner,  becaufe  the  Angle 
**  E  A  D    is  equal   to  the  Angle  B  A  C  by  C  on(lru6\ion, 
**  an4  the   Angles    A  D  £,   ACB,  as  {landing  upon   the 
"  fame   Arch    A  B,   are  equal  :    The  Triangles    A  D  E, 
"  ACB,  will  belike;  and  A  D  :  D  E  :  :  A  C  :  C  B.     And 
' '  therefore  the  Redangle  of  the  Extremes  A  DxC  B   is 
I  2  *♦  equal 
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"  equal  to  the  Reflangle  of  the  Means  D  ExAC.  But  the 
(a)  Per  I.  **  Reftangles  A  CxB  E,  and  A  CxD  E,  are  equal  (a)  to  the 
/.  I.  **  Redangle  ACxB  D.  Therefore  the  Reftangles  ABxDC, 

**  and    A  DxB  C,   which  are  made  by  the  oppofite  Sides, 

**  are  equal  to  the  Reftangle  ACxB  D,  which  is  made  by 

"  the  Diagonals.     Q^E.  D. 

PROP.  V.    Theorem. 

h£.  lo;  tF  two  Triangles  hare  all  their  Sides  propor- 
■i  tional  each  to  eachy  they  fiall  alfo  he  mutually 
Equiangular. 

That  is,  if  A  B  be  to  R  F,  as  A  C  to  R  Q.;  and  as  A  C 
is  to  R  CL,  fo  is  C  B  to  Q^F  ;  and  as  C  B  is  to  QJ",  fo  is 
A  B  to  R  F  ;  I  fay,  that  the  Angles  oppofite  to  the  Ante_ 
cedents,  are  equal  to  the  Angles  oppofite  to  the  Confe. 
quents  j  to  wit,  C  to  I,  and  B  to  F,  and  A  to  O. 

Ang.  Antec.  Confeq.  Ang. 

C  AB                  RF                 1 

B  AC                 RQ^               F 

A  CB                  QF                O. 

Make  X  and  Z  equal   to   A  and  C ;  and  let  the  Sides 

(a)   Per     meet  in  N.     The  Angles  B  and  N  will  {a)   be  alfo  equal. 

Corol.  9.      Becaufe  therefore  the  Triangles   P,  T,  are  Equiangular, 

^.32.  /.  I.  A  B  {by  the  foregoing)  will  be  to   R  N,  as  A  C  to  R  Q. 

But  by  the  Hypothefis,  A  B  is  to  R  F,  as  A  C  to  R  Q. 

Therefore  A  B  is  to  R  F,  as   the  fame   A  B  is  to  R  N. 

Therefore  R  N,  R  F,  are  equal.     In  the  like  manner,  I 

might  Ihew  that  QN  and  Q^F,  are  equal-     Therefore  the 

Triangles  T,  S,  are  equilateral  to  each  other.     Therefore 

the  Angles,  J,   F,  O,  are  equal  {per  8.  /.  1.)  to  the  Angles 

Z,  N,  X,  that  is,  by  the  Conllruaion  to  the  Aagles,  C,  B, 

A.     [l^E.D. 

PROP.  VI.     Problem. 

^'£.  10.      JF  two  Triangles  (P,  5,)  have  an  Angle  (A^)- 
•^  equal  to  one  Angle  (0  ;)  and  the  Sides  (ABj\ 
ACy  RFy  R^y)  which  contain  the  equal  Angles 
proportiotial '^  the  Triangles  will  be  like. 
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Let  X  and  Z  be  made  equal  to  the  Angles  A  C,  and  the 
Sides  meet  together  in  N.     Therefore  the  Angles  B  and  N 
will  t  be  alfo  equal.     Then  it  may  be  fhew'd,  as  in  the(f)  pgy 
foregoing,  that  R  F,  R  N,  are  equal.     But  R  Q^is  com- Coro/.g.. 
mon  to  both  Triangles  S,  T.     The  Angles  alfo  O  and  XP-  32./.  i. 
are  equal,  becaufe  they  are  equal  to  the  fame  A,  the  one 
X  by  the  Conftrudion,  and  O  by  the  Hypothefis.    There- 
fore (c)  I  and  F  are  likewife  equal  to  Z  and  N.     Therefore  (c)  Per  aI 
the  Triangle  S  is  Equiangular  to  the  Triangle  T  ;  that  is,  /.  i. 
by  the  Conltru61ion,  to  the  Triangle  P.     Therefore  S,   P 
are  like  {j>er  4.  /.  6.     ^.  E,  D. 


I 


PROP.  VII. 

S  fcarce  of  any  Ufe, 

PROP.  VIII.     Theorem. 


TN  a  Re  Bangle  Triangle  y    the  Perpendicular  fi^,  n. 

{B  C)  let  down  from  the  right  Angle  to  the 
Bafe^  cuts  the  Triangle  into  Parts  like  to  the 
Whole y  and  betwixt  themfehes. 

In  the  Triangles  A  B  F  and  L,  the  Angle  F  is  common, 
but  the  Angles  A  B  F  and  X  are,  by  the  Hypothefis  right 
ones,  and  confequenlly  equal.     Therefore  the  other  Angles 
A  and   O   are  (^)  alfo  equal.     Therefore  *  the  Triangles  (b)  Pe^- 
A  B  F  and  L  are  like:     In  the  fame  manner  the  Triangles  Corol.  9. 
A  B  F  and  R  may  be  fhew'd   to  be  equal,  and  the  Angle  I  P^°P-  32. 
equal  to  the  Angle  F.     From  which   it  is  now  manifeft,  ^'  '• 
that  R  and   L  alfo  are  like,  feeing  the  Angles  I  and  F,  O  ,  ^/^  ^' 
and  A,  U  and  X,  are  equal.     ^  E,  D.  -  ^' 

Corollaries. 

FIRST,  B  C  is  a  mean  Proportional  betwixt  A  C  and 
C  F. 

I  3  For 
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For  feeing  there  be  in  the  Triangle  R  and  L, 
equal  Angles,  1  F  7  ^equal  Angles,  A,  O 

Sides  oppofed,  AC,  Cd\  ^ Sides  oppofed,  C  B,  C  F. 
(a)  Per  4.  It  is  manifcil  [a]  that  A C  :  C  B  :  C  F  ~ 

*''  "•  2.  B  F  is  a  mean  Proportional  betwixt  A  F,   and  CF. 

Likewife  AB,  a  mean  betwixt  FA,  and  C  A. 
For  in  the  Triangle  AB  F  and  L. 
equal  Angles,  ABF.  X?    \equal    Angles    A,  O 

Sides  oppofed,  A  F.  B  F^  "^  bides  oppofed.  B  F,  C  F. 
Cb)  By  the       Theretore  A  F  (b) :  B  F  :  :  B  F  :  C  F.    Likewife  becaufe 
famt.  jj^  Triangle  A  B  F  and  R  there  be 

equal  Angles,    ABF,  V^  ^  equal  Angles,     F,  I 

Sides  oppofed,  A  F,  A  B^"  "^  Sides  oppofed,  AB,   AC 

It  will  be  again  A  F  :  A  B  :  A  C  ^ 

¥ig.  u.  3.  •*  Hence  we  learn  to  meafure  an  inacceffible   Line, 

*'  one  Term  whereof    is  acceffible.     Let  the   inacceffible 

*'  Line  be  C  F.     Let  there  be  raib'd  from  the  Point  C  the 

**  Perpendicular  C  B  :  And  to  any  Point  of  this  Perpendi- 

"  cular,  as  B,  let  there  be  applied  a  Square,  or  any  right 

"  Angle  ABF;  fo  that  in  looking  along  the  Line  B  F 

*'  the  Point  F,  and  along  the  Side  B  A,  the  Point  A  may 

■**  be  obferved       Let  the  acceffible  Line  A  C   be  meafured 

**  and  from  the  following  Analogy  the  inacceffible  C  F  will 

**  be  made  known.    AC  :  C  B  :  :  C  B  :  C  F.  Let  the  Square 

'^  then  of  the  Line  C  B  be  divided  by  the  Line  A  C,    and 

(OP^rC'j-**  ^^^  Quotient  {c')  will  give  the  fought  Line  CE.  ^E.I, 

roL  2.  p.17. 

^•6-  PROP.  IX.     Problem. 

f/?.  12.      nro  dh'ide  a  given  Line  (AB)  according  to  a 
given  Proportion  FI  to  IL.) 

Let  the  infinite  Line  A  Z  be  drawn.  From  which  take 
AQ^,  QR,  equal  to  FI,  IL.  From  R  draw  R  B.  Pa- 
jallel  to  this,  draw  Q  C  from  Q.  1  fay,  the  Thing  is 
done. 

It  is  manifefl  ficm  Fropcjuion  2.  L.  6. 


PR  Of 
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P  RO  P.  X.     Problem. 

n^O  divide  a  given  Line^  as  {A  B)  in  like  man-  ^'i-  n- 

ner  as  another  given  one  (A  I)  hath  been  di- 
vided (in  F,  C.) 

Let  the  right  Line  I  B  join  the  Extremities  of  the  two 
Lines.  Draw  Parallels  to  this  from  the  Points,  F,  C, 
which  may  meet  the  right  Line,  that  is  to  be  cut,  A  B  in 
L  and  Q_.     I  fay  tne  Thing  is  done. 

This  is  maniiell  from  the  Corollary  of  Fropofuion  2.  /.  6. 

[''  Or  thus,  if  the  cut  Line  I  A  be  greater   than  that  f/f.  53. 
*•  which  is  to  be  cut,  B  Q_ ,  let  three  Circles  touching  one 
**  another,  be  defcrib'd  with  the  Diameter  1  F,  I  C,  I  A  ; 
*'  and  let  the  Subtenfe  B  Q^be  fitted  from  the  Point  1   to 
**  the  Circumference  of  the  greatell  Circle  :  the  two  lefTer 
**  Circles  will  cut  the  Line  B  Q^in  the  Points  L,  P,  in  the 
*'  Proportion  *  of  the  Sedions  of  the  Diameter  J  A.     \{ *  Per  Co- 
•*  the  Line  1  A  be  cut  into  four  Parts,  four  Circles  are  to  r5/.4.^.3i. 
**  be  drawn  ;  if  into  five,  then  five  Circles ;  and  (o  infinite.  ^-  3. 

"  ly.] 

Scholium. 

■pROM  this  Proportion  we  learn  to  cut  a  right  Line  given  Fig,  13. 
-■■  into  any  equal  Parts  whatfoever.  Let  an  infinite  right 
Line  make  any  Angle  with  the  right  Line  to  be  cut,  A  B  ; 
from  which  take,  with  a  Pair  of  Compaffes,  fo  many  equal 
Parts,  AC,  CF,  F\,  as  you  would  divide  AB  into. 
Draw  the  right  Line  I  B,  and  the  Parallels  to  it,  F  L,  C  Q^ 
I  fay  the  Thing  is  done. 

We  may  do  the  fame  Thing  otherwife,  and  more  eafily  piz  14. 
afcer  Maurolycus,  in  the  manner  following.  Let  A  B  be  to 
be  trife(5^ed  or  divided  into  three  equal  Parts.  Draw  the 
infinite  Line  I  X  parallel  to  A  B,  above  or  below  it.  From 
I  X,  if  it  be  below  AB,  take  with  a  Pair  of  Compaffes 
three  equal  Parts,  1  Q.  QJl,  R  S,  which  together  may  be 
greater  than  A  B  ;  buc  leflcr,  if  1  X  is  above.  Through  I 
and  A,  as  likewile  through  S  and  B,  draw  right  Lmcs 
which  may  meet  together  in  C,  From  to  Q  and  R 
draw  right  Lines  :  Thefe  will  trifedl  the  given  Line  AB. 
The  Demonftration  appears  from  Corollary  2.  Prop.  4. 

I  4  A^ain, 
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Yi^.  15.  Again,  with  MaurolycuSy  we   may  otherwife  obtain  the 

fame  thing,  to  wit,  thus  :  Let  AB  be  to  be  quadrifeded. 
Draw  the  infinite  Line  A  X,  and  B  Z  alfo  an  infinite  Line 
parallel  to  it.  From  thefe  take  with  the  Compailes  equal 
Par:s  A  L,  L  O,  O  Q^,  and  B  V,  V  S.  S  R,  in  each  fewer 
Farts  by  one  than  are  required  in  A  B  ;  then  let  there  be 
drawn  the  right  Lines,  L  R,  OS,  C^V.  Thefe  will  qua- 
drifecl  the  given  AB. 

For  becaufe  by  Conftrudion,  the  Lines  LO,  R  S,  parallel 
(z)  Per  and  equal,  arejcin'dby  LR  and  O  S,  thefe  alfo  (^2)  will 
33.  /.I.  be  parallel-  In  the  like  manner  OS  and  Q_y  are  parallel. 
Therefore  feeing  A  Q^is  cut  into  three  equal  Parts,  A  I  will 
(b)  Per  alfo  {b)  be  cut  into  fo  many  equal  Parts.  Likewife  B  C 
Corul.  p.  y^,\\\  5e  (^m  into  three  equal  Parts.  Therefore  the  whole 
2.  /.  6.        ^yB  will  be  cut  into  four  equal  Parts. 

Thefe  two  Ways  of  Praftice   are  eafier  than    Euclid^s, 
becaufe  fewer  Parallels  are  to  be  drawn. 

PROP.  XI.     Problem. 
Ti^.  16.     'yO  find  a  third  Proportional  to  two  right  Lines 


wen  {AB,  BC) 


Draw  the  right  Line  A  C.  From  B  A  produced,  fake 
AF,  equal  to  B  C.  Through  F,  draw  the  infinite  Line 
F  X,  parallel  to  AC,  which  Infinite,  let  B  C  produced  meet 
in  L.  J  fay  that  A  B  is  to  B  C,  as  B  C  to  C  L. 
(h)Pc'r2.  For  A  B  :  A  F  (Z')  :  :  B  C  :  C  L.  But  A  F  {c)  is  equal 
^-  6.^  /  to  B  C.  Therefore  A  B  :  B  C  : :  C  L  ;  and  fo  C  L  is  the 
third  Proportional  fought. 


(c)  ^7  the 

CoHJiruc 

tion. 


Otherwife. 


%.  17.       T   ET  A  Band  BCbefet  at  a  right  Angle.     Join  AC. 
■^  From  C  draw  CX    perpendicular    to    A  C   infinite; 
which  C  X,  letAB   produced,  meet,  in  L.     I  fay,  AB 
B  C  :  :  B  C  :  B  L.     It  is  manifeft  from  Corollary  1.  p.S, 


Scholmm 
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Scholium, 

A  Given  Proportion  may  not  only  be  continued  in  three, 
•^^  but  alio  in  infinite  Terms,  and  the  whole  Sum  of  the 
infinite  proportional  Terms  be  exhibited.  Gregory  oi  Saint 
Vincent  hath  very  handfomly  profecuted  this  Matter,  and 
the  whole  Bufinefs  of  Geometrical  Progreihon  in  the  whole 
Second  Book  of  his  Work.  We,  for  the  fake  of  the  Stu- 
dious, wiil  htTQ  prefent  fuccinftly  the  Conftrudion  and  De- 
monilration  of  the  Thing  propofed. 

Problem, 

T   E  T  a  Proportion  of  the  greater  Inequality  be  given,  as  P/V  jn 
■'--'  A  B  to  B  C.     it  is  required  to  continue  this  thro'  infi- 
i  nite  Terms,  and  to  prefent  the  Sum  of  them  all. 

Let  the  Perpendiculars  A  L,  BO,  be  ere£led,  and  taken 
'  equal  to  the  given  Lines  A  B,  B  C,  and  through  L,  O,  let 
a  right  Line  be  drawn,  meeting  with  ABC  produced  in  Z. 
I  fay,  I.  If  from  C  you  ere6l  the  Perpendicular  C  Qj 
C  Q  fhall  be  a  third  Proportional.  Transfer  Q  C  into  C  E, 
and  from  E  eredl  E  R  ;  this  Ihail  be  a  fourth  Proportional. 
Transfer  E  R  into  E  F,  and  ered  F  S  ;  this  Ihall  be  a  fifth 
Proportional :  And  fo  the  Proportion  of  A  B  to  B  C,  that 
is,  of  A  L  to  B  O,  will  be  continued  through  the  Terms 
AL,  BO,  CQ.,  ER,  F6,  ^c  or  AB,  B  C,  C  E,  EF, 
ScQ.  infinitely,  becaufe  every  Term  (as  F  S)  may  be  taken 
away  from,  the  remaining  one  F  Z  ;  for  feeing  L  A  (that  is, 
A  B  j  is  lefs  than  A  Z  j  F  S  alfo  {a)  muft  ever  be  lefs  than  C  a  )  Per 
F  Z.  Carol,  I. 

Pro^.  4,  /. 

I  fay,   2.  A  Z  is  equal  to  the  whole  Sum  of  the  infinite 
Proportionals. 

Part  L  ['•  Jt  being  fuppofed  as  before,  A  Z  :B  Z  : 
*'   A  B  :  B  C  ;  it  will  be  by  alternating  A  Z  :  A  B  : :  B  Z 
*'  B  C.     And  by  dividing,  A  Z— A  B  :  A  B  :  :  B  Z— B  C 
•♦  B  C  ;  that  is,   B  Z  :  A  B  :  :  C  Z  :  BC.     Therefore  by 
*'  inverting  A  B  :  B  Z  :  :  B  C  :  C  Z.  And  by  compounding 
**  AB+BZ;BZ::BC+CZ:CZ;thati5,  AZ:BZ 

::BZ 
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"  :  t  B  Z  :  C  Z;']     But  as  A  Z  is  to  B  Z,  fo  is   LA  t( 

0  Bi  and  as  B  Z  is  to  C  Z,  fo  is  O  B  to  QJT.     Therefor 
alfo  L  A  is  CO  OB,  as  O  B  is  to  Qj::.     In  the  fame  manne 

1  might  fhcw  that  OB  is  to   QjJ,  as  Qj3  to  RE;  anc 
i'o  forwards  iiifmltely. 

Part  II.  The  whole  Sum  of  the  infinite  Terms  is  neithe 
lefs  than  A  Z,  nor  greater  ;  tlierefoie  it  is  equal.  It  i 
not  greater,  hccaufu  iteing  we  have  fhew'd  above,  tha 
Q  C  is  >ffLi  L  ..u.  C  Z,  and  R  E  than  E  Z,  and  S  F  tha; 
FZ,  and  fo  on  ir:nniicly,  all  the  Teims  Q^C,  RE,  SF 
^c.  may  be  uifinicely  fc:  one  by  another  in  the  right  Lin 
A  Z  ;  fo  thai  the  Point  Z  i"hall  never  be  reach'd.  Againi 
the  faid  Sum  will  not  be  lefs,  becaufe  I  have  above  fliew*. 
A  Z,  B  Z,  C  Z,  to  be  concinually  proportional  ;  and  in  th 
fame  manner,  the  fame  tiding  is  (hew'd  of  the  reil,  HZ 
y  Z,  ^c.  Seeing  therefore  by  transferring  tlic  Proportioi 
als,  QJL\  ER,  F  S,  ^c.  into  C  E,  E  F,  hi,  the  R^ 
maindcrs  E  Z,  F  Z,  1  Z,  i^c  are  always  continually  pre 
portional,  as  we  have  already  (hewed  ;  we  fhall  at  the  la.^ 
come  unto  a  Remainder  lels  than  any  given  one;  and  then 
fore  the  Sum  oi  the  Proportionals  (hall  exceed  every  Quantit 
that  is  lefs  than  A  Z  ;  from  whence  itfelf  cannot  be  le 
than  A  Z.  Seeing  therefore  it  is  neither  greater  nor  le 
than  A  Z,  it  ihall  be  equal  to  it.     ^  £.  A 

THE  Difference  of  the  firft  Terms,  the  (irll  Term,  an  I 
the  whole  Sum  of  the  infinite  Proportionals,  are  coi  ? 
tinually  proportional, 
Fi?  10.  Id  the  upjer  Figure  let  O  X   be  drawn  parallel  to  A  2 

Therefore  LX  (hall  be  the  DifF-ience  of  the  firil  Ten 
A  L  or  A  B,  and  of  the  fccond  B  O,  or  B  C.  Becau 
(a)  Per  X  O  is  parallel  to  A  Z  }  L  X  (hall  be  to  X  O,  as  (a)  L 
Carol.  1.  is  to  A  Z.  But  X  O  is  A  B.  and  LA  likewife  is  A  J 
Prop,/^.  Therefore  the  DilFercncc  L'X  is  to  the  firit  Term  A  B,  : 
^6-  A  B  the  firii  Term  is  to  A  Z,  the  whole  Sura.      <^  E.  L 

Fi?.  20.  'Fhe  fame  thing  may  be  demonllrated  univcrfally  and  vei 

briefly  in  evtiy  kind  of  Quantify  ;   thus.  Let  there  be  ar 
continual   Proportionals  whaifuever  fas   well  Numbers, 
other  Quantities;  A  Z,  BZ,  C  Z,  iSc.  and  let  them  all  I 
uansfcrM  upon  the  f:ril  A  Z.    Therefore  AE,  BC,  Cl 

EJ 
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E  F,  F  I,  ^c.  will  be  the  DiiFerences  of  the  Proportion- 
als ;  which,  together  with  the  lail  Quantity  I  Z,  are  equal 
to  the  firil  A  Z.  Now.  becaufe  if  Proportionals  be  con- 
tinued infinitely,  the  lafl  Quantity  vanilheth  away,  it  is 
manifeil  that  the  DifFc^rences  of  the  infinite  Proportionals 
are  equal  to  the  firll  A  Z.  Then,  becaufe  A  Z  is  to  B  Z, 
as  B  Z  is  to  C  Z,  and  fo  on.  By  dividing,  A  B  will  be  to 
I  B  Z,  as  B  C  to  C  Z  ;  and  by  converting,  as  A  B,  the  firll 
'  Difference,  is  to  A  Z,  the  firll  Quantity  ;  f o  B  C  the  fe- 
cond  Difference,  is  to  B  Z,  the  fecond  Quantity,  and  fo 
forwards.  Therefore  as  A  B,  the  firft  Difference,  is  to 
A  Z  the  Tirlt  Quantity.  So  all  the  Differences  (that  is,  as 
I  ■  ave  already  fhewed,  the  firfl  Quantity  A  Z)  are  to  all 
the  Q^Liantities,  that  is,  to  the  whole  Sum  of  the  infinite 
Quantities.    ^  E.  D. 

PROP.  XII.     Problem. 

.  "T^Hree  right  Lines  being  given  (AB,  BCy  AF) 
to  find  a  fourth  Proportional. 

Let  the  two  right  Lines  be  difpofed,    as    the   Figure  F^i?.  21. 
fliews,  and  draw  tfie  right  Line  B  F,  to  which  let  the  infi- 
nite right  Line  C  Z  be  made  parallel.     Let  A  F  produced 
to  L,  meet  C  Z. 

I  fay,  A  B  is  to  B  C,  as  A  F  to  F  L.  as  is  manifeft  from 
Tropofxtion  2.  of  this  Book.  Therefore  F  L  is  the  fourth 
Proportional  fought. 

Scholium. 

rAUR  Countryman  Bettin,  in  his  Treafury  of  Mathema« 
^^  tical  Philofophy,  doth  handfomly  from  3^.  /.  3.  and 
14  of  this,  which  depends  not  upon  the  prcfent  Propofi- 
tion,  find  out  a  fourth  Proportional,  three  being  given, 
and  a  third,  two  being  given,  after  this  manner. 

If  three  right  Lines  be  given,  let   the  fecond    C  B,  and  F?^.  22. 
the  third  B  D,  be  join'd  right  to  one  another,  fo  as  to  make 
one  right  Line,  and  let  the  firfl  B  A  touch  them  in  the  Point 
B  JQ  whac  Angle  you  will.     Through  the  Points  C,  A,  D, 

defcribe 
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(2i)PerS'    defcrlbe  a  Circle  (^a),  which  let  A  B,  the  firft   Line,  meet 
'•  4«  in  the  Point  Z.     B  Z  is  a  fourth  Proportional, 

(b)  Per  35.       For  leeing  the  Redangles  A  B  Z,   C  B  D  are  {b)  equal, 
^•3-  A  B  will  be  to  B  C,  as  B  D   to  BZ,  by   the  14th  of  this 

Book,  vviiich,  as  was  faid,  depends  not  upon  this, 
%•  23.  i^  there  be  given  two  right  Lines,  A  B,  B  C  ;  let  B  D, 

equal  to  B  C,  be  join'd  to  B  C,  fo  as  to  make  one  llrait 
Line.  Then  let  the  firft  A  B  touch  B  C  in  B  in  any  Angle.- 
Then  the  rell  is  as  be/ore,  and  B  Z  will  be  the  third  Pro- 
portional fought. 

The  Demonftration  is  the  fame;  for  feeing  the  Rect- 
angles A  BZ,  CBD,  are  equal,  A  B  will  be  to  B  C,  as 
B  D  (chat  is,  B  C)  is  to  B  Z. 


:: 


PROP.  XIII.     Problem. 


F/?.24.      'TWO  right  Lines  given  {AC,  CB)  to  find  a 
mean  Froportional. 

Let  the  whole  compound  Line  A  B  be  bifedled  in  Oj 
and  from  the  Cenier  O  a  Circle  bs  defcribed  through  A 
and  B  ;  troiT.  c  eredl  a  Perpendicular  C  F,  meeting  thel 
Circumference  in  F. 

i  lav,  A  C  is  to  C  F,  as  C  F  is  to  C  B. 

(c)Per  31.      For  iec   A  F,  B  F  be  drawn  ;  the  Triangle  (c)  A  F  B  is 

^'  3«  right.ang'.ed,  and  from  Jie  right  Angle  there  is  drawn  th« 

Perpendicular  F  C  to  the  Bitfe.     Therefore  A  C  is  to  C  Fy 

(?^  f  ^'"      as  (id)  C  F  is  to  C  B. 


€orol.  I 
p.  8.  /.  6. 


Corollary, 

HFnce  it  is  manlfeft,  that  if  from  any  Point  of  the  Cir.| 
cumference  (as  F}  there  be  urawn  a  Perpendiculai 
(FC)  to  the  Diameter,  this  Perpendicular  is  a  mean  Pro- 
portional betwixt  the  Segments  of  the  Diameter  (A  C, 
CBj 

"m 


Scholium, 
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Scholium: 

rH  I  S  Place  requires,  that  we  fliould  fay  fomething 
briefly  concerning  the  finding  out  of  the  two  mean 
roportionals  betwixt  the  two  given  Lines.  AH  the  Geo- 
letricians  of  Greece ^  at  Plato's  Suggeflion,  fet  themfelves 
rith  all  their  Might  to  the  Solution  of  this  Problem.  Divers 
loll  fubtil  Ways  of  Practice  are  lecited  by  Eutccius  in  his 
ommentary  on  Archimedes  ;  as  thofe  of  Plato^  Architas  the 
'arentinSy  Menacbtnus^  Eratoflhens,  Philo  Byzantius^  Hero, 
tfoUonius  of  Perga,  Nicomedes,  Diodes y  Sporus,  Pappus  ;  to 
horn  the  later  Times  have  added  fernery  Gregory  of  Saint 
'inccnt,  RenatuSy  Cartejius.  Out  of  all  thefe  we  fhall  feleft 
hree  more  eafy  than  the  reil. 

Plato'j"  Method. 

T  is  required  to  find  out  two  Means  betwixt  the  given  F/>.  20. 
LinesAB,  BC. 

Let  A  B,  B  C  be  fet  in  a  right  Angle,  and  be  produced 
ifinitely  towards  X  and  Z.  Then  let  two  Squares  (fo  our 
Uaudius  Richards  hath  it  ;  for  Plato  himfelf  made  ufe  of 
ne  Square  only,  but  which  had  inferted  into  its  Side  *  D  E,     "*  See 

Rule  moveable  along  D  E,  let  two  Squares,  I  fay,  be  F/V.  26. 
iken,  and  the  Angle  D  of  one  Square  be  applied  to  the  right 
iine  BX,  in  fuch  certain  wife,  that  one  Side  may  alfo  pafs 
hrcugh  A  ;  and  to  the  Point  E,  in  which  $he  other  Side 
uts  the  right  Line  B  Z,  let  a  fecond  Square  be  applied, 
/hich  will  pafs  through  C.  I  fay,  that  B  D,  BE,  are  two 
/leans  betwixt  the  given  Lines  A  B,  B  C  ;  that  is,  as  A  B 
J  to  B  D,  fo  is  B  D  to  B  E,  and  B  E  to  B  C. 

The  Demonftration  is  manifefl:  from  Corollary  i.  Prop.  8. 
R.  6.  for  A  D  E  is  a  right  angled  Triangle,  and  from  the 
ight  Angle  to  the  Bafe  there  falls  the  Perpendicular  DB. 
'^herefore  by  the  faid  Coroll.:ry,  as  A  B  is  to  B  D,  fo  is 
I  D  to  B  E  ;  and  for  the  fame  Caufe,  as  B  D  to  B  E,  fo  is 
5E  to  BC.  Therefore  betwixt  the  given  right  Lines  A  B, 
1  C,  there  are  found  two  mean  Proportionals  B  D,  B  E. 
Vhich  was  the  Thing  to  oe  done.  This  Manner  of  folving 
he  Problem  is  the  eaileft  of  all  to  be  underftood. 

7be 


142  'Evcli'd's  Elements.        Lib.  VI. 

The  Method  of  Philo  the  Byzantine. 

P;V.  27.  T  ET  the  two  given  right  Lines  A  E,  B  C,  be  fet  together, 
-L^  at  a  right  Angle  ;  then  let  the  Redlargle  A  B  C  D  b© 
perfe^ed,  and  let  DA,  D  C  be  produced  infinitely,  and  let 
the  Diameters  B  D,  A  C  be  drawn,  cutting  each  other  in  E^ 
From  the  Center  E.  through    B,    let  a  Circle  be  drnwn, 

(a)  Per  3 1,  which,  becaufe  A  B  C  is  a  right  Angle  («)  will  pafs  thro'jgh( 
^.  3«  A  and   C.     Then  let  a  Rule  be  applied  to  the  Point  B,  (0 

I  that  the  intercepted  right  Lines  B  G,  O,  F,  may  be  equal, 
I  fay,  that  A  F,  G  C,  are  two  mean  Proportionals  betwixi 
the  given  A  B,  B  C  j  that  is,  as  A  B  is  to  A  F,  fo  is  A  B 
to  GC,  and  G  C  to  C  B.  | 

(b)  By  the  Demon/}.  Pecaufe  G  B,  O  F  {h)  are  equal.  O  G,  B  F^ 
Conjiruc.  will  be  allb  cqu?  1-  Therefore  the  Re^angles  OGB,  E  FO^ 
(c)'per  ^^^^  '^'  ^^^  ^^^  Re61angles  D  G  C,  D  F  A,  are  equal] 
€ord  I  Therefore  as  G  D  is  to  D  F,  fo  {d)  reciprocally  A  F  is  t( 
j>.  36.  /.*3.  G  C,  but  G  D  is  to  D  F  {e)  as  B  A  to  A  F.  Therefore  ai 
(d  J  Per  14.  B  A  is  to  A  F,  fo  A  F  is  to  G  C.  Again,  becaule  1  hav< 
A  6.  already  (hewM  that  A  F  is  to  G  C,  as  tJ  A  is  to  A  F  ;  ancj 
(e)  Per  f^ncc  B  A  is  to  A  F,  as  G  D  is  to  D  F  ;  that  is,  G  C  is  tt 
Corol  I  (J  g^  A  p  ,yill  3||-Q  tje  to.G  C  as  G  C  is  to  C  B.  Therefor^ 
p.  4.   .  6.    ^ij  ^^^^^  g  ^^  ^  P^  GC,  C  B,  arecontinuaily  proportional 

and  therefore  betwixt  the  given  Lines  A  B,  B  C,  two  Meani 
have  been  found.     ^,  E.  1. 

Thefe  two  Methods  of  Solution,   although  they  be  ing( 
nious  and  eafy  enough  ;  yet  becaufe  a  due  Application  of 
Square  and   Rule  is  not  made  but  by  trying,   ihey  are  no(j 
Geometrical. 


F/f.  28. 


ne  Method  of  Cartes. 

LET  an  Inllrument  of  fuch  fort  be  provi.^ed,  that  ti 
Rules  may  be  open'd  and  fhut  about  Y.  Let  there 
inferted  into  thefe  divers  Squares  connected  together  betwi> 
themfelves  in  the  Points  B,  C,  D,  E,  F,  G.  in  fuch  fori 
that  in  the  mean  while  that  the  Rules  Y  X  and  Y  Z  ai' 
open'd,  the  Square  B  C  may  impel  the  Square  C  D  in  th' 
Rule  Y  Z,  and  the  Square  C  D  may  impel  the  Square  D  .^ 
in  the  Pxule  Y  X,  and  the  Square  D  ?.  may  imptl  F  E,  an 
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F  impel  or  force  forward  F  G,  and  fo  on  :  But  fo  that 
^vhile  the  Rules  X  Y  and  Y  Z  are  lliut,  all  the  Points  B, 
D,  £,  F,  G,  tend  to  fail  upon  one  and  the  fame  Point 
i\.  By  this  Inftrument  not  only  two,  but  alio  four  and 
ix,  yea,  as  many  Means  as  you  will,  betwixt  two  given 
ight  Lines,  may  be  found.  Which  thing  can  be  obtained 
either  by  the  Sedlions  of  a  Cone,  nor  by  any  Methods  found 
ut  by  the  abovefaid  Authors. 

For  two  Means,  three  Squares  are  required  ;  for  four 
jkleans,  five  Squares,   and  lb  on. 

Let  the  lelTer  of  the  given  right  Lines  be  transfcrr'd 
fpOn  the  Rule  Y  X,  and  let  it  be  Y  B  ;  the  greater  upon 
fhe  Rule  Y  Z,  and  let  it  be  Y  E.  Let  the  liril  Square  be 
ppiied  to  the  Point  P.,  and  be  fixed  there,  and  let  the 
iules  be  open'd,  until  the  Side  of  the  third  Square  paffeth 
ihrough  E.  I  fay,  that  YC,  YD,  are  two  Means  betwixt 
he  given  Y  B,  Y  E,  that  is  that  Y  B  is  to  Y  C,  as  Y  C  is 
D  Y  D,  and  Y  D   to  Y  E. 

The  Demonftration  appears  out  of  Corollary  z.  p.  8.  I.  6. 
I'or  from  the  Nature  ot  the  Inftrument,  in  the  Triangle 
''  C  D,  the  Angle  at  C  is  a  right  one,  and  from  it  C  S  falls 
erpcndicular  upon  tlie  Bafe  Y  D.  Therefore  by  the  faid 
Corollary,  as  Y  B  is  to  Y  C,  fo  is  Y  C  to  Y  D.  Again, 
Secaufe  in  the  Triangle  Y  D  E,  the  Angle  at  D  is  a  right 
Ine,  and  from  it  there  falls  the  Perpendicular  D  C  upon 
he  Bafe  YE,  as  YC  is  to  Y  D,  fo  is  Y  D  to  Y  E.  There, 
ore  Y  B,  YC,  YD,  YE,  are  four  continual  Proportionals, 
^fetwixt  the  given  Line  therefore  Y  B,  Y  E,  there  have  been 
bund  two  mean  Proportionals,  Y  C,  Y  D.  Q^  E.  J 
!  If  betwixt  the  given  ones  Y  B,  Y  G,  there  be  reauired 
)ur  Means,  open  the  Rules,  until  the  Side  of  the  fifth  Rule 

G,  palTeth  through  G.  There  will  be  Y  C,  Y  D,  Y  E, 
'  F,  four  Means  betwixt  Y  B,  Y  G.  "Lhe  Demonftration 
.  manifeft  from  the  faid  Corollary. 

This  Way,  although  the  Inltrument  is  more  operofc 
lan  P/f3/c's,  is  in  very  Deed  an  excellent  one  ;  both  be. 
lufe  it  doth  nothing  by  bare  I  ryal,  and  becaufe  it  extends 

felf  unto  four  and  fix,   and  as  many  Means  as  you  will. 

The  Deliacal  Problem,  to  wit,   the  Duplication  of  the 
•ube,    is  performed  by  two    Means,  and  all   the   Bodies 
hatloever  are  encreafcd  or  diminifhed  in  a  given  Proper- (a)  See 
on  [a)  by  the  fame  ;  like  as  the  fame  thing  is  performed  in  ^^^«^.j>.  iS. 

plain^-  ^^' 
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(a)  Cor.  3.  plain  Figures  {a)   by  one  Mean.     Hippocrates  firft  openM 
/».  20./.  6.   this  way,  which,  as  the  Singular  and  only  one,  all  Geome- 
tricians that  have  followed  him,  have  embraced. 

PROP.  XIV.  Theorem. 
Fig.29,zo.  Tf^al  Parallelograms  (Z,  Z)  whtch  have  one 
^  Angle  (C)  equal  to  one  (0 ;)  have  their  Sides 
alfo,  which  are  about  the  equal  Angles,  recipro- 
cal ;  that  is,  (AC  is  to  CB,  as  FO  is  to  OL.) 
And  if  they  have  the  Sides  thus  reciprocal,  tk 
Parallelograms  are  equal. 

Part  I.  Let  I  L  and  S  B,  being  produced,  meet  togethe 
in  Q^     The  Parallelogram  X  ia  to  the  Parallelogram  R,  a 
,, .   _  A  C  is  to  C  B  {b)  ;  and   Z  is   to   R    {c),  as  F  O   10  O  L 

^°\  /''  But  becaufe,  by  the  Hypothecs,  X  and  Z  are  equal-,  X  j 
?c{'By  th^  to  R  as  Z  is  to  R.  Therefore  alfo  A  C  is  to  C  B.  as  F  ( 
nzL:  istoOL.     Q^E.D. 

rdl  By  th^      P^J-t  II-  As  A  C  is  to  C  B,  fo  X  is  to  R  [d) :  And  ;. 
f^L         ^  F  O  is  to  O  L,  fo  is  Z  to  R.     But  already  by  the  Hyp< 
thefis,  AC  is  to  C  B,  as  FO  to  O  L.     Therefore  X  is  to  U, 
as  Z  is  to  R.     Therefore  X  and  Z  are  equal.     ^.  E,  D 

[Corollary.  *'  On  this  depends  the  Demonflration  of  tJ 
*♦  inverfe  Rule  of  Proportion.  For  in  it  there  is  alwa' 
''  fomc  Reaan^le  given,  as  X  ;  and  one  Side  of  anoth 
»*  equal  Rcdian'gle.  as  C  B  ;  and  the  other  Side  is  fough 
*'  As  therefore  A  C,  the  firft  Side  of  the  given  Reaang 
*'  is  to  C  B,  the  given  Side  of  the  other  Redlangle  j 
**  reciorocally,  F  C,  the  fought  Side,  is  to  C  L,  the  feco 
*«  Side*  of  the  given  Reftangle.  The  Redangle  therefd 
''  C  lixF  C,  is  equal  to  the  Reaangle  A  CxC  L  :  And  t 
**  latter  Redangle  given  being  divided  by  the  given  Side 
*'  the  former  C  B,  the  Quotient  will  give  the  fought  Si^ 
*'  FC.     ^  E.  1, 

PROP.  XV.     Theorem. 

f'SZhyi^  TJi^ial  Triangles  (ACL,  F  C B)  which  hfl 
■^  one  An'yle  (C)  equal  to  one  (0)  have  alfo  thi 

SiiS 
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Sides  about  the  equal  Angles  reciprocal  {that  is, 
AC  is  to  CB,  as  FOto  OL.) 

And  if  they  have  their  Sides  thus  reciprocal, 
the  Triangles  are  equal 

Let  the  right  Line  L  B  be  drawn  ;  the  reft  of  the  De- 
monllration  is  the  fame  as  that  of  the  foregoing. 

Corollary. 

A  S  well  Parallelograms  as  Triangles,  which  have  their 
•^  Bafes  and  Altitudes  reciproca),  are  equal :  And  fo  con- 
vcrfly. 

it  is  manifeft  from  the  two  foregoing  Propofitions. 

PROP.  XVI.     Theorem. 

F  four  right  Lines  (AB,FI;IL,BC)  beFij.33. 

proportional,  (that  is,  if  A  B  be  to  F I  as  I L 
is  to  BC)  the  Re  Bangle  {X)  under  the  Extremes 
{A  B,  B  C)  is  equal  to  the  ReBangle  (Z)  zmder 
the  Means  (F  7,  JL.) 

And  if  a  ReBangle  under  the  Extrcjiies  be 
equal  to  a  ReBangle  under  the  Means ^  thofe  four 
right  Lines  will  be  proportional. 

Part  I.  In  the  Re£langles  X  and  Z,  about  the  right,  and 
therefore  equal  Angles,  B,  I,  by  the  Hypothecs,  A  B  is  to 
F  I,  as  reciprocally,  I  L  to  C  B.     Therefore  X  and  Z  [a)  /'a")  p^,-  j^^ 
are  equal,     j^.  E.  D.  I.  6. 

Part  J  I.    Becaufe   X   and    Z  p.re  new    fuppos'd  equal  ; 
therefore  [h)  about  the  equal  Angles  B  and  I,  A  B  is  to  F  1,  (b)  By  the 
as  reciprocally,  I  L  to  B  C.     ^^E.  D.  f^^^^ 

[Corollary  (i.)    **  Hence  it  is  tz^y  to  apply  the  given 
Reftangle  Z  (r)  to  the  given  right   Line   A  B  ;  to  wit,(c"'  Pcriz. 

"  by  making  A  B  :  F  1  :  :  I  L  :  B  C.     For  BCisthe  Red.^.  6. 

**  angle  Z  applied  to  the  given  right  Line  AB  ) 

Corollary  ("2.)     *•   Upon    this  Propoficion  depends    the 

Demonflration  of  the  dire(fl  Rule  of  Proportion,     For  in 

K  -  a 
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'<  it  there  is  always  given  fome  Reflangic,   as  C  L  :  and 

<*  another  like  Redtangle  is  fought,  one  Side  whereof  is  alfo 

**  given.     It  will  therefore  b^,  as   B  C,  the  firil   Side  of 

**  the   Re6tangle  given,  is  to   E  O,  the  Side  of  the  Red- 

"  angle  fought  j  fo  diredlly  C  E,  the  fecond   Side  of  the 

**  Reftangle  given,   is  to    O  A,    the  other   fouglit    Side. 

"  Therefore  the  Reaangle  C  ExO  E  is  equal'to  the  Reft- 

**  angle  B  CxO  A.     And  the  Redangle  C  ExE  O  being  di- 

«*  vided  by  BC   the  Quotient,  will  give  A  O,   the  other 

•*  Side  which  wzs  fought.     2^^.  -^. 

PROP.  XVII.     Theorem.  ' 

^'S.  34.    JF  the  three  right  Lines  (AB,  F Ly  BC)  be 
proportional^    the  ReBangle  under   the    Ex- 
tremes  (A  B,  B  C)  Jhall  be  equal  to  the  Square  of 
the  Mean  (FL.)  ,  \ 

And  if  the  ReBangle  under  the  Extremes  bei 
equal  to  the  Square  of  the  Mean^  thofe  three  right' 
Lines  are  proportional. 

Part  I.    Let  O  be  taken  equal  to  the  Mean  F  L.     Be- 

Cuufe  therefore  by  the  Hypothefis  A  B  is  to  F  L»  as  F  L  tc 

B  C,  and  O  is  equal  to  FL  ;  A  B  will  alfo  be  to  F  L,  as  0 

fa)  By  the   is  to  B  C.     Therefore   (a)   the  Retflangle  under    the   Ex 

fore^oin^.     tremes  AB,  B  C,  is  equal  to  the  Redlangle  under  the  Mean; 

F  L  and  O,  that  is,  is  equal  to  the  Square  of  F  L. 

Part  11.  This  is  demonllrated  in  like  manner  from  the 
fecond  Part  of  the  foregoing. 

'1 

Corollary,  \ 

Pi'a^  24,  "pR^^'^  '^-^s»  taken  together  with  the  13th,  it  is  manifeft 
•*-  that  if  in  a  Circle,  FC  be  perpendicular  to  the  Diame 
ter,  the  Rtdangle  A  C  B  is  equal  to  the  Square  of  F  C. 

(2,)  If  AxB  be  equal  to  the  Square  of  C  ;  then   A  :  C^ 
: :  C  :  B. 
(g.)  If  A  :  C  :  :  C  :  B  ;  and   C  q  be  divided  by  A,  th  , 
(b;  Per      Quotient  [6)  will  be  B. 

Corol.  2. 

^.16./.  6.  PROF^, 
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P  RO  P.  XVIII.     Problem. 

T  J  PON  a  given  right  Line  (R  S)  to  defcribe  a  Fig.  35. 
Polygon  like^  and  in  like  manner  pofited  to  a 

given  one{B^) 

Refcl'/e  the  given  Polygon  B  Q  into  Triangles.     Upon  ('a")  Per 
t'  e  given  right  Line  R  S,  niake  the  Angles  (a)  R,  O,  equal  23.  /,  i. 
uo  the  Angles  B  A.     The  Sides  then   will  meet  together  in 
X,     Upon  X  S  make  the  Angles  V,  I,  equal  to  the  Angles 
T,  C.     The  Sides   then  will  meet  together  in  Z.     I  lay, 
the  Thing  is  done. 

For  becaufe  the  Angles  R  O,  are  equal  to  the  Angles 
BA,  the  Angles  E,  K,  muft  alfo  be  equal  (per  Carol,  9. 
t>-  >  2 .  /.  .1 .)  and  becaufe  alfo  by  the  Conilrudtion,  V  is  equal 
to  T,  the  v.'hoie  E  V  mull  be  equal  to  the  whole  K  T.  In 
hks  manner  becaufe  O,  I,  are  equal  to  A,  C,  refpedlively, 
the  whole  Angles  O  1,  A  C  muft  be  equal.  And  becaufe 
V  and  J  ?il{o  are  equal  to  T  and  C  by  the  Conftrucftion,  Z 
and  Q_likewife  muft  be  equal  (prr  Cor.  9.  p.  31.  /.  i  )  to 
T  and  C.  Therefore  the  Polygons  R  Z,  B  Q,  are  mutu- 
ally Equiangular.  It  remains,  that  we  Ihevv  that  their 
Sides  alfo  are  proportional.  RS  is  to  B  F,  *  as  SX  to  *  Per  4. 
FL;    and   again,    S  X   is   to   F  L   (h),  as   SZ    to   F  Q^  ^- 6. 

Therefore  ex  aouo  R  S  is  to  S  Z,  as  B  F  to  F  Q,  i5c,         (^  ^  ^y  ^'^- 

jame. 

Corollary.  *'  Hence  is  derived  the  Method  of  making 
"  Maps  or  Charts,  whether  Geographical,  or  Chorcgra. 
"  phical,  or  thofe  which  Surveyors  of  Land  make  ;  and  of 

*  framing  Ichnographical  Delineations  of  Fields,  Buildings, 

*  Countries  :  for  they  are  nothing  elfe  but  the  Redudion 

*  of  great  Figures  unto  like  Figures  which  are  of  a  fmali 
'  Compafs,  which  is  perfcrm.d  by  the  Means  of  this 
'  Propofition. 

PROP.  XIX.     Theorem. 

T^HE  Proportion  of  like  "Triangles  (X^  Z)  is  Fig  2^,2?- 
duplicate  of  the  Proportion  of  their  Sides 
.%  FI)  which  are  Jubtended   to    the   equal 

Jss. 
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*  Per  II.       That  is,  if  it  be  made  *  as  A  C  is  to  F  I,  fo  is  F  I  to  a 
^  6.  third.  A  Qj  the  Triangle  X  is  to  the  Triangle  Z,  as  A  C, 

the  firft,  to  the  third  Proportional,  AQ^,    See  Definition 
10.  5. 
Becaufe  the  Triangles  X,  Z,  are  like,  B  A  will  be  to  L I 
(c)  P^r 4.1(0  as  AC  is  to  I  F.     But  by  the  Conftruftion,  as  A  C  is 
/.  6.  "to  I  F,  To  is  I  F  to  A  Q^    Therefore  alfo  B  A  is  to  LI, 

(d^  Per  15.  (d)  as  I  F  to  A  Q^    Therefore  in  the  Triangles  Q  B  A  and 
^*  °'  Z,  the  Sides  about  the  Angles  A,  I,  fwhich,  by  the  Defi- 

nition of  like  Triangles,  are  equal)  are  reciprocal.  There- 
(e)  Per  I.  fore  QB  A  and  Z  are  equal  {e).  But  the  Triangle  X  is  to 
^/A't>  ^  ^'  ^^  ^^^  ^^^^  A  C  to  the  Bafe  A  CL(/).    Therefore, 

/. 6       ^'    X  is  to  Z,  as  A C  to  A Q^    Q^E.  D,  i' 

Corollary.  ''  Hence  is  their  Error  to  be  correfled,  who, 
**  think  that  like  Figures  are  in  the  fame  Proportion  to  one 
**  another,  that  their  Sides  are.  For  if  of  two,  not  only 
•*  like  Triangles,  but  alfo  Squares,  Pentagons,  Hexagons!, 
**  is'c.  yea,  and  Circles  alfo,  the  Sides  or  Diameters  be 
*'  betwixt  themfelves,  as  2  to  i,  the  Figures  or  Area^ 
•'  themfelves  are  as  4  to  i.  If  the  Sides  be  betwixt  them 
'*  fclves,  as  3  to  J,  the  Figures  themfelves  or  Areas,  ai^  '^ 
**  as  Q  to  I ;  to  wit,  in  a  duplicate  Proportion  of  thofe 
•*  Side's. 

PROP.  XX.    Theorem. 

%.38.  T  IKE  Polygons  (ABODE,  FGHIK)  an 
"^  divided,  (i  )  Into  like  'Triangles  (P,  5,  anc^ 
§j^  T,  and  RyV)  in  Number  equal.  (2.)  Anc^ 
proportional  to  the  Wholes,  And  (3.)  The  Pro 
portion  of  the  Polygons  is  duplicate  to  that  of  tU 
Sides,  (AB,  FG)  which  are  betwixt  the  equal 
Angles  {B,  G,  and  BAE,  GFK.) 

Part  I,   Becaufe  the  Polygons  are  alike,  they  are  mutuallj 
{per  Def.   1.  /   6)  Equiangular,  and  their  Angles  equal 
B  A  E  to  G  F  K,  and  B  to  G,  and  B  C  D  to  G  H  I,  anc 
C  D  K  to  H  1  K,  and  E  to  K.     Becaufe  therefore  A  B  is  t( 
(a)  By  the  B  C  {a)  as  F  G  to  G  H,  and  the  Angles  B  and  G  are  equal^ 
fame.  the  1  riangles  P.  S,  {b)  are  like      Jn  like  manner  it  will  bJB 

(b;P<'r6.   demondrared,  that  R  and  V  are  like.     Then,  becaufe  th 
/.  6.  Wholes,  BCD,  G  H  I,  and  the  fubduded  ones,  B  C  A 

GHF 
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G  H  F,  are  equal,  the  remaining  ones  alfo,  A  C  D,  F  H  I, 

are  equal.     In  the  fame  manner  I  might  Ihew  that  ADC, 

F  [  H  are  equal.     Therefore  {per  Corol.  g.  p.  32.  /,  j.)  the 

third  C  A  D  is  equal  to  the  third  H  F  I.     Where  alfo  {/) (  .„ 

the  Triangles  Q  and  T  are  alike.     The  firft  Part  thereof  is  /f  5       "** 

manifeft. 

Part  II.  Becaufe  P  and  S  are  alike,  the  Proportion  of  P 
to  S  is  duplicate  to  that  of  (/ )  C  A  to  H  F.     But  for  the  (f)  ^y  th^ 
jfame  Caufe  alfo  the  Proportion  of  Q_to  T  is  duplicate  to /or^^o/V, 
the  Proportion  of  C  A  to  H  F.     7'herefore  P  is  to  S  as 
Q^to  T.     In  the  fame  manner,  I  will  (hew  that  as  Q^is  to 
r,  fo  R  is  to  V.     Therefore,  as  one  Antecedent,   P,  is  to 
3ne  Confequent,  S,  fo  all  the  Antecedents,  P,  Q,  R,  taken 
:ogether,  are  to  all  the  Confequents,  S,  T,   V,  taken  to- 
gether; that  is,  fo  is  Polygon  to  Polygon.     Which  was  the 
)ther  Part 
Part  III.  The  Proportion  of  P  to  S  is  duplicate  (/;>)  to  fh)  5>  M„' 
''hat  of  AB   to  FG.     But  the  Proportion  of  Polygon  to/^^^Jf^'j- 
'  'olygon   is  the  fame  with   the  Proportion  of  P  to  S,  as  1 
iave   already  ihew'd.     Therefore  alfo  the  Proportion   of 
'olygon  to  Polygon,  is  duplicate  to  the  Proportion  of  A  S 
0  G  F.     Which  was  the  third  Part. 

Corollaries. 


';|.  A  L  L  ordinate  or  regular  Figures,  as  Squares,  Equi- 
j  "^  lateral  Triangles,  Pentagons,  i^c  are  betwixt  them. 
.  dves  in  the  duplicate  Proportion  of  the  Sides.  For  all  re- 
'*  ular  Figures  are  like,  as  is  manifeil  from  Defitiition  1.6. 

2.  If  in  any  like  Figures  whatfoever,  the  Sides  A  B,  F  G,  Tig.  38, 

/hich  are  placed  betwixt  equal  Angles,  be  known,  the  Pro- 
,1  ortion  of  the  Figures  is  alfo  known.     As  for  Example  ; 

iCt  A  B  be  of  two  Feet,  and  F  G  of  fix  Feet ;  and  as  2  is 

)•  6,  fo  let  6  be  to  Tome  other  Number ;  to  wit,  1 8.     The 

iffer  Figure  is  to  the  greater,  as  2  is  to  18,  or  as  i  Is  to  9. 

Jow  a  third  proportional  Number  is  found,  if  [per  Corol. 

,p.  17. 1.  6.)  the  fecond  of  the  given  ones  be  multiplied  by 

;  felf,  and  the  Prcdud  divided  by  thefirlt. 
'I  3.  From  the  fame  Propofition  is  diawn  the  excellent  Me- F/>.  39. 
^'|iod  of  encreafing  or  diminifhing  any  Redilineai  Figure  in 
T  given   Proportion.       As  if  I   would    make  a  Pcntaeon, 
^'hofe  Side  is  A  B,  five  fold  of  another.     Find  a  mean  Pro- 
!  ortional,  B  X,  (/")  betwixt  the  Terms  of  the  Proportioh  (i)  p^-r  13, 
'  K.  3  *  given,  Ld. 
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fa)  Pc-riS.  given,  AB,  BC;  upon  this  Frame,  (a)  a   Pentagon   like 
^  6.  to  the  given  one.     This   Ihall  be  quintuple  cf  the  given 

one. 

For  by  the  20th,  the  Pentagon  A  B  is  to  B  X,   which  is. 
like  to  it,  as  AB,  the  firft,  is  to   B  C,  the  third  Propor. 
tional. 

Moreover,  feeing  the  Proportion  of  Circles  alfo  is  du- 
plicate to  the  Proportion  of  their  Diameters,  as  will  be 
fiievv'd,  p.  2.  /.  12.  This  Practice  belongs  likevvife  to 
Circles. 

Fij  41.  [Scholium.     **  Seeing  the  Proportion  of   the   Squares^ 

*'  E,  K,  is  duplicate  of  the  Proportion  of  their  Sides  O  R, 
*•  S  V  ;  from  thence  the  duplicate  Proportion  of  the  Sida 
**  OR,  S  V,  is  wont  commoniy  to  be  exprefs'd  by  tin 
*'  Proportion  of  O  R  q  to  S  V  q.'] 

PROP.  XXI.     Theorem. 

^'i'40'      ip'Igures  Ay  (B)  which  are  like  to  the  fame  (c\ 
are  alfo  like  betwixt  themfehes. 

This  is  manifcfi  from   Definition  i.    Lib,  VI.  and    froi 
Axiom  I.  Lib.  I. 

PROP.  XXII.     Theorem. 

F/j.40,41.  J F  four  or  more  right  Lines  (FI,  L  ^^  am 

■*•  ORy  SVy)  be  proportional ;  like  Figures ^  am 

in  like  Sort  defcribed  by  them   (A  B  and  E  k\\ 

7mijl  alfo  be  proportional. 

And  Converfly, 

The  Demonftration  of  the  firft  Part  is  manlfeft.     For 
caufe  the  Proportions  of  A  to  B  and  E  to  K,  are  duplica^ 
to  the  Proportions  of  F  I  to  LQ,  and  O  R  to  S  V,   wh" 
are,  by   the  Hypochefis,  equal  ;  themfelves  alfo  mull  S\ 
equal. 

'i  he  fccond  Part  is  manifefl  alfo. 

Fig,  24.  [Corollary.  ♦«   If  the  right  Line  AB  be  cut  in  any  maiT 

*'  ner  in  C  ;  the  Rectangle  contain'u  under  the  Pans  A  (. 

Ci 
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*'  CB,    is  a   mean   Proportional   betwixt   their   Squares. 

**  Likewife  the  Redlangle  contain'd  under  the  Whole  A  B, 

*'  and  one  Part,  A  C  or  CB,  is  a  mean  Proportional  be- 

»'  twixt  the  Square  of  the  Whole,  AB,  and  the  Square  of 

*<  the  fa'dPart,  ACorCB,     For  (^fr  Cor.  i. /.  8.  A  6.) 

**  it  is  manifeft,  that  *AC:FC::CF:CB.     There.  *  Coroi.  i. 

"  fore  AC  Square  :  C  F  Square  :  :  C  F  Square  :  CB  Square./'.  8.  /.  6. 

**  That  is,  *  A  C  Square  :  Redlangle  A  C  B  :  :  Reaangle  *  P<^r  17. 

«'  A  CB:CB  Square.     ^.  E.  D.  ^^^' 

"  Moreover,  {per  Cor.  2^  /.  8-  /.  ^.)  B  A  :  A  F ;  :  A  F  : 

*'  AC.     ThereforeB  Aq:  AFq::  AFq:  ACq.    That 

*'  is,  t  B  A  q  :  B  A  C    Reftangle  :  :  B  A  C  Rectangle  :  fP^^iy. 

«*  ACq.     In  the  fame  manner  A  B  q  :  A  B  C  :  :  A  B  C  :  ^  6. 

**  ^Cq.     %^E.  D. 

P  RO  P.  XXIII.     Theorem. 

'p^kiigled  Parallelograms   (Z,  Z)  have  he-^'^-^^- 

tzLixt  tbemfek'es  a  Proportion  that  is  com- 
pounded  0^  the  Proportions  of  their  Sides  {AC 
CB,  and'LCtoCF.) 

Tn  .t  is,  if  j'ou  make  C  B  to  be  to  O,  as  L  C  to  CF, 
X  is  to  Zj  as  AC  is  to  O. 

Let  I  L,   S  B,  meet  together  in  Q^    The  Parallelogram 
X  (a)  is  to  the  Parallelogram  R,  as  A  C  is  to  CB  ;  and  R  (a)  Per  i. 
is  ib]  to  Z,  as  LC   i.  To  C  F  ;  that  is,  as  CB   is  to  O.  /.  6, 
Therefore  ex  tvquo  X  is  lO  Z,  as  A  C  is  to  O.     Q^E.  D.     (b)  By  the 

fame. 

Corollaries, 

Jr  RO  M  hence,  and  from  34  /.  i,  it  is  manifeil. 

1.  That  Triangles  which  have  one  Angle  (at  C)  equal,  Tig.  42^, 
have  that  Proportion   betwixt  themfelves,   which  is  com- 
pounded of  the  Proportions  of  the  right  Lines  A  C  to  C  B^ 

and  LC  to  C  F.     Which  Lines  contain  the  equal  Angle. 

2.  That  Reftangles,  and  confcquently  all  Parallelograms 
whatfoever,  have  betwixt  themfelves  the  Proportion  which 
is  compounded  of  the  Proportions  of  the  Bafe  to  the  Bafe, 
and  the  Height  to  the  Height.  And  in  she  fame  manner 
we  reafon  about  Triangles. 

K  4  3.  Hence 
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f/>  42.  3.  Hence  the  Proportion  of  Triangles  and  Parallelograms 

may  be  readily  learned.     Let  X  and  Z  be  the  Parallelograms, 

and  their  Bafes  AC,  CD,  and  CL,  CF,  be  their  Heights. 

(c>PcT  12.  Let  it  be  made  [c]  as  the   Altitude  C  L,  is  to  the  Altitude 

^•^'  C  F,  fo  is  one  of  the  Bafes  CB,  to  O.    The  Parallelogram 

X  is  to  the  Parallelogram  Z,  as  AC  to  O. 

PROP.  XXIV.     Theorem. 

JN  every  PciraUelograjji  {as  5,  F)  the  Parallelo- 
^  grains  'ivhich  are  about  the  Diameter  {A  B)  to 
wit,  {CL,  01)  are  both  like  to  the  whole  Paral- 
lelogramy  and  to  each  other. 

By  27.  I.  the  Angles,  C,  S,  and  L,  F,  are  equal.  By 
the  fame,  E  is  equal  to  I,  that  is,  by  the  fame,  equal  to 
A  it  felf ;  but  B  is  common  both  lo  the  Whole,  S,  F,  and 
the  Part,  C  L.  Therefore  the  whole,  S,  F,  and  the  Part, 
C  L,  are  Equiangular.  It  remains  to  be  fhew'd,  that  they 
have  the  Sides  oppofite  to  the  equal  Angles  proportional. 

Becaufe  in  the  Triangle  B  C  E,  B  S  A,  C  E  is  parallel  to 
S  A,  B  C  (by  CoroL  \.p.  4.  /.  6.)  will  be  to  C  E,  as  B  S 
to  S  A  :  And  C  E  will  be  to  E  B  (by  the  fame  Corollary) 
as  S  A  to  A  B.  But  becaufe  in  the  Triangles  E  L  B,  A  F  B 
alfo,  E  L  is  parallel  to  A  F,  E  B  (by  the  fame  Corollary^ 
will  be  to  E  L,  as  A  B  to  A  F.  Therefore  ex  esquo  C  E  is 
to  E  L,,  as  S  A  to  A  F.  Therefore  (by  Definition  i.  L.  VI.) 
C  L,  and  the  Whole,  C  F,  are  like.  In  the  fame  manner, 
I  mi^ht  fl.ew  O  I  to  be  like  to  the  Whole.  S,  F.  There- 
fore (per  21.  /.  6.)  C  L  and  O  I  are  alfo  like  betwixt 
themfelves.     Q^E.D. 


PROP.  XXV.     Problem. 

^^s-A^-     nrO  change  a  given  Polygon  {A)  into  another 
^    like  to  a  given  one  {B.) 

Or  to  make  a  Polygon  equal  to  a  giveji  one  {A) 
and  like  to  another  given  o?ie  {B.) 

Upon  C  F,  the  Side  of  the  Polygon  B,  a  like  one  to  1 
which  is  required,  (by  45  /.  i.)  make  a  Redlangle  Q  equal  ■ 
to  B.     Then  upon  F  I  (by   the  fame  Propofuion)  make  a 

Red.  jl 
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Re<Sangle  R  equal  to  A.     It  is  manifeft,  that  CF  and  FI 
do  make  one  right  Line.     Betwixt  C  F  and  F I  find  a  mean 
Proportional  F  L  (^^).     Upon   this,  {p.  i8.  1.6.)  make  a(a)Pfri3. 
Polygon  like  to  the  given  one  B,  this  muil  alfo  be  equal  to  ^'  6* 
the  given  one  A. 

For  feeing  by  the  Conftruclion,  C  F,  F  L,  F  I,  are  three 
Proportionals,  the  Polygon  B  is  to  the  Polygon  like  to  it, 
which  is  made  upon  F  L,  as  C  F  is  to  F  1  (per  20.  A  6.  and 
Definition  10.  /.  5.  that  is,  {per  I.  I.  6.)  as  Q  is  to  R. 
Therefore  alfo  by  changing,  as  the  Polygon  B  is  to  Q^ , 
fo  is  the  Polygon  F  L  to  R.  But  by  the  Conftrudion,  the 
Polygon  B  is  equal  to  Q^  Therefore  alfo  the  Polygon  upon 
F  L,  which  is  like  to  B,  is  equal  to  R  ;  that  is,  by  the, 
Conftrudion,  to  the  given  A.  That  therefore  is  done 
(vhich  was  required. 

PROP.  XXVI.     Theorem. 

J  IKE  Parallelograms  (BD^  FN)  halving  a^'^.^^* 
••^  common  Angle  (A)  are  about  the  fame  Dia- 
meter, 

Draw  the  right  Lines  A  E,  C  E.  If  you  deny  that 
^  E  C  is  a  common  Diameter  to  the  Parallelograms  B  D 
ind  F  N  ;  let  another  right  Line  A  G  C,  which  cuts  F  E  * 

n  G,  be  the  Diameter  of  B  D,  and  draw  the  Parallel 
jH.  The  Parallelograms  F  H,  B  D,  will  be  therefore 
ibout  the  common  Diameter  A  G  C,  and  confequently  (by 
i!4.  /.  6.  will  be  like.  Therefore,  (per  Definition  i.  /.  6.) 
Ivill  be  like.  Therefore,  as  B  A  to  A  D,  fo  is  FA  to  A  H. 
[But  alfo,  as  B  A  to  A  D,  fo  is  FA  to  A  N,  feeing  B  D, 
^N,  are  like  by  the  Hypothefis.  Therefore  FA  is  to 
A  H,  as  the  fame  F  A  is  to  A  N.     Which  is  abfurd. 

PROP.  XXVII,  XXVIII,  XXIX. 

T^HESE  caufe  Trouble  to.,  and  perplex  Begin- 
ners^ and  are  fcarce  of  any  Ufe, 

i  PROP. 

\ 
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PROP.  XXX.    Problem. 

%45.      nrO  cut  a  given  right  Line  (AB)fo  that  the 
whole  {A  B)  /hall  be  to  one  Segment  {A  C)  as 
the  fame  Segment  is  to  the  Remainder  (CB,) 

That  is,  as  Geometricians  fpeak,  to  eut  a  Line  in  ex-j 
treme  and  mean  Proportion. 

By  IX  L.  2.  fo  cat  A  B  in  C,  that  the  Reflangle  under 
A  B,  C  B,  may  be  equal  to  the  Square  of  AC.  I  fay 
the  Thing  is  done. 

For  by  the  17th  of  this  Book,  as  A  B  is  to  A  C,  fo  is 
ACtoCB.  ; 

The  Force  of  this  Seftion  of  a  Line  is  admirable  in  thei; 
infcribing  and  comparing  regular  Bodies. 


^'S'  47. 


PROP.  XXXI.     Theorem. 

7 F  from  the  Sides  of  a  Re B angular  Triangle 
^  (ACB)  like  Figures  whatever  he  defcribed^ 
that  which  is  oppofed  to  the  right  Angle^  will  h 
equal  to  the  two  others  (L,  R)  taken  together 

Here  Propofit'wn  47.  I.  I.  is  made  univerfal. 

From  the  rent  Angle  C,  jet  the  Perpendicular  C  O  bi 
let  down.     Becaufe  (p.r  CoroJLlary  i.  P.  8    L.  6.)  A  B,  B  ^ 
BO,  are  tbrte  Proportionals,   F  iliall  be  to  the  Figure  R 
which  is  like  to  it,  as  A  B  the  firft,  to  B  O  the  third  Pro 
pactional,  (to   wit,  by    20  L.  6.  and    Definition  lo.  L.  5^  it; 
Ayain,  lifcaufe   (by  the   aforefaid   Corollary)  B  A,   A  Ciji] 
A  O,   are  three  Proportionals,  the  Figure*.F    fhall   (by  th  •  ■ 
aforefaid  Pr'^)»fiiion  and   Difitution')  be  to  L,    which  is  lik 
to  it,    as  B  A  the   firll,   to   A  O  the    third    Proportional 
Eeca'ufe  therefore  F  is  to  R,  as  A  B  is  to  B  O  i  and   th, 
fame  F  is  to  L,  as  AB  to  AO  ;   F  fhall  alfo  be  to  R  and  I  jsj 
taken  together,  as   A  B-  is   to  B  O,  A  O,  taken  together  ;;-■ 
EiU  A  B   is  equal  to  the  two,  BO,   A  O.     Therefore  alf 
F  fhaii  bs  equal  to  the  two,  R  and  L.     ^.  -E-  />. 

Corollary\ 
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Corollary, 

T^ROM  this  Propofition  we  can  eafily  find  one  Redilltiear 
^  Figme,  equal  and  like  to  any  Number  of  Redilinear 
Figures  vvhatibever,  by  the  fame  xMethod,  whereby,  Prop. 
I.  Schal.  p.  47.  /.  I.  one  Square  is  found  equal  to  any 
Number  of  given  Squares  whatfoever.  Only  in  the  De- 
monftration,  let  31.  /.  6.  be  cited  inllead  of  47  /.  i. 

Corollary  (2.)  **  A  Circle  upon  the  Hypothenufe  of  a 
**  Redangle  Triangle,  is  equal  to  two  Circles  defcribed 
*'  upon  the  Sides,  for  all  Circles  are  like  amongll  them- 
**  felves  ;  and  are  to  one  another  as  the  Squares  of  their 
*'  Diameters,  by  the  Second  of  the  Twelfth  Book. 

Corollary  (3.)  **  From  hence  we  may  derive  that  Qua- ^'^•54- 
*'  drature  of  Lunets  (or  little   Moons)  which  Hippocrates 
*'  of  Chios  firft  taught. 

"  For  let  A  B  C  be  a  Reflangle  Triangle  ;  and  B  AC  a 
**  Semi.circle  to  the  Diameter  B  C  :  B  N  A  a  Semi-circle 
'*  defcrib'd  on  the  Diameter  A  B  ;  A  M  C  a  Semi-circle 
*•  defcrib'd  upon  the  Diameter  A  C.  Thus  therefore  the 
**  Semi-circle  B  AC  is  equal  to  the  Semi-circles  B  N  A  and 
*'  AMC  together.  If  therefore  you  take  away  the  two 
*'  Spaces  B  A,  A  C,  common  on  both  Sides,  there  will  be 
*♦  left  the  two  Lunets  B  N  A,  A  M  C,  bounded  on  boih 
*•  Sides  with  circular  Lines  equal  to  the  Re6"tilineal  Tri. 
«'  angle  B  AC.  And  if  the  Line  B  A  be  equal  to  the  Line^ 
**  AC.  and  you  let  fall  a  Perpendicular  unto  the  Hypothe- 
**  nufs  B  C,  the  Triangle  B  AO  will  be  equal  to  the  Lunet 
*»  B  NA,  and  the  Triangle  COA  equal  to  the  Lunet  C  M  A. 

PROP.  XXXII. 

'JTHIS  is  hardly  of  any  Ufe^  and  hath  nothing 
^   remarkable  in  it. 


PROP. 
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PROP.  XXXIIL    Theorem. 

Fi^.  48.  TN  the  fame  or  equal  Circles^  the  Angles^  whe- 
■*  ther  at  the  Centers  (as  ABC^  FOD)  or  at  the 
Circumference  (as  ARC^  FSD)  hare  that  Pro- 
portion betwixt  themfeh^s,  which  the  Arches 
(AKCy  FGD)on  which  they  ft  and,  have,  Un- 
derftand  the  fame  thing  of  SeBors. 

As  for  the  Angles  at  the  Center,  and  the  Seniors,  it 
will  be  demonflrated  altogeih  r  in  the  fame  manner,  in 
which.  Prop,  1.  of  this  Book,  it  was  demonflrated,  that 
Triangles  of  the  fame  Height  are  as  their  Bafes  :  Only 
where,  Prop,  38.  /.  i.  is  cited  there,  let  Prop.  29./.  3. 
be  cited  here. 

And  becaufc  the  Angles  R  and  S,  at  the  Circumference, 
are  Halves  of  the  Angles  ABC,  F  O  D,  at  the  Center, 
that  which  hath  been  demonllrated  of  thefe  will  be  manifefi 
alfo  of  thofe: 

Corollary, 

TiS'  ^9.  '•  TT  ^  ^  '^"S^^  (B  AC)  at  the  Center,  is  to  four  right 
*  "*  -■-    Angles,  as  the  Arch  B  C  on  which  it  ftands,  is  to 

the  whole  Circumference. 

For  as  B  A  C  is  to  the  right  Angle  B  A  F,  fo  by  this,  33, 
the  Arch  BC  is  to  the  Quadrant  B  F.  Therefore  the  Angle 
B  A  C  is  to  four  right  Angles,  as  the  Arch  B  C  is  to  four 
Quadrants,  that  is,  the  whole  Circumference, 

The  Arches  I  L,  B  C,  of  unequal  Circles,  which  do  fub- 
tend  equal  Angles,  whether  at  the  Center,  as  I  A  L  and 
B  A  C,  or  at  the  Circumference,  are  like  Arches. 

For  the  Arch  I  L  is  (by  Corollary  i.)  to  its  Circumfe- 
rence, as  the  Angle  I  A  L,  that  is,  BAG  is  to  four  right 
Angles ;  and  the  Arch  B  C  is  to  its  Circumference  (by  the 
fajiTe  Corollary)  as  the  fame  Angle  B  A  C  is  to  four  right 
ones.  Therefore  1  L  is  to  its  Circumference,  as  BC  is  to  its. 
Therefore  (by  Df/in.  4.  /.  6-)  the  Arches  I  L  and   B  C  are 


like. 


The 
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3.  The  Semi-diameters  (A  B,  A  C)  do  takeaway  from 
concentrical  Circumferences  Jike  Arches,  I  L,  B  C.  This 
is  manifeft  from  Corollary  2. 

4.  The  Segments  (B  K  C,  I O  L)  which  contain  equal 
Angles  (K,  O)  are  like. 

For  by  Corollary  2.  the  Arches  B  C,  I  L,  and  confc- 
quently  the  Angles  B  KC,  I O  L,  are  like. 
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BOOK    XI. 

With  Us  the  Seventh. 


TO  tne  fix  firft  Books  Euclid  fubjoins  the  Elements  o 
Number;,  comprehended  in   the    three  follovvirg,| 
the  Seventh,  Eighth  and  Ninth,  to  which  he   alfo; 
sdjoins  a  Tenth,  concerning  incommenf arable   Quantities 
We  pafs  immediately  from  Planes  to   Solids  ;  purpohng  t 
treat  of  Numbers  feparately  :  Seeing  it  will,  1  fuppofe,  h 
more  commodious  for  Learners,  if  the  Elements  of   Geome-] 
try  be  !:0t  interrupted,  by  treating  of  any  other  Matter,  bu 
be  had  altogether.     Neverthelefs,   when    we  fhall  cite   th 
Propofition^  o£ this  and  the  following  Book,  we  fhall  not  cal: 
thefe  Books  the  Seventh,  and  the  Eighth,  but  the  Elevent 
and  the  Twelfth,   left  if  we  fhould  depart  from    the  ever 
\vheve  received  Order  ox  Euclid,  the  Citation  of  Propofuion 
Ihculd  thereby  be  render'd  more  intricate. 

This  Hook  in  a  fort  contains  two  Parts  :  In  the  firft,  a 
laid  the  Foundation  on  which  the  whole  Doctrine  of  thejj 
Solids,  that  is,  of  Bodies,  depends.  In  the  other,  the  Af-  | 
fedtions  of  Parallelopepids  are  propounded. 

'*  Thjs  Eleventh  Book  of  Elements  fets  forth  the  firft 
•*  Principles  of  Solids.  Nor  can  indeed  the  Properties  of 
**  Bodies  be  known  without  it  ;  and  if  we  fet  upon  almoft 
*'  any  Part  of  the  Mathematicks,  without  the  Knowledge 
•*  of  Solids,  \vc  fhall  labour  in  vain,  ot  beat  Icaft  at  a  ereat 
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Lofs.  For  the  Spherical  Dof^rine  of  7htodojius,  Sphe 
rical  Trigonometry  alfo,  a  great  Part  of  Pra£lical  Geo" 
metry.  Statics  and  Geography,  depends  upon  it  ;  and 
what  Things  occur  of  any  great  Difficulty  in  the  Art  of 
Dialh'ng,  in  the  Conic  Sedions,  x'^llronomy.  Dioptrics 
or  Optics,  do  all  become  more  eafy,  the  Principles  of 
Solids  being  once  underflood:  So  that  thofe  who  have 
delivered  the  Elements  of  Geometry,  leaving  cut  and 
fetting  afide  this  and  the  following  Book,  are  to  be 
reckon'd  to  have  delivered  the  fame  very  imperfeflly. 

Definitions 

A    Solid,  or  Body,  is  that  which  hath  Length,  Breadth 
"^  and  Thicknefs. 

2.  The  Extreme  of  a  Solid  is  a  Surface.  Fig.i.  l.ii. 

3.  The   right  Line  [A B]  is  to  the  Plane  [CC]  right  or 
srpendicular,  when  it  makes  right  Angles  \^^AC,  BAC] 
ith  all  the  right  Lines  [C  A]  in  the  Plane  [CC]  by  which 
is  touch'd. 

4.  A  Plane  is  right  or  perpendicular  to  a  Plane,  when  all  ^'S-  2» 

le   right  Lines    [L  Q^]    which    are  drawn  in  one  of  the  •,,.'- 

lanes  perpendicular  to  the  common  Se<5lion  [X  R]  are  right  ''% 

perpendicular  to  the  other  Plane  [ABC  O.] 

5.  If  the  right  Line  [O  L]  ftands  upon  a  Plane  not  at  F/f-  3' 
ght  Angles,  and  from  its  highell  Point  [L]  there  be  drawn 

D  the  Plane  the  Perpendicular  [L  F]  and  [U  P]  be  join'd  ; 
be  Angle  [L  OP]  is  faid  to  be  the  Inclination  of  the  Line 
0  L]  to  the  Plane. 

6.  U  the  Plane  [P^  E]  doth   not  Hard   perpendicularly  F/^f.  4. 
pon  the  Plane  [L  Q__]  the  Inclination  of  one  to  the  other 

the  acute  Angle  [A  B  C]  which  is  contain'd  by  the  right 
ines  [A  B  and  B  C]  which  are  drawn  in  both  Planes  per- 
iendicular  to  the  common   Sedlion  [O  E.] 

7.  A  Plane  is  faid  to  be  alike  jnclin'd  to  a  Plane,  as  is 
ome  other  Plane  to  another,  when  the  faid  Angles  of  their 
nchnations  are  equal. 

.  Parallel  Planes,  are  thofe  which  being  continued 
\try  way,  are  always  diltant  from  each  other  by  ecual 
ntervals. 

9.  Like  folid  Red^ilinear  Figures  are  thofe  which  are 
ontain'd  under  like  Pianes,  in  Number  equal. 

10.  A  folid  righr.lin'd  Angle,  is  that  which  is  contain Vi  F/>.  5. 
inder  plain  Angles  more  than  two  [B  A  C,  C  A  O,  O  A  Bj 

v/hicii 
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which  are  not  in  the  fame  Plane,  meeting  together  in  on 

Point. 

II.  Equal  folid  Angles  are  thofe,  which  being  conceiv' 

to  be  put  each  within  the  other,  do  agree  or  perfedtly  cc 

incide. 

Like  as  a  plain  Angle  is  a  mutual  Inclination  of  Lines  ' 

fo  a  folid  Angle  is  an  Inclination  of  Surfaces.     Concernin 

both  therefore  we  mull  reafon  in  the  fame  manner. 
fig. 6,7,%.      1 2.  A  Prifm  is  a  folid  Figure,  comprehended  by  Plane;  3 

amongft  which  two  oppofue  ones  [O  F  E,  A  C  B]  are  pa 

raliel,  equal  and  like. 
Fig.S*  ly.  A  Parallelopepid   is  a   Solid,    contain'd    under  fi 

Quadrilateral  Planes,  of  which  the  Oppofites  are  paralle 
I4.  If  fix  Planes,  in  which  the  Oppofites  are  paralle 

be  Squares,  the  Solid  contain'd  by  them  will  be  a  Cube. 

PROPOSITION  I.     Theorem. 

f'^'  9'  f)NE  Part  (AC)  of  a  right  Line  cannot  be  i.. 
^  a  Plane  (OE;)  and  another  Part  (CB)  ou 
of  it. 

It  is  clear  of  it  felf,  from  the  Definition  of  a  Plane  an 
a  right  Line.     See  Defin.  4.  and  j,  L.  i. 

PROP.  II.     Theorem. 

^'i'  lo-      'py^R^  "Triangle  is  in  one  Plane  :  And  tu 

right  Lines  cutting  each  other ^  are  in  tl 

fame  Plane. 

For  if  a  Plane  be  applied  to  one  of  its  Sides,  and  to  tl 
Point  of  meeting  the  other  two,  it  will  be  evident  that  ti 
whole  Triangle  is  in  that  Plane. 

PROP.  III.     Theorem. 


fig.  II, 


TF  two  Planes  (AB,  CD)  cut  each  other  (El 
•^  their  common  SeBion  is  a  rizht  Line. 


Lib.  XL         Euclid'j  ElemefJts,  i6x 

It  is  manifeft:  from  the  Definition  ,of  a  Plane. 

But  we  may  demonltrate  it  thus.      If  E  F,  the  common 

iSedion.   be  not  a   right   L\T,t,  Jet   there  be  drawn   in  the 

\  PJane  CD  the  right  Line  E  O  F,  and  in  the  Plane  A  B,  the 

right  Lme  E  r;^F.     The  two  right  Lines  therefore,  EO  F, 

£  Q_F,  will  inclofe  a  Space.     Which  is  abfurd. 


I 


PROP.  IV.     Theorem. 

^  a  right  Line  (BA)  be  perpendicular  to  two  n^.iz, 
right  Lines  {C  A  X^  F  A  S)  which  cut  each 

^  other,  it  will  alfo  be  perpendicular  to  the  Plane 

\  which  is  drawn  through'  them. 

If  you  deny  it,  let  another  right  Line,  B  Q^,  be  perpen- 

Idicular  to  the  Plane  of  the  right  Lines   AC,   A  F.     Join 

I A  Q^  and  to  this  in  the  Plane  \;A  C,  draw  the  Perpendicu- 

iJar  QO.     This  being  produced,  will  necefiarily   cut  (as  is 

^gathered  {ron\  SchoL  Prop.  31.  /.  iJ  one  of  the  right  Lines 

i/j|C  AX,  FAS,  or  both,   wherefoevcr  the  Point  Q  Ihall  be. 

Therefore  let  it  cut  C  A  X  in  O^  and  let   B  O  be  join'd. 

Becaufe  therefore  the  Angle  B  AO  is,  by  the  Hypothtfis,  a 

right  one  ; 

The  Square  of  B  O  (hall 

be  equal  to  B  A  Squ."?' 

>  (^.)       (h-)Per,j. 
+  AO  Squ.V  /.I. 

-  Bnt  becaufe  B  Q  is  fuppos'd  perpendicular  to  the  Plane 
I'^F  A  C,  and  confequently  (by  Definition  3.  I.  11.)  makes  a 
|'i|  right  Angle  B  QJ\  with  A  Q  ; 

B  A  Squ.  is  equal  to  B  Q  Squ.  ^ 

S-  {d.)       ((L  Per  47, 
J.  ^  +AQSqu.^  I.  I. 

;f     And  becaufe  the  Angle  A  QO  is,  by  the  Conllrudion,  a 
n  right  one  ; 
'  AO  Squ.  is  equal  to  OQ^Squ.p 

>  (/•.)      (e^  By  t'f 
+  AQ^Squ.3  r.i7 


nnc. 


Therefore  B  O  Squ.  is  equal  to  -f-  B  Q  Squ. 

H-O^^Squ. 

-}"''^Q-^^^-    twice 
taken. 

L  There. 
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Therefore  Square  B  O  is  greater  than  the  Squares  of  B  Q 
and  O  Q;  and  (as  is  clear  from  Prop.  47  /.  i.  confequently 
B  Q  O  is  not  a  right  Angle.  Therefore  B  Q  is  not  per. 
pendicular  to  the  Plane  (by  Dejinition  0,,  I.  ii.)CAF. 
Therefore  the  Propofition  is  manifeil. 

Scholium, 

FR  O  M  its  being  iuppos'd  that  B  Q^is  perpendicular  to. 
the  Plane  F  A  C  ;  it  is  diredlly  demonflrated  that  B  Q' 
is  not  perpendicular  to  that  Plane  ;  and  confequently  from; 
the  denial  of  the  Affertion  of  the  Theorem,  the  fame  Af- 
fertion  is  direclly  proved.  This  Demonllration,  as  to  the 
Subftance  of  it  is  John  Citrman"?,^ 

PROP.  V.     Theorem. 

^^.  13.      IF  three  right  Lines  (B  A,  C  A,  FA)  he  per- 

pendicular  to  the  fame  right  Line  {A  R)  at  the\ 

fame  ^oint  (A ;)  thofe  three  will  be  in  one  \Plane. 

For,  if  it  may  be,  let  one  of  them  B  A  be  in  another 
Plane  (R  G)  which  may  cut  L  Q^,  the  Plane  of  the  other 
two,  C  A,  F  A,  in  the  right  Line  A  O.  Becaufe,  by  the 
Hypoihefjs,  R  A  ftands  perpendicularly  upon  the  two,  CA, 
F  A,  it  will  be  perpendicular  to  the  Plane  L  Q^by  the  fore, 
going.)  Therefore  R  A  makes  a  right  Angle  with  AO 
(by  DeJirMion  5.  /.  n.)  But  alio,  by  the  Hypothefis, 
R  A  B  is  a  right  Angle.  Therefore  the  Angles  R  A  B  and 
R  A  O  arc  equal.     Which  is  abfurd. 


PROP.  VI.     Theorem. 

VIGHT  Lines  (AB,  CD)  which  are  per  pen- 
'     dicidar  to  the  fame  ^lane  (C  F)  are  parallel 

It    might   be   taken   for  granted,  as  a  Thing  of  itfelf 
known  ;  Jsjt  we  may  demonltrate  it  thus. 

BD 
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B  D  being  join'd,  make  in  the  P  ane  F  E  the  Line  D  G 
perpencicular  to    BD,  and   equap  to  BA;  and  let  DA, 
G  A,  GB,  be  join'd.     The  right  Lines    BD,   D  G,   are 
equal  to   B  D  {a)  and  B  A  j  and'  the  Angles   B  D  G,  {l)  (a)  By  the 
DB  A  are  right  ones.     Therefore  (/^r  4.  /.  i.)  AD,  B  Qi;Conftriic~ 
ire  equal,     'i  herefore  the  Triangles  ABG,  G  D  A,  are^^'-'-- 
Equilateral  to   each  other,    and  confequcntly  the   A.ngresY^'^^"' 
ABG,  A  DG,  are  equal      But  A  B  G  (by  Defin.  3.  /.  1 1 .)  ^  /'  3' 
is  a  right   Angle.     Wherefore  A  D  G  is  alfo  a  right  one. 
But   \^DG  alfo,    by    the  Conllrui^tion.    and    CDG,   by 
Defi^i.  3.  are  right  Angles.     Therefore  G  D  is  perpendicu- 
lar to  the  three  Lines  C  D,  A  D,   B  D.     Therefore  C  D  is 
^c)  in  one  Plane  with  A  D  and   B  D.     But  A  B    alfo  is  in  fc)  By  tie 
one  Plane   {per  2.  /   i  j.)  with  A  D  and  B  D.     There^ore/orfjo/XT. 
A  B,  CD  are  in  one  Plane.     Therefore  feeing  the  Angles 
iA  B  D,  C  D  B   (by  Dcfin.  3.  /.  1 1.;  are  right  ones,  A  B, 
Z  D,  will  \^er  29.   /.I.  and  Defin.  3-6.  /.    1.}  be  paraUel 
Lines.    Q.E.D.  .""  "' ^j  '■    -, 

^^^  i   ;  9(70  3dT>n    ■' 

PROP.  VII.     Theorem. 

''  A  Right  Line  (E  F}  cutting  the   right  Lines  ng.i-^. 
(AB,  CD)  placed  in  the  fame  ^lane^  is  in 
one  and  the  fame  -Plane  with  them. 


Ft  might  be  taken  for  granted.     But  he  that  will  nray 

thus  demonflrate  it. 
jj     Let  another  Plane  cut  the  Plane  of  the  right  Lines   A  B, 

CD,  in  the  Points  EF.     \f  now  E  F  is  not  in  the  Plane  of 
!  AB,  CD,   EF  will  not   be  the  common   Sedion.     Let 

lEGF   therefore  be  fo.     Therefore  {per  3.  /.  1 1.)   E  G  F 

lis  a  right  Line  ;  the  two  right  Lines  therefore  E  F,  EG  F, 
linclofe  a  Space,     Which  is  abfurd. 

Corollary, 

:1LJ  E  N  C  E  it  follows,  that  if  E  F  cut  the  Parallels  A  B, 
^^  C  D,  it  is  in  the  fame  Plane  with  the.Ti,  For  (by 
'De/iKition  36,  /.  i.}  any  two  Parallels  are  in  the  fame  Plane. 


L  2  PROP. 
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PROP.  VIII.     Theorem. 

f^>  14.      JF  of  two  Parallels  (A  B,  CD)  one  (AB)  be 
perpendicular  to  a  Plane  E  F ;  the  other  alfo 
(CD)  zvill  he pcrpe?2dicidar  to  the  fame  Plane. 

It  might  be  taken  for  granted.     If  the  Demon fl ration 
be  rcqair'd,  i:  is  as  follows. 

"  ED,  AD,  being  drawn  :  in  the  Plane  E  F,  makq 
**  G  D  perpendicular  to  B  D.  It  will  alfo  ffee  the  Demrn 
**  ftration  of  Prop.  6.i.  il.)  be  pcrpendiculnr  to  AD.: 
"Therefore  {per  a.  /.  ii  )  G  D  wili  be  perpendicular  to 
**  the  Plnre  A  B  D.  that  is,  (by  the  foregoing  Corollarv) 
*'  to  the  Plane  C  B  D  A.  Wherefore  (p^r  Dffir.  3.  /.  ri')- 
•*  C  D  G  is  a  right  Angle.  But  the  Angle  C  D  b  is  alfo  a 
*•  right  one  ;  forafmuch  as  with  A  B  D,  which  {per  Defin. 
**  3.  A  II.)  is  a  right  Angle,  it  maketh  two  right  ones 
•*  {per  17.  /.  I.)  Therefore  {per  4.  I.  n.)  C  D  is  perpen-  ^ 
«*  dicular  to  the  Plane  G  D  b  or  E  F.     'Jl^E.D.         _^ 

PROP.  IX.     Theorem. 

^'^2'  16.      VIGHT  Lines  (AB,  EF)  zvhich  are  parallel 

to  the  fame  ri^ht  Line  (CD)  although  they 

be  Twt  in.  the  fame  Plane  with  it^  are  alfo  parallel 

Bctzuixt  thcmfehes. 

Although  it  might  be  taken  for  granted,  yet^  we  will  dc 
monftrate  it  thus 

Jn  the'Plane  c**  the  Parallels  A  B,   CD,  draw  G  K  per- 
pendicular to  C  D.     Likewii'e  in  the  Plane  of  the-  Parallels 
E  F,   CD,  dra-v   HK    p-rpcndicular  to  CD.     Therefor* 
(a)  P.T4.    (n)  C  K  is  perpendicular  to  the  Plane  G  K  H.     Therefore, 
^  II.  feeing  AG,  E  H,  be  pr-qllel  to  C  K,  the  fame  AG,  EH 

(bjFerS.    (^)   will  be- perpendicular  to  the  Plane  G  K  H.     Therefon 
^-  II-  AG.  E  l-I  (0  are  parallel.     O   E.  1). 

(c)P.r  W         r  ^ 

6. /.I  I. 


PROP. 


: 
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PROP.  X.     Theorem, 

TF  two  right  Lines  {AC,  BC)  he  parallel  to m-.i-j, 
^  two  right  ones  (DF,  EF;)  albeit  they  be  not 
in  the  fame  Flane^  thev  comprehend  equal  Angles 
(Cand  F.) 

Let  C  A.  C  B,  be  made  equal  to  F  D,  E  F,  and  let  D  E, 
;AB,   DA,    F'C,   E  B,  be  drawn.     Seeing  A  C,  F  D,  are 
parallel  and  equal,   A  D  alib  and  C  F   will  (a)   be  parallel  (  \  p.. 
and  equal.     Jn  like  manner  I  might  iliew  B  E,   C  F,  to  b'  3?   /  i 
P'.ra'Jcl  and  equal.     1'herefore  AD,   BE,  aie  alfo  parallel 
{b)  and  equal,  per  Axiom  i.      Therefore,  per  55.  /.  i.  A  B,  (b)  By  the 
D  E,  are   equal.      Seeing   therefore  the  'I'riangles    B  A  L  ,  forcgoia^^. 
E  D  F,  are  Equilateral  to  each  other,  the  Angles  C  and  F 
(fj  are  equal.  *  i^.  £.  D.  ^^^  ^^.^ 

PROP.   XI.     Problem. 

n^O  draw  a  Perpendicular  to    a  given  Plane  n.^i^, 
{A  B)  from  a  Point  given  without  it  (C.) 

The  Conilruflion.  In  the  Plane  A  B,  draw  any  riohc 
Line,  as  D  F^  unio  which,  from  C,  ercdl  the  Perpendicu- 
lar CE.  Tnen  in  the  Plane  AB,  through  E,  draw  A  E  Al 
[perpendicular  to  the  fame  D  F.  Then  to  A  A],  from  C, 
draw  the  Perpendicular  C  G.  J  lay,  that  C  G  is  perpen- 
Idicular  to  the  Plane  A  B. 

Through  G  let  H  G  be  drawn  parallel  to  D  F.     By  the 
Conllrudion,    J)  E    is   perpendicular    to   C  E   and  E  AL 
Therefore  D  E  is  perpendicular  to  the  Plane  C  E  Al  (J),  as  (d)  P:  r 
\\\{o  is   UG{e).     Therefore,   by   Dejin.   3.   /.  11.  CG   ii4-/.  ii« 
•  Derpendicular  to  H  G.     But   C  G,   by  the  Conllruaion,   is  "^)  ^^*' 
'•'ilio  perpendicular  to  E  AL     Therefore  (/)  C  G  is  perpen.  %\'p^' 
'jlicular  to  the  Plane  A  B.     Which  was  the  Thing  propofed  /  \^  '^ ^' 
■'.    Scholium.     "   Li  Pradice  thus.      Let   there  be  a   Cord /^/V  20. 
'■'  or  Rule  fadned  to  the  given   Point   A  :  And   from   the/.  12""' 

•  fame,  let  there  be  defcribed  by  the  end  of  it  B  in  the 
'  Plane  given,  the  Circle  B  C  F  L.  The  Line  A  K, 
'  which  conneds  the  given   Point   and   the   Center  of  the 

•  Circle,  will  be  perpendicular  to  the  given  Plane, 

■i  ^  PROP. 
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PROP.  XII,     Problem. 

^^^-  i9'  'pR  OM  a  given  Feint  {A)  in  any  Plane  (EF) 
■^  to  ereB  a  Line  perpendicular  to  the  fame 
Plane, 

From  any  Point  D,  without  the  Plane  E  F,  make  D  B 
(by  the  foregoing)  perpendicular  to  the  Plane  E  F.  And 
B  A  being  join'd,  draw  A  C  parallel  to  D  B.  I  fay  the 
1  hing  is  done.  The  Demonftration  is  manifcft  from 
Prop.  8. 

Corollary. 

IN  Praflice,  from  the  given  Point,  a  Perpendicular  is 
eredled  to  the  given  Plane,  if  a  Square   OKN  be  ap- 
plied to  the  given  Point  [and  be  turn'd  round  ] 

PROP.  XIII.     Theorem. 

F/V.  20.       TINES  drawn  from  the  fame  Point  cannot 

be   both  perpendicular  to  the  fame   Plam 

(AB.) 

For  if  they  were,  they  would,  (by  Prop.  6.)  be  parallel 
Which  cannot  be. 


F/f.  21. 


PROP.  XIV.     Theorem. 

JF  the  fame  right  Line  (A  B)  be  perpendiculail 
•^  to  two  ^^ lanes  (FG,  L^;)  the  ^Hanes  wi^ 
be  parallel 

Let  there  be  taken  in  cither  of  the  Planes,  as  F  G,  an; 
Point  C,  from  wh'ch  let  CE  be  drawn  parallel  to  AB 
and  meeting  the  Plane  L  Q  in  E.  Then  C  E  {per  %.l.  1 1. 
will  be  perpendicular  to  both  Planes,  F  G,  L  Q^  Where 
fore  if  A  C,  B  E  be  join'd,  the  Angles  A,  B,  (by  Def.  3,  . 
II.)  will  be  right  ones.  7  herefcre  {per  z<).  l.  i.)  A  C 
i  K.  are  parallel.  Therefore  A  C  E  B  is  a  Parallelogram 
and  confcqut-ntly   C  E,  which  hath  been  already  fhcwn  t 


i 
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be  perpendicular  to  both  Planes,  is  equal   (per  34.  /.  j.)  to 
AB.     In  the  fame  manner  I  might  fhew  that  all  the  Per- 

y  I  pendiculars  to  both  Planes  are  equal.     Therefore  (by  DeJ^K. 

S  i  8.  /.  II.)  the  Planes  are  parallel.     ^E.D. 


PROP.  XV.     Theorem. 

J^F  two  right  Lines  (B  A,  C  A)  touching  each  Fi^,  -^z. 

other  to  be  parallel  to  two  right  Lines  which 
dfo  touch  one  another  (E  D^  F'D;)  the  P lanes 
likewife  which  arc  drawn  through  them  will  be 
parallel, 

,    From  A,  let  there  be  drawn  A  G,  perpendicular  to  the 

Plane  E  F,  and  let  G  H,  G  I,  be  parallel  to   D  E,  D  F. 

Thefe   {per  ().  l.  n.)  will  alfo  be  parallel  to    AC,   A  B. 

Seeing  therefore  the  Angles  1  G  A,  H  G  A,  be,   by  Def.  3. 

i.  11.  right ;   C  A  G,  B  A  G,  will  alfo  {a)  be  righc  Angles,  (a)  Pcrzj^ 

Therefore,  G  A,   which  is  perpendicular  to  the  Plane  E  F,  ^-  i- 

will  alfo  be  perpendicular  to  the  Plane  BC  [b.)     Therefore  l^)^^'" 4. 

the   Planes   B  C,    E  F,    are,    by    the   foregoing,  parallel.  ^*  ^'* 

^.  E.  D. 

PROP.  XVI.     Theorem. 

A  Plane  (E  H  F  G,)   cutting  parallel  Planes  F,f.  23. 

(A  By  C  D,)   jnakes  the  SeBions  in  them. 
{EH,  GF) parallel 

If  not,  feeing  they  be  in  the   fame  interfering  Plane, 
they  will  meet  fomewhere,  by  Schol  Prop.  21,  /.  i.  as  in  I. 
Wherefore  feeing  the  whole  Lines  H  E  1,  F  G  I,  be  in  the 
Planes  *  A  B,  C  D,  produced,  thefe  Planes  alfo  will  meet  in  *  p^^  , 
I.     Which  is  abfurd,  and  contrary  to  Dejin,  8.  /.  u.  /^  ^t^ 


L4  PROP. 
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PROP.  XVII.     Theorem. 

^ii^  24.      pArallel  Planes  cut  right  Lines  (BD  and  GH) 
proportiondUy, 


6. 


K/j.  26. 


tr; 


Let  the  right  Lines  B  H,  G  D,  be  criwn  in  the  Planes  ! 
PV,  TQ^;  and  likewife  let  BG  be  drawn  meeting  the  Plane 
R  S  in  F,  and  let  F  C,  F  I  be  join'd.     The  Phne  ot  the 
Triangle  B  G  D  cutting  parallel  Planes,  n.akes  the  Sedions 
C  F,  DG  parallel,  by  the  foregoing.     1  hercfore  B  C  is  to 
•   CD,  as  B  F  (e)  to  FG.     Again,  tne  Triangle  B  HG  cat-  ; 
ting  pajalle!  Planes,  makes   tne  Sedions,   by  the  foregoing,  '" 
BH,   FJ,  parallel.     Therefore  H  1   is   to  1  G,  as  *  B  F    ' 
i'cr  2.     to  F  G  ;  that   is,  as  1   have  already  fliew'd,  as  B  C  is  to 
CD.     (l^E.D, 

PROP.  XVIII.     Theorem,  r 

25.       JF   a  right  Line  (F  E)  be  perpendicular  to  a 
^  Plane  (AB;)  all  the  Planes  which  are  drawn  ; 
through  it  are  perpendicular  to  the  fame  Plane 
(AB.) 


Let  the  Plane  G  C  be  drawn  through  F  E,  makihg  O  D 
the  common  Section  with  A  B  ;  and  let  the  Lines  H  K  be 
drawn  in  the  Plane  GC,  perpendicular  to  the  common 
Se<ftion,  CD.  Now  feeing,  by  the  Conllrudion,  HK 
is  perpendicular  to  the  fame  common  Sei^lion  to  which  F  R 
it  perpendicular,  by  the  Hypochefis,  K  H  and  F  E  mult 
be  varaiiel,  by  29.  /.  I.  Therciore  H  K  is  alfo  perpendi- ' 
cular  to  the  Plane  AB,  per  8.  /.  11.  Therefore  the  Plane 
G  C  is  perpendicular  to  the  Plane  A  B,  per  Definition  4.  l.n, 

i 

PROP.  XIX.     Theorem. 

JF  two  Planes  (MF,  G  D)  cutting  each  other ^ 
^  be  both  perpendicular  to  the  fame  -Plane  {AB;) 
theiy  common  Seftion  alfo  will  be  perpendicular 
to  that  ^Plane  (A  B.) 

For 
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For  feeing,  by  the  Hypothefis,  the  Plane  M  F  is  per- 
pendicular 10  the  Plane  A  B  ;  it  is  manifeft,  by  Defimticn 
4,  diat  there  may  be  drawn  in  the  Plane  M  F,  from  the 
Point  L,  a  Perpendicular  to  the  Plane  A  B  ;  namely,  that 
which  from  L,  in  the  Plane  M  F,  is  perpendicular  to  the 
common  Section  E  F.  Again,  by  the  Hypothefis,  G  L)  is 
perpendicular  to  that  Plane  AB  ,  'tis  evident,  in  the  Plane 
G  D,  may  be  drawn  from  the  Point  L,  a  Perpendicular  to 
the  Plane  AD.  But  from  the  Point  L  (^;  there  can  be  (a)  P<?r  1^, 
eredted  only  one  Perpendicular  to  the  fame  Plane  AB.  ^■^'' 
Therefoie  the  Perpendicular  to  the  Plane  A  B,  which  is 
drawn  from  the  Point  L,  muft  be  found  in  both  the  Planes, 
M  F  and  G  D,  and  confequently  L  K,  the  common  Sedion 
of  thofe  two  Planes,  M  F  and  G  D,  is  perpendicular  to 
the  Plane,  A  B.     ^  E.  D. 

PROP.    XX.     Theorem. 

JF  a  [olid  Angle  (A)  is  contain' d  under  three  F/>.  27. 

plain  Angles  (BAC.CADy  DAB;)  any  two 
of  tkefe  is  greater  than  the  third. 

If  the  three  Angles  be  equal,  the  AiTertion  is   manifeft 
at  ^rit  Sight  ;  and   it   is  as   certain,  if  they    be   unequal. 
jFor  let  BAD  be  the  greateft ;  nnd  from  BAD,  cut  off 
»B  A  E,  equal  to  B  A  C,  and  m.ake  the  Line  ^iC  equal  to 
AE.     And  through  E,  let  there  be  drawn  aright  Line 
imecting  A  B  and  AD,  in  B  and   D,  and   let  B  C,   DC, 
oe    join'd.     Becaufe,    by    the    Conftruclion,     the    Angles 
;B  A  E,  B  A  C,  are  equal,  as  lik.wife  the  Sides  B  A,  A  E, 
I'jqual  to  the  Sides  B  A,  AC,  tiie  Bales  alfo  BE,   BC,  will 
be  equal  (/j.)     And  becaufe  BC,   CD,  (c)  are  greater  than  (h)P<fr^ 
B  D,  the  Equal,   BE,    EC,  being  taken  away,   there   re.  ^-  ^* 
mains  C  D  greater  than  E  D.     But  the  Sides  E  A,  A  D,  {^^^  -^^'"20. 
ire,  by  the   Conllrudion,  equal   to  the  ^ides,    C  A,   A  D. /%**« 
rherefore  the  Angle  {d)    C  A  D  is  greater  than  the  Angle/   j    ^^^^' 
1  A  D.     Seeing  therefore  the  Angle  B  A  C  is  equal,  by  The 
wcnftruftion,   to  the  Angle   B  A  E,   thofe   two   Angles   to- 
gether, BAC,  CAD,  are  greater  than  the  Whole,  BAD. 

PROP. 
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PROP.  XXL     Theorem. 

n^Hil  plain  Angles  conflitiiting  any  folid  Anglt 
whatfoever^  arc  lefs  than  four  right  ones, 

».      g  Let  A  be  a  folid  Angle  ;  let  the  right  Lines,  B  C,  C  D 

"^'  *  DE,  RF,  FB,  be  fubtended  to  the  plain  Angles  whid 
make  up  the  folid  one,  fo  that  thofe  right  Lines  be  all  ir 
one  Plane.  Which  being  done,  there  is  conllituted  a  Pyra 
mid,  whofe  Bafe  is  the  Polygon  BC  D  E  F  i  A  is  the  Top 
and  it  is  contain'd  under  fo  many  Triangles,  G,  H,  I,  K 
L,  as  there  are  plain  Angles  which  compofe  the  folid  Angh 
A.  And  now,  becaufe  the  two  Angles  A  B  F,  ABC,  are 
by  the  foregoing,  greater  than  the  third,  F  BC;  and  th< 
two,  A  C  B,  A  C  D,  are  greater  than  the  third,  BCD 
and  fo  on  ;  All  the  Angles  of  the  Triangles,  G,  H  I,  K 
L,  about  the  Bafe,  as  taken  together,  are  greater  than  al 
the  Angles  of  the  Bafe,  B,  C,  D,  E,  F,  taken  together 
But  the  Angles  of  the  Bafe,  together  with  four  right  one*, 
make  twice  lo  many  right  Angles,  by  Theorem  2.  Schol 
after  32  L.  i.  as  there  are  Sides,  or,  which  is  the  fame,  a; 
there  are  Triangles.  Therefore  all  the  Angles  of  the  Tri 
anglef.about  the  Bafe,  together  with  four  right  ones,  mak< 
more  than  twice  fo  many  right  Angles  as  there  are  Tri 
angles.  But  the  fame  Angles  about  the  Bafe,  together  witUp 
fa)  P^r32.  the  Angles  that  compofe  the  Solid  make  up  (a)  twice  fc 
/.  li  many  right   Angles  as  are   the  Triangles.     It  is  manifef 

therefore,  that  the  Angles  which  compofe  the  folid  Angl< 
A,  are  lefs  than  four  right  ones.     ^.  E.  D.  ^ 

Corollary,  > 

F^ROM  this  and  the  foregoing,  it  is  obvious  to  collefl 
that  a  folid  Angle  may  be  compos'd  of  any  three  plaii 
Angles,  which  are  lefs  than  four  right  ones,  if  fo  be  tha 
any  two  of  them  be  greater  than  the  other. 


t 


Scholium. 
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Scholium. 

FROM  this  Propofition  is  deraonftrated  that  famous 
Theorem,  That  only  three  regular  and  equal  plain 
Figures  can  contain  a  Body  ;  to  wit.  Equilateral  Triangles, 
i  either  4,  or  8,  or  20  ;  6  Squares,  and  twelve  Pentagons. 
I  An<i  confequently,  that  there  are  only  five  regular  Bodies. 
A  Pyramid,  which  is  contain'd  under  4  ;  an  Odaedrum^ 
which  is  comprehended  by  8  ;  and  an  Icofudrum,  which 
is  bounded  by  20  Equilateral  Triangles  ;  a  Cube^  which  is 
contain'd  under  6  Squares  ;  and  the  Dodecaedrum,  under 
12  regular  and  equal  Pentagons.  Now  a  Body  is  called 
Regular,  which  is  comprehended  under  regular  and  equal 
Planes. 

Demonji.  A  folid  Angle  cannot  be  composed  of  only  two 
Equilateral  Triangles  ;  three,  at  leaft,  are  requir'd. 

Of  three  Equilateral  Triangles  meeting  in  one  Point, 
there  may  be  conftituted  the  folid  Angle  of  a  Pyramid ; 
of  four,  the  folid  Angle  of  an  OBaedrum  ;  of  five,  the 
folid  Angle  of  an  Icofiedrum :  Forafmuch,  as  both  3,  4, 
and  5  Angles  of  an  Equilateral  Triangle  are  lefs  than  4. 
right  ones,  as  is  gathered  from  CoroUary  12.  Propofition  32. 
L.  l: 

And  becaufe  three  Angles  of  a  regular  Pentagon,  as  is 
gathered  from  Coro//^ry,  Prop.  11.   I   4.  are  lei's  than  four 
\  right  ones,  three  Pentagons,  meeting  in  one  Point,    will 
conftitute  a  folid  Angle,  that  of  the  Dodecaedrum. 

That  of  the  three  Squares,  meeting  in  one  Point,  may 
be  compos'd  the  folid  Angle  of  a  Cube,  is  manifeft  of  itfelf. 
And  thus  there  arifc  five  regular  Bodies. 

But  that  there  are  no  more  than  thefefive,  is  thus  proved. 
Six  Angles  of  an  Equilateral  Triangle  make  juft  four  right 
pnes.  For  one  is  two  Thirds  of  one  right  one  ;  and  there- 
fore fix  fuch  will  make,  by  Corol.  \2.  Prop.  32.  /.  i; 
twelve  thirds  of  one  right  one,  that  is,  four  right  ones. 
And  therefore  of  fix  Equilateral  Triangles  a  folid  Angle 
cannot  be  compos'd  ,  much  lefs  of  more. 

That  of  four  Squares  a  folid  Angle  cannot  be  made, 
much  lefs  of  more,  is  manifeft  in  itfelf. 

Four  Angles  of  a  regular  Pentagon  are  greater  than  four 
right  ones.    For,  by  Coro//,  Prop.  11.  A  4.  each  of  them 

make 
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make  fix  Fifths  of  one  right  one.     Therefore  a  foh'd  Angle 
cannot  be  made  or"  four  fuch  Pentagons  ;  much  lefs  of  more. 

Nor  can  a  folid  Angle  be  compos'd  of  any  other  regular 
Jt'igures  whatfoever.  Three  Angles  of  a  regular  Hexagon, 
by  Corollary  1.  Prop.  15.  A  4.  are  equal  to  four  right  ones. 
For  one  makes  four  Thirds  of  one  right  one  ;  and  therefore 
three  make  twelve  Thirds  of  one,  that  is,  four  entire  right 
ones.  Therefore  of  three  Hexagons  a  folid  Angle  cannot 
be  made  up  ;  much  lefs  of  more. 

But  feeing  three  Angles  of  a  regular  Hexagon  are  equal  , 
to  four  right  ones,  three  Angles  of  any  other  Figure  what- 
ever greaier  than  an  Hexagon,  as  of  an  Heptagon,  Oda- 
gon,  i^c.  will  be  greater  than  four  right  ones.  Wherefore 
it  is  maaifeft,  that  the  refl  of  the  regular  Figures  are  all  in, 
capable  of  compofing  a  folid  Angle;  and  confequently, 
that  there  can  b;;  no  regular  Bodies  befides  the  £ve  fore- 
going. 


A 


PROP.  XXII,  XXIIL 

R  E  very  proli:^^  lUid  tedious  to  Beginners, 
and  fcarce  at  any  lime  come  into  UJe, 


\ 


PROP.  XXIV.     Theorem. 

r/^.  29.     HTHE  Planes  which  co7itain  a  Parallelopepid 
are  (i.)  Parallek^rjins.     (2.)  The  oppofite 
ones  are  like,     (3.)  The  Planes  are  equal. 

Part  I.  The  Plane  A  F.  cutting  the  Planes  B  D.  F  H, 

(a)  Per     which   by   Dcfn.  15.  are  parallel,  makes   [a]  the   Sedions 
16. /.  II.     B  A,    F  F.    parallel.     Agdin,   the  Plane   A  F,  cutting    the. 

Planes  AH,  B  G,  which,  by  the  fame  Definition,  are  pa., 
rallel,  ^hy  the  fame)  makes  tiic  Section  A  E,  B  F,  parallel.. 
Therefore  B  A  E  F  is  a  Parallelogrnm,  By  the  like  Argu- 
ment the  relt  of  the  Parallelopepid  may  be  prov  d  to  be 
Parallelograms. 

Part  II.  Becaufe  it  is  manlfefl  from   the  frfl  Part,  th.it 
AB,  B  C,  arc  parallel  to   E  F,   ¥  G  ;   the  Angles  A  B  C, 

(b)  Per      E  F  G,  mufi  be  {b)  equal.     Wiierefore  feeing  t!ic  alternate 
10. /.I  I.  Sides 
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Sides  alfo  are  equal,  the  oppofite  Parallelograms  B  D,  F  H, 
are  like  or  fimilar.     And  the  fame  of  the  reft. 

Part  III.  This  is  rr.anifeft  from  the  firlt  Part,  and  Fourth, 
or  Eighth  of  the  FiiflBook. 

PROP.  XXV.     Theorem. 

JF  a  Parallclopepid  (GFDI)  or  any  Frifm.Tig.io, 
•^  vjhatcver  he  cut  hy  a  Plane  {N P)  that  is 
.Parallel  to  the  oppofite  Sides  ;  there  will  be  this 
[Proportion,  as  the  Bafe  (DCPO)  is  to  the  Bafe 
\{OPFE)Jo  isthefolid{GP)  to  the  f olid  (NF.) 
i 

This  is  demonflrated  in  the  fame  manner  as  /.  i.  /.  6. 

Corollary, 

APrifm  cut  by  a  Plane  parallel  to  the  oppofite   Planes, 
hath  a  Sedlion  like  and  equal  to  the  oppofite  Planes. 


A 


A 


PROP.  XXVI,  XXVII. 

RE  not  necejjary.,. 

:       PROP.  XXVIII.     Theorem. 


Plane  pajjing  through  the  Diameters  of  oppo-Hg,  29 
fite  Planes  (AC^  EG)  cuts  the  Parallclopepid  ■ 
into  two  equal  Prifms, 

Becaufe  [a]  B  G,  E  E,  are  Parallelograms  ;  C  G,  A  E.  (a)  Per 
lire  eqci-dillant  from  the  fame  B  F,     1  her -fore  {h\  they  are  24.  /.  ir. 
;iIfo  parallel  betwixt  themfelves,  and  confcquently  are  in '^bjPfr  9. 
p')ne  Plane.     Therefore  the  right  Lines  A  C,   E  G,  are  (r;  ^-  ^\^' 
n  one  Plane.     But  row  that  a  Plane  drawn   through  them  ^^^  ^'^ ' 
loth  cut  the  Paralielepepid    into  two  equal  Prifms,   is  thus   • 
hew'd.     Let  the  Prifm  A  E  G  C  D  H    be  underliood  to  be 
b  conllitured  upon  its  Plane  A  E  CJ  G,  that  the  Angles  D, 

H. 
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H,  bend  towards  the  Angles  B,  F.  It  is  manifeft,  that  ic 
will  yet  be  betwixt  the  parallel  Planes  B  A  D  C,  F  E  H  G. 
But  the.i  D  mull  needs  fall  upon  B,  and  H  upon  F.  For 
let  D  fall  without  Jj,  if  it  may  be,  and  in  N.  The  Angle 
(d)  Per  27.  B  A  C  (^)  is  equal  to  the  Angle  DC  A.  ButDCAis 
/.  I.  equal  to  N  A.C,  for  it  is  one  and  the  fame  Angle.     There- 

fore BAC  and  NAC  are  equal:  Which  is  abfurd. 
Therefore  D  lalls  upon  B  ;  and  for  the  fame  caufe,  H  upon 
F.  Therefore  the  frifm  A  E  G  C  D  H  coincides  with  the 
Prifm  ACG  E  FB,  and  confequently  they  are  equal,  by 
Axiom  7. 

PROP.  XXIX,  XXX.     Theorems. 

7ig.li,     'T'HE  Parallelopepids   {FEAGKIMC)  and 

(FEBHLOMI)  which  have  the  fame  Bafe 

{EFIM)  and  the  fame  Altitude^  and  confequently 

exift   between  parallel  P Lines    {EFIM)  and 

{GAOL)  are  equaL 

For  they  either  exift  betwixt  the  lateral  parallel  Planes 
E  A  O  M  and  F  G  L  I,  or  not.  Let  the  firft  be  fuppos'd, 
from  the  24th  of  this,  and  the  8th  of  the  full  Book,  itf  \s 
manifell,  that  the  Triangles  A  E  B,  C  M  O  ;  likewife  GFH.i 
KJL,  are  Equilateral  and  Equiangular  to  each  other.. 
Wherefore,  as  in  the  foregoing,  I  might  ibew  that  the 
Prifms  C  M  O  L  I  K,  r.nd  A  E  B  H  F  G,  being  laid  upon 
each  other  will  coincide,  and  confequently,  by  Axtom  7. 
are  equal  Wherefore  the  Common  Solid  F  E  B  HK  CM  I 
being  added,  the  whole  Parallelopepids  FEAGKIMC 
and  FEBHLOMI  are  equal.     Q^E.  D. 

Then  let  the  Parallelopepid  F  X  Q  E  M  I  P  R  not  exid 
betwixt  the  fame  lateral  parallel  Planes  with  the  Paralleio- 
piepd  FEAGKCMI.  Here,  becaufe,  by  the  Hypothecs, ; 
G  K,  A  C,  RP,  Q_X,  arc  in  one  Plane,  which  is  parallel 
to  the  Bafe  E  F  I  M  ;  let  RP,  Q^X,  cut  G  K  in  L  and  H, 
and  AC  in  Q  and  B  ;  and  let  E  B,  MO,  F  H,  XL,  be 
join'd.  It  is  eafy  now  to  (hew,  that  the  Planes  containing 
the  Solid  FEBHLOMI,  are  Parallelograms,  the  oppo- 
fite  ones  of  which  are  equi.diHant,  and  confequently  that 
the  Solid  is,  by  Defin.  it,.  L.  11.  a  Paralleopcpid.  But  tOi 
this,  by  the  firft  Part,  the  Parallelopepids  F  X  Qj:  M  i  P  R. 

and 


J 
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l^and  F  E  A  G  K  C  M  I,  are  each  cf  them  equal.     Therefore 
they  are  alfo  equal  betwixt  themfelves.     ^  E.  D. 

1  Corollary. 

THIS  Propofition  is  like  to  the  35th  of  the  firft  Book; 
for  it  affirms  corxerning  Solids,  what  that  doth 
touching  Planes.  Wherefore  the  Demcnflration  of  the 
reft  of  the  Cafes  will  be  like  alfo. 


PROP.  XXXL     Theorem. 

VArallelopepids  upon  equal  Bafes  {AG  and E G) f/^.  33, 
.     and  in  the  fame  Altitude  (5)  are  equaL 

Firft,  let  the  Parallelopepids  have  their  Sides  perpcndicu- 

ir  to  the  Bafes.     Unto  the  Side  F  G,  produced,  let  there 

je  made  a  Parallelogram   G  M  K  H,  equal  and  like  to  the 

?aralIe!ogram  A  O  ;  and  the  Parallelogram  G  M  P  R  being 

3erfedled,  let  the  right  Lines  P  M,  R  G,  meet  K  H  in  (^ 

t.nd  L.     And  now  let  Parallelopepids  be  underflccd  to  be 

«-'|:onftituted  upon  G  K,  G  O  ,  G  P,  whofe   Sides  are  per. 

^.  ')endicular  to  the  Bales,  ana  S  is  their  common  Altitude. 

"ifhe  Solid  E  G  S,  is  to  the  Solid  G  P  S,  as  E  G,  per  z^.  /. 

U  I .  is  to  G  P  ;  that  is,  becaufe  E  G,  A  O  are  equal,  by 

'•  [he  Hypothecs,  as  A  O  to  G  P  ;  that  is,  by  the  Conllruc- 

''  'ion,  as  G  K  is  to  G  P  ;  that,  is,  as  G  Q^  is  to  G  P,  f^r 

'ii.,^./.  I.  that  is,  as   the   Solid  G  Q^S  is   to  the  fame  Solid 

"   J  S  P,  per  z^.  I.  II.     Bec^u(e  therefore  the  Solids  E  G  S 

nd  GQ^S  have  the  fame  Proportion   to  the  Solid  GPS, 

.  he  Solid  E  G  S  will  be  equal  to  the  Solid  G  Q^S  ;  that  isj, 

0  the  Solid  GKS,  fer  29.  /.  11.  that  is,  becaufe  the  Bafes 

:  3  K,  AO,  are  equal  and  like,  by   the  Conflrudion,  to 

■  le  Solid  A  O  S,  as  it  appears  from  29.  /.  1 1.  and  even  in 
:  felf.  Which  was  the  Thing  propos'd.  Note,  Tfiat  in 
^i3  reafoning,  the  Solids  are  fuppos'd  to  be  right  or  per- 

:    endicular  ones. 

Then  let  the  given  Parallelopepids  E  G  S,  A  O  S,  have 
;  leir  Sides  at  the  Bales   EG,    A  O,  oblique.     Let  there 

■  ow  be  made  upon  EG,  A  O,  Parallelopepids,  whofe  Sides 
:    re  perpendicular  to  the  Bafes  in  the  Heighrh  S ;  thefe  will 

e  equal   to    the   oblique   ones    by    the   29th  and    50th. 
vherefore   feeing,  by  the  firft  Part,  right  Parallelopepids 

arc 
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are  equal  betwixt  themfelves,  the  oblique  ones  will  be  equal 
betwixt  themfelves  likevvue.     ^  is.  D. 

PROP.   XXXII.     Theorem. 

^'Z*  34.        ALL  Fa  rallelopepids  zoha  leaver  of  equal  Height  by 
are  betwixt  tbemfehes  as  their  Bafes. 

Let  G  O  and  A  be  the  Bafes.     Upon  C  O  make  the  Pa 
rallelogram  O  E  equal  to  A. 

Upon  B  C,  O  E,  let  Parallelopepids  be  underftood  to  be 
ereded  in  the  Altitude  K  ;  thefe  therefore  will  be  Parts  of 
one  Parallelopepid,  B  E  K.  Therefore  the  Parallelopepid, 
O  E  K,  is  to  the  Parallelopepid,  B  C  K,  as  the  Bafe  O  E, 
to  the  Bafe  BC,  per  2^.  1.  n.  that  is,  by  the  Conilruftion, 
as  the  Bafe  A  is  to  the  Bafe  B  C.  Buc  becaufe  the  Bafes 
OE  and  A,  are  equal,  the  Parallelopepids,  OEK  and 
A  K.  are  equal,  by  the  foregoing.  Therefore  alfo  the 
Parallelopepid,  A  K.  is  to  the  Parallelopepid,  B  C  K,  a^ 
the  Bafe  A  is  to  the  Bafe  BC.    Q^E.  D. 

Scholium, 

TH  AT  which  hath  here  been  fhew'd  of  Parallelopepids  j 
will  be  demonft rated  in  the  Twelfth  Book  of  Pyraj 
mids.  Prop.  6.  Of  all  Prifms  whatever,  in  Corollary  \. 
after  Propojttion  9.   Of  Cones  arid  Cylinders,  Propo/Ition  11 

PROP.  XXXIII.     Theorem.  ) 

^  J  IKE  Parallelopepids  {HA  and  CM)  are  in  c  \ 

*^  triplicate  Proportion  of  their  homolop'ous  Side^li 
{AB,  BO)  ^  I 

Let  the  Parallelopepid?,  AH,  CM,  be   like.     There' 
fore  all  their  Flares,  by  Dejin.  9.  /.  ii    are  like  ;  and  cor  i 
fequently  A  E,  by  Dfjjn.  f.  /.  6.  i?  to  B  C,  as  E  B  to  BO  jt 
and  as    FB   is  to  B  G,   fo  is  EBtoBO.      Moreover  thV 
Angles  of  the  Planes  are  alfo  equal,  by  the   fame.     There 
fore,  let  the  Solid*:.  AH,  CM,  be  fo  placed,    that    th 
eqaal    Angles  C  B  O,  A  B  E,  mav   be  oppofire,  and    th'  it 

Side 


] 
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."^■Jcs    A  B,   C  B,  may  lie  To  as  to  make  one   UraitLine; 

•and  then  EB,  O  B  will  alfo  lie  fo  as  to  make  oneflraic  Line. 

Now.  let   Solids  be   imagin'd   to  be  conlhtuted   upon  the 

,  Planes  B  Q^and  E  C,  in  fuch  fort  that  the  Solids  K  B.  H  A, 

,may  be  one  Parallelopepid,  and  K  B,  P  O,  may  make  one 

tParalielopepid,  and  P  O,  CM.  may  make  one  Paralitlopc- 

Ipid  likewife.     The  Solid   H  A,  is  to  the  Solid  K  B,  per  25. 

)/.  I  I .  as  A  E  to  B  R  ;  that  is,  per  i.  /.  6.  £s  A  B  to  B  C  ; 

jthat  is,  as  i  ihew'd  above,  by  the   Hypothefis,  as  E  B  is 

(to  B  O  ;  that  is,    by  the  fame,  as  E  C  is  to  B  Q_;  that  is, 

\.p£r  25.  /.  1 1,  as  the  fame  Solid  KB,  is  to  the   Solid   P  O, 

'iTherefore  the  three  Solids,    HA,  H  B,   PO,  continue  the 

'Ifame  Proportion,     But  now  the  Solia   K  B,  is   to  the  Solid 

•jlP  O,  by  the  fame,  as  ti^e  Bafe   B  R,  is  to   the  Bafe   B  Qj 

•jthat  is,  per  I,  /.  ^.  as  E  B  is  to  B  O  ;  that  is.  as   F  B   is  t6 

'ijB  G,  as  it  was  (hew'd  above,  by   the  Hypothefis  ;  that  is, 

■^joy  the  f^me,  as  the  Plane  F  C  is  to  the  Plane  B  S  ;  that  is, 

5fr  25.  /  1 1,  as   the  fame   Solid  P  O  again  is   to  the  Solid 

i:if:M.      Therefore  the  four  :;olids,  HA,  KB,   P  O,  CM, 

ire  continually  proportional      Therefore,  by    Dtfin.  lo.    /. 

;.  the  Proportion   of  the  firH   HA,  to  the  fourth   C  M, 

s  triplicate  of  the  Proportion  of  the  firft  H  A,  to  the  fe- 

[:cnd  K  B  ;  that  is,  triplicate  to  the  Proportion,  fir   25. 

'.II.   of  A  E  to  BR;   that  is,  triplicate,  per  i.   /.   6.  to 

he  Proportion  of    the  homologous   Sidts,    A  B  to  B  C. 

[Corollary  ( I.)  *'  Hence,  if  there  be  four  right  Lines 

*  continual  y   proportioa'al ;  as  is  the  nrft  to  the  fourth, 
I*  fo  is  a  Parallelopepid  defcrib'd  Upon  the  firll,   to  a  ParaL 

*  lelopepid   like,  and  in  like  rnanner  defcrib'd  upon   the 
I'  fecond. 

(2.)  **  Upon  this  alfo  "depends  that  moft  famous  Pro- 
blem concerning  doubling  the  Cube  ;  of  which  after., 
wards,  ScboliuTr.y  p.  18.  A  li. 

(3.)  '*  Hence  alfo  is  to  be  correded  the  Error  of  thofe, 
who  fuppofe  that  the  Proportion  of  like  Solids  is  the 
iameas  is  that  of  their  Sides.  For  the  Lube  of  a  Line, 
which  is  double  to  another  Liiie,  is  not  only  double  to 
the  other,  but  as  eight  to  one.  And  the  Cube  of  a 
Line,  which  is  treble  to  another  Line,  is  not  only  treble 
to  the  other  Cube,,  but  contains  it  27  Times.  For  i  ; 
2  :  4  :  8  vr  and  i  :  3  :  9  :  27  -rr,  and  the  fame  thing  is 
M  ♦'  t© 
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**  to  be  faivl  of  all  like  Bodies  whatfcever ;  as   will  appear 
**  afterwards. 

(4.)  '*  Hence  the  triplicate   Proportion  of  any  Qaanti- 
"   ties  whatfocver  is    the  Proportion   of  the   Cubes   of  the 
**  fame  Quantities.     Let  there  be  any  two  Quantities  in  the  i 
*'  triph'cate  Proportion  of  the  Qjiimtities,  A  B,  BC  ;  they  / 
**  fhali  alfo  be  as  A  B  Cube,  is  to  B  C  Cube.] 

Scholium. 

'T^H  AT  which  hath  here  been  (l-ew-d  of  Parallelopepids, 

-■-     will  be  demcnftrated,  Book  12.     Of  Pyramids,  P/op. 

8.     Of  all   Pfifms  whatfoever.   Coronary  2.   Pfop.  9.     O^ 

Cones  and  Cylinders,  Prep.  12.     Of  Spheres,  Prep.  18, 


^i.36. 


PROP.  XXXIV.     Theorem. 

TF  the  Parallelopepids  {BM,  CK)  be  equal^  their 
Bafes  and  Altitudes  arc  reciprocally  proportion 

al;  (that  is,  the  B.ife  AM  is  to  the  Bafe  F K^  aS;, 

reciprocally  the  Heighth  FC  is  to  the  Heighth  A  B,j 
And  if  their  Bufcs  and  Altitudes  be  reciprocally 

proportional^  they  are  equal.  ' 

Part  1.  Firft,  let  the  Sides  be  perpendicular  to  the  Bafes; 
If  no .v  the  Altitudes  of  the  Solids,  BM,  C  K,  be  equal 
the  thing  is  maniiefc. 

U  the  Akitudes  be  unequal,  from  the  greater,  F  C,  cui 
off  F  E.  equal  to  BA  ;  and  through  E  draw  the  Plane  EL 
parallel  to  F  K.  The  Bale  A  M,  is  to  the  Bafe  F  K,  pe 
25.  /.  1 1.  as  ihe  Solid  B  aI,  is  to  the  Solid  E  K  ;  that  is ^ 
becaufe,  by  the  Hypothefis,  the  Solids  BM,  CK  ar 
equal,  as  the  S  lid  C  K,  is  to  the  Solid  E  K  ;  that  is,  b 
ihe  fame,  as  C  G  is  to  £  G  ;  that  is,  per  i.  /.  6.  as  C  F  ; 
to   E  F  ;  that  is,   by    the  Conilru»!lion,    as   CF   to   BA 

Ihcn  let  the  Sides  be  ob'ique  to  the  Bafes.  Let  rigl 
Parallelopepids  be  ereifl  q  upon  the  farae  Bafes  in  the  fanr, 
Height,  i  i\^  oblique  Parailelcpepids  will  be  equal  to  ihtf 
Wherefore  iceng  tncfc,  by  the  frll  Part,  have  their  i)<xi 
and  Akitudes  reciprocal,  thuie  alfo  will  be  likcwif 
OE.D. 
^  Th. 
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Then  let  the  Sides  be  oblique  to  the  Bafes,  I  et  right^ 
Parallelopepids  be  erected  upon  the  iame  Bafes  in  the  iamc 
Height.  '  he  oblique  Parallelopepids  will,  per  29  and  30. 
/.  i  I.  be  equal  to  che'e  ;  Wherefore  feeing  thefe,  by  the  firll 
Part,  have  their  Bafe:  and  Alticudes  reciprccal,  ihofe  alfo 
fhai!  be  lo  likewife.     ^  E.  D. 

Part  II.  Let  the  Altitudes  be  unequal,  and  the  Sides  per- 
pendicular to  the  Bafes ;  and  ffom  the  greater,  C  •  ,  take  E  h\ 
equal  to  AB.      The  Solid  BM,  is  to  ihe  Solid  EK,  per  32. 
/.  1  I .  as  A  M    is  to  F  K  j  that  is,  by  the  Hypotkeils,  as 
C  F  is  to  A  B  ;  that  is,  by  the  Ccnilruftion,   as  C  F  is  to 
E  F  ;  that  is,  as  C  G  is  to   {a^    EG;  that  is,   (l;)   as   the  ('d)  Per  i. 
Solid  C  K  is  to  the  lame  Solid  E  K.     Therefore  the  Solids  ^-  6 
B  M  and  C  K  have  the  fame  Proportion  to  E  K  :  Therefore  ^^>  Per  25. 
they  are  equal.     ^  E.  D.  °  ^^' 

Corollaries, 

VXTHAT  AfFeclions  have  been  dem'^nftrated  of  Parallelo- 
^^     pepids.   Prop.  29,  30,  31,  32,  33,  34,  do  alfo  agree 
to  Triangular  Prifms,  which  are  the  Halves  of  Parallelope- 
pids.    As  is  manifeft  from  Prop.  28.     Therefore, 

I.  The  Triangular  Prifms,  which  are  of  equal  Heighth,  F/£,^j, 
are  as  their  Bafes  A,  B. 

2  If  they  be  like,  their  Proportion  is  triplicate  to  the 
Proportion  of  the  Sides,  oppofite  to  the  Angles. 

3.  If  they  be  equal,  they  reciprocate  their  Bafes  and  Al- 
titudes ;  and  if  they  reciprocate  their  Bafes  and  Altitudes, 
they  are  equal. 

Scholium. 

.^nj^HAT  hath  here,  in  Prop.  34.  been  fhew'dof  Parallelo. 
'.  *  '  pepid?,  will  be  demonftrated  in  the  12th  Book  cf  Py- 
ramids, Prop.  9.  Of  all  Prii'ms  whatfoever,  Corollary'^, 
jafter  Prop.  9.     Of  Cones  and  Cylinders,  Prep.  15. 

PROP.    XXXV. 

JS  very  hng^  and  fuhfcrvient  to  the  followw^ 
<  Propofitmi^  which  we  will  demonfiratc  with- 
out it. 

M  2  PROP. 
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PROP.  XXXVL     Theorem. 

f'i-  38.  A  ^cmdlelopepid  (D  H)  made  of  three  propor- 
*^  tional  right  Lines  {A^  B,  C,)  7S  equal  to  a 
^arallelopepid  (IN,)  which  is  made  of  the  Mean 
(5,)  and  is  Equiangular  to  the  former. 

Let  the  Bafe  F  D,  of  the  Parallelopepid  D  H,  have  the 
Side  E  F  equal  to  A,  and  the  other  Side  R  D  equal  to  C  : 
And  the  Side  E  G,  which  Hands  upon  the  Bafe  equal  to  B, 
Thus  the  Parallelopepid  D  H  will  be  made  of  the  three 
*  right  Lines,  A,  B,  C.  Then  let  the  three  Sides,  LX,  IX, 
X  M.  and  conlequently  all  the  rell,  of  the  Parallelopepid 
1  N  be  equal  to  the  middle  Line  B  :  And  the  folid  Angle 
X,  equal  to  the  folid  Angle  E  ;  the  Parallelopepid  1  N 
will  be  made  of  the  Mean  B,  and  be  Equiangular  to  the 
former.     I  fay  alfo  that  it  is  equal. 

For,  feeing,  by  the  Hypothefis  and  the  Conftrudion,  as 

FE  is  to  LX,  fo  reciprocally,  IX  is  to  DE,  the  Bafesalfo 

fa)  Per  14.  {^a)   D  F,   I  L,   will  be   equal.      Now,    becaufe  the  folid 

A  6.  Angles  at  E  and  X  are  equal  ;  if  they  be  put  within  one 

(b)  Per     another,  {b)  they  will  coincide ;  and  becaufe  of  the  Equa. 

Defin.  II.    ]iiy  of  the  right  Lines,  E  G,  X  M,  the  Points  M  and  G,  \ 

''II.  ^vill   coincide.     Wherefore  both   the  Solids  will  have  one  • 

perpendicular  Altitude ;  to  wit,  the  right  Line,  which  is 

let  fall  from  the  Points  M,   G,   now  become  one,  unto  the 

Plane  of  the  Bafe.     The  Solids  therefore  D  H,  IN,*  are 

*  P^r  31.    equal.     ^  E.  D. 

Scholium, 

VST  E  will  further  obferve  what  is  of  great  Ufe,  that  of 

^  '     three  Lines  drawn  into  or  multiplied  one  by  another, 

after  what  manner  foever,  a  Solid  of  the  fame  Magnitude 

is  produced. 

ABC.     CAB.     EGA. 
I.  2.  3. 

In  the  prefent  Scheme,  the  two  firfl  Letters  defign  the 
Bafe ;  the  third,  the  Altitude.  Let'  us  compare  the  firtt 
with  the  fecond. 

The  Bafe  A  B  is  to  the  Bafe  C  A,  per  i.  /.  6.  as  the  Side 
B  is  to  the  Side  C  ;  that  is,  reciprocally,  as  the  Heighth 
B  is  to  the  Heighth  C.    Therefore,  by  Prop*  34. 

ABC, 


/.  u. 


I 
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ABC,  is  equal  to  C  A  B; 
In  the  fame  manner  it  may  be  fhevv'd   that  the  iirfl  is 
equal  to  the  third,  and  the  third  to  the  fecond. 

PROP.  XXXVII.     Theorem. 
VArallelopepids  which  are  like^  and  defcrihed  in 
the  like  manner  by  proportional  right  Lines ^ 
will  themfekes  alfo  be  proportional ;   and  con- 
verjly. 

This  is  manifeft  of  itfelf  For  the  Proportions  of  Paral- 
lelopepids,  by  the  33d  of  this  Book,  will  be  triplicate  to 
thofe  Proportions  which,  by  the  Hypothefis,  are  equal, 
which  the  Lines  have  betwixt  themfelves. 

The  Converfeis  manifeft  of  itfelf  alfo. 

The  Proportion  is  true  of  all  forts  of  like  Bodies, 
which  will  appear  from  Book  the  izth,  to  have  betwixt 
themfelves  a  Proportion  triplicate  to  that  which  the  Sides 
have. 

PROP.  XXXVIII, XXXIX.  Theorems. 

'T^HESE  contain  nothing  remarkable^  and  are 
fcarce  of  any  Ufe 

PROR  XL.    Theorem. 

^HIS  is  of  a  f ma II  Ufe^  and  indeed  no  other 
'      than  the  2^th  Fropofition  in  another  View, 


Scholium. 


F 


ROM  what  hath  hitherto  been  demonftrated,  we  have 
the  Dimenfion  of  1  riangular  Prifms,  and  of  Quadran- 
;ular  or  Parallelopepids  ;  to  wit,  if  the  AltifuJe  be  multi- 
'lied  into  the  Eafe.  As  if  the  Altitude  be  of  10  feet, 
nd  the  Bafe  of  100  fquare  Feet,  (now  the  Bafe  is  mea- 
ured  by  Scholium,  p.  5^,  or  41.  /.  j.)  multiply  10  by 
y  ICO,  there  will  arife  1000  Cubic  Feet  for  the  Solidity 
t  the  given  Prifm, 

M  3  The 
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The  Demonftration  is  eafy.  for,  like  as  a  Redlangle 
arifeth  from  the  Multiplication  of  one  Side  by  anotfier, 
fo  a  right  Parallelopepid  is  produced  from  the  Heighth 
drawn  into  the  Bafe  Therefore  every  Parallelopepid  is  aifo 
produced  from  the  Altitude  multiply'd  into  the  Bafe  ;  fee- 
ing by  31.  /.  ii.  it  is  equal  to  a  right  Paralleiopepid,  con- 
ftituted  upon  the  fame  Bafe  with  the  fame  Heighth. 

Then  feeing  the  whole  Parallelopepid  is   produced  from 

the  Heighth  into  the  whole  Bafe  ;  the  half  of  the  f-'arallelc- 

pepid  (that  is,  a  Triangular  Prifm  by    28.  /.  II.)    will  be 

T'{?.2Q.      produced  from  the   Altitude  multiplied  by  half  the  Bafe  ; 

to  wif,  the  Triangle  ILK. 


I 
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With  Us  the  Eighth. 


WHAT  in  the  foregoing  Books  »\e  have  endeavour, 
ed  to  perform  ;  namely,  to  bring  the  Elements 
of  the  Mathematicks  into  a  more  eafy  ard 
brief  Alethodj  will  be  to  ce  endeavour'ti  in  this  Twelfth 
Book  eipecially  ;  the  Dodlrine  whereof  is  moil:  necelTarv 
but  the  Demonftrations  are  lb  p.olix,  that  they  ccmmonlv 
make  Beginners  airaofl:  to  defpair.  We  have  fo  propos'd  r'o 
our  felves  to  remedy  this  Evil,  that  in  the  mean  while  we 
will  not  depart  from  the  Rigour  of  Geometrical  Demon- 
ftrarion.  Which  Thing,  whether  or  no  we  have  attained, 
the  Reader  will  underiland,  if  he  fnall  compare  this  of 
ours  with  Euclid's  Prolixity. 


*'  Now,  after  Euclid  had  in  tlie  former  Book  declared 
the  Elements  of  Solids,  and  defined  the  Meafures  of  the; 
moft  eafy  Bodies,  thofe,  namely,  wdiich  are  terminated 
with  plain  Surfaces  :  In  this  J'welfth  Book  he  confiders 
Bodies  bounced  with  curve  Surfaccb ;  to  wit,  Cvlinders, 
Cones  and  Sphere:: ;  compares  them  betwixt  them.felves ; 
:nnd  defines  their  Meafures.  This  Book  is  indeed  moil 
profitable,  becaufe  it  contain?  thofe  Principles  on  which 
the  chief  iMafters  of  Geometry,  and  efpecially  Archime. 
des,  have  built  fo  many  famous  j>monllrations,  con- 
cerning the  Cylinder,   Core  and  Sphere. 

M  4  DE- 
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Definitions. 

F'j-.i.  /.12.  I.    A    Pyramid  is  a  Solid  [Z  L]  comprehended   under   the' 

-^^  Triangles  [ALC],  CLF,  FL3,  BLA]  placed  from 
one  Plane  [ZJ  to  one  Point  [L.] 

I'he  Plane  Z  is  called  the  Bafe,  and  may  be  either  a 
Triangle  or  Quadrangle,  or  any  other  Figure,  irom  each  of 
the  Sides  whereof  there  arife  Triangles  meeting  together  in 
the  Point  L,  which  is  called  the  Vertex,  or  Top. 

As  the  Triangle  amongft  Re6liline.'ir   plane  Figures,  fo 
the  Pyramid  amongll  folid  ones  is  the  firll  and  moit  fimplc. 
F/V.  2^3.  2.  If  without  the  Plane  of  lome  Circle  [C  L]  there  fhall 

l>e  taken  the  Point  [A,]  and  from  it  be  drawn  the  infinite 
right  Line  [A  F,]  touching  the  Circle  in  C  ;  and  this  Line 
(the  Point  [A]  remaining  fix'd)  be  turn'd  about  the  Circum- 
ference of  the  Circle,  until  it  returns  thither,  from  whence 
it  btgan  to  be  moved  ;  the  Surface  defcribed  by  tfic  right 
Line  [A  C  F]  is  term'd  a  conical  Surface;  and  the  Body, 
which  is  containM  under  this  Surface,  and  the  Circle  [C  L] 
is  cali'd  a  Cone. 

The  Vertex  of  the  Cone  is  [A.] 

The  Circle  [CL]  is  the  Bafe  of  the  Cone. 

The  right  Line  [A  B,]  drawn  from  the  Vertex  to  the' 
Center  of  the  Bafe,  is  the  Axis  of  the  Cone. 

The   S'de  of  the  Cone  is  the  right   Line  [AC  drawn 
from  the  Vertex  to  the  Circumference  of  the  Bafe,  which 
that  it  is  wholly  in   the   Surface  of  the   Cone,  is   manifcft 
from  the  ProduiSlion  of  the  Figure. 
'■*  F/j.  2.  A  right  *  Cone  is,  when  the  Axis  [A  B]  is  perpendicu- 

lar to  the  Bafe. 
t  FV.  3.  A  fcalene  f  or  oblique  Cone,  is,  when  the  Axis  [A  B]  is 

not  perpendicular  to  the  Bafe. 

A  right   Cone  is  alfo  made  by   a  right-angled  Triangle 
[CBA]  turn'd  round  about  one  of  the   perpendicular  Sides 
[A  B.]     See  Fi^.  2. 
-^'J-4>5-  3.   if  an  infinite  right   Line   [C  O  F]    be  turn'd  about,'* 

two  Circles  [CL,  O  Qj  equal  and  parallel,  until  it  re- 
turns to  that  Place  from  whence  it  began  to  be  mov'd,  and 
remains  always,  whilft  it  is  mov'd,  parallel  to  ir  felf,  the 
Surface  dcfcnbed  by  the  right  Line  [C  O  F]  is  called  a 
Cylindrical  Surfr.cc;  and  the  Body  which  is  contained  under 
this  Surface,  and  the  two  Circles,  is  calj'd  a  Cylinder. 
■       •  The 
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The  Bafes  of  the  Cylinder  are  the  Circles  [C  L,  O  Q  ] 
fre  right  Line  [A  B]  which  conneds  the  Centers  of  the 
Bai'es,  is  called  the  Axis.  The  right  Line  [O  C]  in  the 
Sarr;!ce  of  the  Cylinder,  touching  both  the  Bafes,  is  called 
1  Side  of  the  Cylinder. 

A  right  Cylinder,  is,  when  the  Axis  is  perpendicular  to  Fij.  4. 
:o  the  Bafe. 

A  fcalene  or  oblique  Cylinder,  is,   when  the  Axis  is  not  F/^,  5. 
perpendicular  to  the  Bafe. 

A  right  Cylinder,  is  alfo  made  by  a  Redangle  [OCB  A] 
turn'd  round  about  one  Side  [BA.]     See  Fig.  4. 

4.  Like  Cones  and   Cylinders   are  thofe,    which   have  F/>.20^2i, 
:heir  Axes  [A  K,  Z  O]  and  the  Diameters  of  their  Bafes 

;B  F,  Q^R]  proportional  * 

5.  A  Sphere,  is  a  Solid  contain'd  under  one  Surface, 
mto  which  Surface  all  the  right  Lines  that  are  dr^wn 
"rom  a  certain  Point  within  the  Figure,  are  equal  amongfl 
hemfelves.  That  Point  is  call'd  the  Center.  The  Diame. 
er  of  the  Sphere  is  a  right  Line  drawn  through  the  Cciiter 
into  the  Surface  on  both  Sides. 

A  Sphere  is  produced  if  a  ^emi.circle  be  turn'd  about  its  F^'  6- 
Diameter  [A  F]  which  remains  in  the  mean  while  unmov'd. 
6."  Magnitudes  infcrib'd  in,  or  defcrib'd  about  .cme 
Mgure,  whether  they  be  greater  or  lefTe'  than  tiie  Figure, 
re  then  faid  to  er,i^  in  the  Figure,  when  they  will  at  the 
all  differ  from  it  by  a  Quanti  y  lefs  than  any  givti:  one 
vhatfoever,  cr  how  fmal!  foever. 

Therefore  if  thofe  Magnitudes  which  are  infcrib'd  into 
'  ome  Figure  will  at  lafl  fall  fhort  of  it  by  a  Deficiency  lefs 
han  any  given  one  whatfoever,  the  Magnitudes  infcrib'd 
re  faid  to  e^^i  in  the  Figure  ;  and  if  thofe  wf  ch  are  cir- 
f  umfcrib'd  about  fome  Figure,  will  at  laft  exceed  it  by  an 
E'xcefs  lefs  than  an)  given  one  whatfoever,  they  fnail  be 
[•aid  to  end  in  the  Figure. 
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PROPOSITION  I.     Theorem. 

.    'T^H  E  Proportion  of  like  Polygons  infcrih'd  in 

a  Circle^  is  duplicate  to  the  Proportion  of  the 

Diameters  {A  F^  IC.) 

Let  A  O,  B   '  ;  I  R     LC    be  drawn      Becaufe  the  Po- 
lygon  are  I'appus'd  to  be  like,   the  Ang  es  ■  O  B  A,  R  L  J) 
will  (pet  Defin.  \    I.  6  )  be  equal;  and  the  Sides  OB,  B  A, 
proportional  co  the  Sides  R  L,   LI.      Therefore  in  the  Fri-: 
angles  A  O  B,   R  I  L  {fer  6.  /.  6  )  the  Angles  O  and  R  are 
equ^.     Therefore  alio  the  Angles  B  F  A  and  LCI,  which 
ftand  upon  the  fame  Arches,  B  A,  LI,  2ixe(per  21.  /  3.)  ■ 
equal-     But  the  Angles,  F  BA,  C  LI,  in  Semi  circles,  are|i 
(jier  31.  /.   3)  right  ones.     Therefore   the  o:her  Angler 
{^per  Carol.  9.  p.  32.  1.  i. )  B  A  r,  L  iC,  are  equal       Tljere. 
fore  becaufe  the  J  riangles   FAB,  C  1  L,  are  Equiangnlai 
to  each  othe"-,  they  are  {p.  4.  /.  6.)  like  :  and  B  A  will  hi 
to  LI,  as  A F  to  ]C.     Now,  becaufe,  by  the  Hypotbefis,. 
the  Polygons  are  like,  their  Proportion   will  be  duplicate.^ 
(p.  10.  ^'  ^.)   to  t!ie  Proportion  of  the  Sides   B  A.   LI    1 
that  is,  as  I   have  rJ ready  Ihew'd,  duplicate   to  the  Propor.J'] 
tion  of  the  Diameters  A  F,  I  C.     ^.  E.  D. 


Corollary. 

f-  r  ^  'TT'KE  Circumferences  of  like  Polygons  infcribed  in 
X  Circle  are  betwixt  themfelvcs  as  the  Diameters. 
Seeing  it  hath  already  been  fliew'd,  ihnt  A  B  is  to  Xi*] 
as  A  F  is  to  J  C  ;  OB  will  alfo  be  to  R  C.  as  A  F  i(' 
IC:  And  fo  of  the  reft  of  the  Sides.  Therefore  all  th< 
Sides  together  will  be  to  all  the  Sides  together,  that  is 
one  Circumference  to  another,  as  A  F    is  to  IC. 


A  Lemma. 


• 


F/V  8  "POLYGONS  infcrib'd  in  a  Circle,  end  in  a  Circle.     In 


fcril^e  a  Squnre,  as  A  C  B  D.  Seeing  this  is  half  (pe 
Schol.  p.6.  and  7.  A  4.)  of  the  Square  which  is  circumfcrib'd 
it  will  be  2' cater   than  half  of  the  Circle.     Wherefore 

thi 
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this  be  taken  out  of  the  Circle,  there  will  be  taken  cut  of 

it  more  than  half.     Then  ench  Arch   being  bifedled   in  F, 

K.  I,  H.   infcribe  an  Oftagon  :   And  let    FG    toii^h    the 

Circle  in  E  ;  which  F  G,  let  B  C,  DA  meet  in  G  and  F  ; 

C  F  will  be  a  Parallelogram,  of  which,  feeing  the  Triangle 

CEA  {per  41.    A    i)   is  half,     this  will   be  more   tnan 

half  cf  the  Segment  CEA.     Jn  the  fame  manner  cacU  of 

the  Triangles,   A  K  D,  DIB,  i5'c.  is  more  than  half  each 

J  of  the  Segments.     7  herefore  all  the  Triangles  are  more 

j!  than  half  all  the  Segments.     Therefore  if  you   take  thefe 

,,|  out  of  thofe,  tiat  is,  out  of  the  Remainder  of  the  Circle, 

','  more  than  half  will  be  taken  away.     In  the  fsme  way  of 

'.  arguing,  if  there  be  infcrib'd  in  the  Circle,  Polygons  of  Sides 

ill  always  double  in  Number;    1   can  flievv  that  there  will  al- 

)t  ways  be  taken  out  of  the  Remainder  ot  the   Circle  more 

ei  than  half.     The  efoie  the  Renjainder  mull  at  jnlt   be  lefs 

;■;  than   any  given  one  whatfoever  ;  and   confcquentlv    the  in- 

u  fcrib'd  t'oiygons   will  at  laft  fall   fhcrt   oi  a  Circle    by    a 

Quantity  leis  than  any  given  one  whatfoever ;  that  is,  (^per 

e{i  Df/in.  6.  /.  12.)  will  end  m  a  Circle, 

PROP.  II.     Theorem. 

HTHE  Proportion  of  Circles  is  duplicate  to  the  Fig.  6,7« 
Propornon  of  their  Diameters, 

The  Proportion  of  Polygons  infcrib'd  in  a  Circl-^  without 
End,  is  {ptr  i.  /.  iz.)  duplicate  to  the  Propo^-tion  of  the 
Diameters.  But  Polygons  (by  the  foregoing  Lemrnd)  in- 
fcrib'd in  a  Circle  infinitely,  at  lafl  end  in  the  Circle. 
Therefore  the  Proportion  of  Circles  is  alfo  duplicate  to  the 
Proportion  of  the  Diameters. 

PROP.  Ill,  IV. 

Are  prolix^  and  hard  for  young  BroinjterSy 

and  have  no  other  Ufe^  th,:v  th  :*  trey  Jerve 
to  the  Bemoriflration  of  the  Fifth,  ucbich  we  jhall 
demonfirate  much  more  eafily  without  them.. 

Lemmata, 
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Lemmata^  or  preparatory  Propofitions  to  Prop.  V. 
Lemma  I. 

^'S-  9  TF  two  Triangular  Pyramids  be  cut  with  Planes    (O  £  E, 

-■■  R  X  Z)  parallel  to  the  Bafts  (ABC,  i  Q^V)  which  fame 
Planes  divide  the  Sides  (C  F,  Q^L)  proportionally  in  (E  and 
Z,  then  OS  E,  R  X  Z)  will  be  betwixt  themJelves,  as  the 
Bafes  (ACB,  1  QV.) 

Becaufe  the  parallel  Planes,  O  S  E,  ABC,  are  cut  by  the 
Planes  B  F  C,  A  F  B,  AFC.  the  common  Sections,  S  E, 
BC,  and  OS,  A  B,  and  OE,  AC,  {wiWht  ■  per  j  6.  /  ii.) 
parallel.  Wherefore  the  Angles  OS E,  A  B  C,  and  S  O  E, 
B  AC,  and  O  E  S,  ACB  two  and  two,  are  (per  lo.  /.  1 1.) 
equal.  Wherefore  the  Sections,  O  S  E,  ABC,  are  like 
{per  4.  /.  6.)  Jn  the  fame  manner  J  might  fhew  that  the 
Seaions  R  X  Z,  1  V  Q^,  are  like.  Therefore  [peri^.  /.  6  ) 
the  Proportion  of  the  Se^ion  ABC,  to  the  Sedtion  OS  E, 
is  duplicate  to  the  Proportion  of  the  bide  B  C,  to  the  Side 
S  'iL  ;  and  the  Proportion  of  the  Sedion  J  V  Q^to  R  X  Z, 
is  duplicate  to  the  Proportion  of  V  Q^to  X  Z.  But  the 
Proportions  of  BC  to  S  E,  and  of  VQ^toXZ,  are  the 
fame  (for  B  C  is  to  S  E  (by  Corollary  i .  per  4.  /.  6  )  as  C  F  ' 
to  E  F  ;  that  is,  L.y  the  Hypothefis,  as  QL  to  Z  L  ;  that 
is,  (by  the  fame  Coroll.)  as  V  Q_  to  X  Z.  Therefore  the 
Proportion  of  A  B  C  to  OS  E,  is  the  fame  wiih  thePropor- 
tion  i  VQ^to  RXZ.     ^  E.  D. 

Lemma  II. 

F/>  10  P  R  I  S  M  S  infcribM  infinitely  in  a  Pyramid  (Z  C  A  F) 
■*•  which  hath  a  Triangular  Bafe,  end  in  the  fame  Pyramid. 
Let  the  Side  of  the  Pyrantid  be  divided  into  a  certain 
Number  of  equal  Parts,  A  B,  B  G,  G  F,  and  through  B 
and  G,  there  being  mode  the  Sedicns,  G  DN  and  B  E  P, 
parallel  to  the  Bafe  Z  A  C  ;  let  the  Triangular  Priims 
B  E  P  M  AO  and  G  D  N  K  B  Qj^e  underftood  to  be  infcrib'd 
in  trie  Pyramid.  Thefe  then  being  continued  without  the 
Pyramid,  let  there  be  underliood  to  be  defcrib'd  about  the 
Pyramid  the  Prifms  C  I  B  A,  P  X  G  B,  N  H  F  G.  The 
ExceiTes  of  the  circumfcrib'd  Prifms  above  the  infcribed 
ones,  are  the  Solids  1  M,  X  K,  H  G,  which,   taken  to. 

gether. 
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gerher,  are  equal  to  the  Prifm  C  I  B  A  :  For  H  G  (per  2^. 
L  II.)  is  equal  to  D  B  ;  and  confequently  H  G  with  X  K, 
are  equal  to  P  X  G  B,  that  is,  (by  the  fame)  to  M  E  B  A. 
Therefore  the  three,  H  G,  X  K.  J  M,  are  equal  to  the 
Whole,  C  I  B  A.  But  if  A  F  be  divided  without  End  into 
more  equal  Parts,  and  confequently  the  Number  of  Prifms 
be  infinitely  encreafed,  A  B  will  become  lefs  than  any  given 
Line.  Therefore  (as  it  is  manifell  from  p,  z<^.  I.  n.)  the 
Prifm  C  1  B  A  will  become  lefs  than  any  given  one.  There, 
fore  the  Excefs  of  their  circumfcrib'd  Prifms,  (and  muck 
more  of  the  Pyramid  Z  C  AF,  v/hich  is  part  of  the  Prifms 
circumfcrib'd  about  it)  above  the  infcribed  Prifms,  will  be 
lefs  than  any  given  Prifm.  Therefore  the  infcribed  Prifms 
(by  Defn.  6.  7.  iz.)  end  at  laftin  a  Pyramid.     ^.  E,  D. 

PROP.  V.     Theorem. 

'T'Riangular  Pyramids  of  the   fame  Heighth 
have   that  Proportion    betwixt   themfdveSy 
which  their  Bafes  {A^R,  ESX)  have. 

Let  the  equal  Altitudes  of  the  Pyramids  be  reprefented  %.  u, 
'"by  the  Side  A  P,  EZ  ;  which,  on  both  Sides,  let  be  divided 
into  as  many  equal  Parts  as  you  will,  but  fo  that  they  be 
of  the  fame  Number ;  and  let  there  be  made  through  the 
Points  of  the  Divifions,  Sesfticns  parallel  to  the  Bafes :  Let 
Triangular  Prifms.  of  the  fame  Number,  and  the  fame 
Heighth,  be  underftood  to  be  infcrib'd  in  both  Pyramids. 
And  now  becaufe  the  Prifms,  LA,  J  E,  are  of  the  fame 
Heighth,  the  Prifm  L  A  will  be  to  the  Prifm  i  E  (by  C<?- 
^oll.  I .  p.  34.  /.  1 1.)  as  the  Bafe  L  O  B  is  to  the  Bafe  INK; 
that  is,  by  {Lemma  i.)  as  the  Bafe  Q^R  A  is  to  the  Bafe 
SXE.  In  the  fame  manner  1  might  fhew  that  each  of 
the  Prifms  infcrib'd  in  the  Pyramid  Q  P  A  R,  is  to  each 
infcrib'd  in  the  Pyramid  SZEX,  as  the  Bafe  Q^A  R  is 
to  the  Bafe  SEX.  Therefore  all  of  them  togeiher,  are  to 
all  of  them  together,  'as  Bafe  is  to  Bafe.  Wherefore  feeing 
they  at  laft  end  (per  Lem.  2.)  in  the  Pyramids  themfelves, 
the  Pyramids  themfelves  alfo  will  b?  as  their  Bafes.   Q^E.  D, 


PROP. 
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PROP.  VI.     Theorem. 

yii.\2,iz.   A^L  Pyramids  what foever^  which  are  of  equal) 
Height hy    have   that    ^Proportion    betwixt^ 
themfehes^  which  their  Bafes  (AB,  CFO)  haz-e. 

Let  their  Safes  be  refolv'd  into  Triangles,  A,  B,  C,  F, 
O  ;  and  the  whole  Pyramids  into  Triangular  Pyramids, 
The  Pyramid  AX.  is  to  the  Pyramid  O  Z  (by  the  fore^ 
going)  as  A  is  to  O  ;  and  the  Pyramid  B  X,  is  to  the  Py- 
ramid OZ,  as  B  is  to  O  (by  the  fame.)  Therefore  the 
Pyramids  AX,  BX,  together  ^that  is,  the  whole  Pyramid 
A  B  X)  are  to  the  Pyramid  O  Z,  as  A,  B,  together,  are 
to  O,  By  the  fam.e  Arg'imentation,  the  Pyramid  A  B  X, 
is  to  the  pyramid  F  Z  by  the  foregoing)  as  A,  B.  are  to 
F  :  And  A  E  X,  is  to  CZ,  as  A,  B,  is  to  C.  Therefore 
ABX,  is  to  the  three,  O  Z,  FZ,  C  Z,  together;  that 
is,  to  the  whole  Pyramid,  OF,  C  Z,  as.  A,  B,  together, 
is  to  O,  F,  C,  together.     Q^E.  D. 


?/>.  14. 


PROP.   VII.     Theorem. 

ipVERr  '-Pyramid  is  the  third  ^^art  of  a  Trijm, 
which  hath  the  fame  Safe  and  Heightb. 


Fird,  let  the  Triangular  Pyramid,  B  G  A  C,  have  th 
fame  Bafe  and  Heighth  with  the  Prifm.  B  AC  F  E  O  :  Le( 
BF,  AO,  A  F,  be  drawn  The  Triangles  B  F  C,  B  FO; 
are  (per  34.  /.  i.)  equal.  There/ore  the  Pyramid,  BFCAJ 
is  equal  to  the  Pyramid,  B  F  O  A  For  the  fame  Reafon 
O  E  x^  F,  is  equal  to  the  Pyramid.  O  B  A  F  ;  that  is,  t 
the  Pyramid,  BOFA,  for  they  are  the  fame  Pyramids 
Therefore  BFCA,  and  O  E  A  F.  are  alfo  equal.  The 
fore  all  three.  BFCA,  O  E  A  F,  O  BA  F,  or  B  O  F  A 
are  equal.  Therefore  the  three  together  arc  triple  of  oni 
BFCA.  But  thofe  three  conftitute  the  Prifm,  BACFEO^ 
Ihat  Prifm  therefore  is  triple  to  the  Pvrnmid,  BFCA 
that  is,   (/>^r  5.  /.  n.i  to  BGaC.     ^K  E.  D. 

Then  let  any  Pyramid    whatfoever   have  the   fame   Ba 
and  Heighrh  with  the  Prifm,   A  E  F  H  :   The  Lines   B 
F/V,  15.       BO,  BE,  and  N  I,  N  G,  N  H,  being  drawn,  refolve  th 
Prifms  into  Triangular  Prifms,  and   the  Pyramid  into  Tr: 

anguli 
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angular  Pyramids.  Which  being  done,  the  Demonffration 
is  manifeft  from  the  firfl  Fart :  For  each  Part  of  the  Prii'ms 
will  be  triple  of  each  Part  of  the  Pyramids.  Ann  conie- 
quentlv  the  wiiole  Prifm  will  be  triple  to  the  whole  Pyra- 
mid,   ^i^.  E.  D. 

PROP.  VIII.     Theorem. 
^HE  Proportion  of  like  I'yramids  (OACB, 
KHIN)  is  triplicate  to  that  which  the  ho- 
mologous Sides  {A  B^  HN,)  haz'e  to  each  other. 

Firlt,  let  them  be  Triangular  :  The  Parallelograms,  AM  F/>.  i6. 

and  H  Q^being  perfecfled,  fee  upon  them  tiie  Parallelopepids, 

AG,  H  L,  in  the  Heighth  of  the  Pyramids  ;  which  feeiog 

ojithe  Pyramids  are  like,  will  alfo  (as  appears  from  Defin.  9. 

;i|i/.    II.   be   like.       Then   let  E  F,  R  P,    be  drawn;    and 

i:|;  through  E  F,  C  B,  as  likewife  through  R  P,  IN,  the  Pa- 

:,!'  rallelopepid  will  be  cut  (pir  z8.  /.  ?  I ;  into  two  equal  Prifms ; 

each  of  which  will  be  triple  to  the  Pyramids,  O  AC  B  and 

;  KH  I  N  .  by  the  foregoing).    Therefore  both  together,   that 

,;is,  the  whole  Parallelopepids,  AG,  H  L,  will  be  fix^foid 

'■of  the  Pyramids.     Therefore  the  Pyramids  are  proportion. 

5,|al  to  the  Parallelopepids.     But  {per  33.  /.  u.)  the  Propor- 

'  tion  of  thefe  each  to  other  is  triplicate  to  the  Proportion  of 

ithe  Sides,  A  B,  H  N.     Therefore  fo  likewife  is  the  Pro- 

■  ■  portion  of  the  Pyramids. 

But  if  the  like  Pyramids  (hall  be  polygonal,  let  them  he  Fij.  ij. 
j^refoiv'd  into  the  Triangular  ones,  A  R,  P>  R,  C  R  and  OK, 
s^jEK,  F  K.  You  may  from  20  and  5.  /  6.  and  Dejln.  9. 
jj'/.  II.  eafily  fhew,  that  A  R  is  like  to  OK,  and  B  B.  to 
,.jiEK,  and  CR  to  F  K.  I'herefore,  by  the  former  Part, 
;,l|  the  Proportion  of  the  Pyramids,  A  Pv,  OK,  is  triplicate 
. .  to  the  I'roportion  of  J  M  to  P  Z  :  And  the  Proportion  of 
^ithe  Pyramids,  B  R  and  E  K,  is  triplicate  to  the  Proportion 
.^cf  MX  to  SZ;  that  is.  again,  by  the  Hypotheiis.  of 
]^>  I  M  to  P  Z  ;  and  the  Proportion  of  the  Pyramid.?,  C  R, 
!*  F  K,  is  triplicate  lo  the  Proportion  of  X  Q^  to  S  T  ;  that  is, 
,  again,  of  I  M  to  P  Z.  Seeing  therefore  the  Proportion  cf 
,'ieach  to  each  is  triplicate  to  the  Proportion  cf  1  M  to  P  Z, 
•  •  the  Proportion  alfc  of  all  to  all  (that  is,  the  Proporcion  cf 
the  whole  Pyramid,  A  .^  C  R,  to  the  whole,  O  E  F  K )  will 
be  triplicate  to  the  Proportion  of  I  M  to  P  Z.     Q^E.  D. 

k  PR0P. 
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PROP.  IX.     Theorem. 
^>i'  i8, 19.  T^^AL  Pyramids  have  their  Bafes  and  Alti^r\ 
tudes  reciprocally  proportional ;    and  thofe  i 
which  have  them  fo,  are  equal. 

Part  I.  Firft,  let  the  Pyramids  be  Triangular,  B  A  C  O, 
K  H  N  L  :  The  Parallelograms  B  E,  H  R,  being  perfeaed, 
upon  thefe  fet  the  Parallelopepids,  B  F,  H  P.  Thefe  will 
be  (as  was  (hew'd  in  the  foregoing)  fix-fold  of  Pyramids, 
which  are,  by  the  Hypothecs,  equal,  and  confequently  will 
be  equal  bet'.v-xt  themfelves.  But  now  the  Altitudes  of 
thefe  Parallelopepids  H  K,  '^ii^^  are  the  fame  with  thofe  of 
the  Pyramids  ,  and  the  Bafes  BE,  H  R,  are  double  to  the 
pyramidal  Bafes,  Qer  34.  /.  1 1.)  B  C  O,  H  N  L,  and  con- 
fequently proportional  to  them.  Seeing  thereKore  by  rcafon  ' 
of  the  Equality  of  the  Parallelopepids,  as  B  E  is  to  H  R, 
fo  (by  the  fame)  is  reciprocally  H  K,  to  B  A  ;  it  will  alfo 
be  that,  as  the  Bafc  B  C  O  is  to  the  Bafe  H  N  L,  fo,  reci- 
procally, is  the  Altitude  HK  to  the  Altitude  B  A.  ^ 
E.D. 

But  if  the  Pyramids  have  polygonal  Bafes,  let  them  be 
reduced  into  Triangular  ones,  retaining  the  fam.e  Altitudes ; 
and  thefe  will  be  equal  to  thofe  by  the  fixth.  But  the  Py- 
ramids thus  reduced  have,  as  we  have  now  demonllrated, 
their  Bafes  and  Altitudes  reciprocally  proportional.  There 
fore  the  given  polygonal  Pyramids  alfo  have  their  Bafes- 
and  Altitudes  reciprocally  proportional,     j^   E.  D. 

Part  II.  Becaufe  it  is  now  fuppofed,  that  BCO  Is  to| 
H  L  N,  as  H  K  is  to  B  A  ;  B  E  will  alfo  be  to  H  R.  as 
HK  is  to  B  A.  Therefore  the  Parallelopepids,  B  F,  H  P,, 
are  {per  34.  /.  11.)  alfo  equal.  Therefore  their  fixth  Parts 
alfo.  to  wit,  the  Pyramids  B  AC  O,  H  K  N  L,  are  equal. 

Corollaries,  \ 


WH  AT  has  been  demonflrated  of  Pyramid?  in  PropofiA 
tion  6,  8.  9.  does  alfo  agree  to  all  Prifms  v/hatfoever  ; 
feeing  thefe  are  (^per  7,  /.  12.)  triple  to  Pyramids  which  have 
the  fame  Bafes  and  Altitudes.     'Pherefore, 

I.  In  Prifras  of  the  fame  Heighth,  their  Proportion  is  the 
fame  as  that  of  their  Bales.  For  this  was  fhevv'd  of  Pyra 
mids,  Prtp,  (?. 

2.  Tk 


I 


Lib.  XIT.       "EucLiji's  Ekjnefjts,  1^3 

2.  The  Proportion  of  iike  Prifms  is  triplicate  to  the  Pro- 
portion of  their  homologous  Sides.  For  this  was  fhew'd 
concerning  Pyramids,  Prop.  8, 

3.  Equal  Prifms  have  their  Bafes  and  Altitudes  recipro- 
cally proportional  ;  and  thole  which  have  them  io  are  equal. 
For  this  is  fhew'd  of  Pyramids,   Prop.  9. 

It  is  iirange  that  thele  Things  were  pafs'd  over  by  Eu- 
clid, feeing  they  are  the  chief  Things  which  can  be  deliver- 
ed concerning  Rediiinear  Solids. 

Scholiinih 

■p  R  O  M  what  has  been  hitherto  denionftrated  is  drawrr 
•■■  the  Method  of  meafuring  any  Prifms  or  Pyramids 
whatfoever. 

The  Solidity  of  a  Prifm  is  produced  from  the  Altitude 
multiplied  into  the  Bafe  ;  and  that  of  a  Pyramid  from  the 
third  Part  of  the  Altitude  multiplied  by  the  Bafe. 

As  if  the  Altitude  of  a  Prifm  be  of  5  Feet,  but  the  Bafe 
contains  25  fquare  Feet ;  multiply  25  by  5,  and  there  arife 
ilz5  cubic  Feet  tor  the  Solidity  of  the  Prifm. 

For  let  there  be  a  polygonal  Prifm,  as  A  H.  And  let  p/-  j,  j^.' 
the  Triangle  BAG  be  underllood  to  be  equal  to  its  Bafe  "^ 
A  E,  and  upon  BAG,  the  Prifm  B  E  to  be  fet  at  equal 
Heighth  with  A  H.  The  Prifms  B  E,  AH  will  be  (by 
Corollary  i.  foregoing)  equal.  But  the  Prifm  BE  (by 
\^<:hoL  p.  40  /.  I  1  )  is  produced  from  its  Altitude  drawn  into 
the  Bafe  BAG;  that  is,  into  A  E,  by  Conflruaion. 
Therefore  the  Prifm  A  H  alfo  is  made  of  its  Bafe  A  E, 
multiplied  by  its  Heighth,  which  is  fuppofed  to  be  equal  to 
the  Heighih  of  the  Prifm  B  E. 

From  hence,  and  from  the  7th,  the  Demondration  of 
the  fecond  Part  is  alfo  manifeft. 

A  Lemnvx  to  Propofition  10. 

"PYRAMIDS  and  Prifms,  which  are  inicrib'd  in  Cones 
•*■  a;.,d  Cylinders  infinitely,  do  at  iafl  end  in  the  Cones  and 
Cylinders. 

This  is  demohdrated  as  the  Lemma  of  Prop-Jithv  2  v/ith 
the  help  of  Pto\'.fition  6.  and  of  Coronary  \.  ar;er  Propofition 
9.  if  as  their  Pixne^  infcrib'd  in  a  Circle,  fo  here  Prifms  and 
Pyramids  which  itr.nd  upon  thofe  Planes  as  their  Bafes,  be 
continually  taken  away  from  the  Cones  and  G;liiiuers. 

N  PROP. 
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PROP.  X.     Theorem. 

rli.^o,  -pVERT  Cone  is  a  third  Part  of  a  Cylinder^ 
'^  having  the  fame  Bafe  and  Heighth. 

Let  a  regular  Polygon  of  as  many  Sides  as  you  pleafe  be 
underftood  to  be  infcrib'd  in  the  Bafe  C  L,  and  upon  it,  a! 
the  Bafe,  for  a  Cone  let  a  Pyramid,  and  for  a  Cylinder,  a 
Prifm  be  infcrib'd.  The  Pyramid  (per  7.  /.  12.)  will  be 
third  Part  of  the  Prifm.  And  if  again  in  the  Circle  a  Poly; 
gon  of  twice  as  many  Sides  be  infcrib'd,  and  upon  it  be  in. 
fcrib'd  for  a  Cone  a  Pyramid,  but  for  the  Cylinder  a  Prifm 
the  Pyramid  will  again  be  a  third  Part  of  the  Prifm.  Anc 
thus  it  will  always  be.  Wherefore  feeing  Pyramids  end  ir 
a  Cone,  and  Prifms  in  a  Cylinder,  the  Conealfo  will  be 
third  Part  of  the  Cylinder.    ^  E.  D. 

PROP.  XI.     Theorem. 

^is.io,2i.  TONES  of  equal  Heighth  (BAF,  ^XR)  art 
^  as  their  Bafes  (CL,  SE.)  ri^  fame  Thin^ 
belongs  to  Cylinders  of  equal  Heighth  alfo. 

Pyramids  infcrib'd  into  Cones 'f  equal  Heighth,  area 
their  Bafes,  (per  6.  /.  1 2.)  But  pyramids  do  at  length  enq 
in  Cones.  Therefore  Cones  alfo  are  a;,  their  Bafes.  Am 
feeing  Cylinders  l  .  .  ^.c-fold  of  Cones,  which  have  th. 
fame  Bafe  and  Altitude  with  them,  they  alfo  will  be  a!' 
their  Bafes.     Q^E.  D, 

Corollary. 

IN  the  fame  manner  it  may  be  demonftrated,  that  alfc 
Prifms  and  Cylinders  of  equal  Heighth  are  betwixt  them 
ielvc- as  their  Bafes ;  yea,  that  all -cylindrical  Bodies  of  thv 
fame  Altitude  ;  that  is,  which  are  produced   from  whatfo'j^ 
f  ver  Planes  multiplied  by   the  fame  Altitude,  are  betwixj 
{hemfelves  as  their  Bafes.     You  may  reafon  in  the  fami 
manner  of  Pyramids  and   Cones  of  equal  Altitude,  and  (M' 
aj]  conical  bodies  whaifoever.  ■' 

prop! 
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PROP.  XII.     Theorem. 

VHE  Proportion  of  like  Cones  (BAF  and  Fig.  20, 

^ZR)  is  triplicate  to  the  Proportion  of  the 
)iameters  (BF  and  ^R)  which  are  in  theBafes, 
^he  fame  thing  is  to  he  faid  of  like  Cylinders. 


21. 


I  In  the  Safes  of  the  like  Cones,  let  regular  Polygons  be 
(fcrib'd,  which  Polygons  confequently  will  be  like.  The 
tl^ramids  which  are  infcrib'd  upon  thefe  Polygons  will  alfo 
like  ;  as  may  be  eafily  ihew'd.  Therefore  their  Propor- 
{Dn  is  triplicate  (j>ir  %.  I.  12.)  to  the  Proportion  of  the 
dee  BL,  QE;  that  is,  to  the  Proportion  of  the  Diame- 
?rs  B  F,  QJl.  Wherefore  feeing  the  Pyramids  end  in 
|3nes,  the  Proportion  alfo  of  the  Cones  is  triplicate  to  the 
'oportion  of  the  Diameters  B  F,  QR.  ^.  E.  D. 
The  Theorem  is  manifeft  of  Cylinders,  feeing  they  arc 
iple  to  Cones. 

PROP.  XIII.     Theorem. 

F  a  Cylinder  (BI)  be  cut  with  a  Pla?ie  (RL^Fi^.^z, 
parallel  to  the  Bafes  (5^,  CI;)  one  ^art, 
3i|5Z,,)  fhall  be  to  the  other  Part,  (RIJ  as  one 
I'y.gment  of  the  Axis  (AO)  is  to  the  other  Seg- 
ment of  the  Axis  (OF,) 

1. 

This  PropoHtion  is  demonftrated,  as  at  the  firft  of  /.  ^, 
The  Theorem  is  in  the  fame  manner  true  of  the  Super, 
ies. 

PROP.  XIV.     Theorem. 

miNDERS  (AR  and  CI)  of  equal  Bafes  Fig.  2^,2^, 

{MSi^  GH)  are  as  their  Altitudes   (LZ, 
\F  )     The  fame  thing  happens  to  Cones, 

Cut  off  from  the  higher  Cylinder  A  R,  the  Cylinder 
3,  whofe  Heighth  L  E  is  the  fame  with  £  F.  Therefore 
?r  1 1.  A  1:2.)  the  Cylinders  AO,  CI,  are  equal.  Seeing 
prgfore  the  Cylinder  AO,  is  to  the  Cyhnder  A  R,  (by 
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the  foregoing)  as  L  E  is  to  L  Z  ;  C 1  alfo  (hall  be  to  A  R' 
as  L  E  is  to  L  Z  ;  that  is,  (becaufe  L  E  and  S  F  are  equal! 
by  Conftruaion)  as  SF  to  LZ.     ^  E,  D. 

Corollary, 

TH  E  Theorem  is  alfo  true  of  Prifms,  and  likewife  i| 
Pyramids,  and  the  Demonftration  together  alike.     Bi[ 
of  Prifms,  the  thing  is  demonflrated  fiom  Coral,  i.  p.  9. 
1 2 .  and  25./.  II   and  its  Carol.     Of  Pyramids  from  thif 
and  from  ^.  7.  /.  12. 

PROP.  XV.     Theorem. 

F''iM.2.s.  'n^AL  Cylinders  (AR,  D  F)  have  their  Bafi 

and  Altitudes  reciprocally  proportional ;  an 

if  they  have  them  fo^  they  are  equal     The  fan, 

thing  is  true  of  Cones, 

This  is  demonflrated,  as  Prop.  54.  /.  11.  only  for  32,  ai 
25-./.  II.  there  cited,  there  muft  be  cited  here  Propojifl 
II,  and  13.  /.  12. 

Scholium, 

^'i.25>24.\\7'HEREAS  EucHi  hath  faid  nothing  of  compound  P: 
^^    portion  in  Bodies,  we  Ihall  briefly  demonftrate  it 
this  Place. 

I.  A  Cylinder  hath  to  a  Cylinder,  and  a  Prifm  to 
Prifm,  a  Proportion  compounded  of  the  Proportions  of  t 
Bafes  and  Altitudes. 

Let  F  D  and  A'R  be  Cylinders  of  different  Altitudes  [i 
in  thofe  of  equal  Altitude   the  Thing  is  manifeft  )     Fr^ 
the  higher,  cut  off  AO  of  equal  Heighth  with  F  D.     A 
let  the  Proportion  be  thus  ;  as  the  Bafe  U  T  is  to  the  Ej) 
M  Q^,  fo  FN  to   X  ;  and  as   the  Altitude  N  D  or   B'l 
is  to  the  Altitude  B  R,  fo  is  X  to  Z.     We  muft  thereftj? 
fliew,  that  the  Cylinder  F  D   i?   to  the  Cylinder  A  R,  < 
FN  is  to  Z.     The  Cylinder  FD    is  to  the  Cylinder  A\% 
{per  II.  /.  II.)  as  the  Bale  V  T  is  to  the  Bafe  M  Q^;  tlf 
is,  (by  Conftrudlion)  as  F  N  is  to  X  ;  but  the  Cylinder /^ 
is  to  the  Cylinder  A  R  {per  13.  /.  u.)  as  BO  to  B  R  ,  t" 
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,  (by  Conftruflion)  as  X  to  Z.     Therefore,  by   Propor- 
on  of  Equality,  the  Cylinder  FD  is  to  the  Cylinder  AR 
;  FN  to  Z. 
Tiie  Propofition  may  be  demonftrated  in  the  fame  manner 

•  Prifms,  bat  from  Cor.  i,p.  9.  and  Cor.  p.  14. 

1.  A  Cone  hath  alfo  to  a  Cone,  and  a  Pyramid  to  a  Vy. 

ai;d,  a  Proportion  which  is  compounded  of  the  Propor- 
jiiS  of  Bafe  to  Bafe,  and  Altitude  to  Altitude: 

For  (by  ?rop.  jo,  and  7,  /.  12.)  they  are  third  Parts  of 
ylinders  and  Prifms. 

PROP.  XVI,  XVII. 

PHE  S  E  Propofitions^  the  moft  prolix  of  all 

■  other ^  have  no  other  Ufe  than  to  ferve  to  the 
wonft ratings  Prop.  i%,we  Jhall  demonftrate  in 
lother  more  eafy  Way, 

Lemma  to  Propofition  i8. 

CYLINDERS  infcrib'd  in  an  Hemifphere  end  in   the  F/^~.  2I 

*  Hemifphere.  Let  P  Z  Y  be  the  greateft  Semi-circle  of 
;  Hemifphere ;  and  let  the  Radius  A  Z  be  perpendicular 
the  Diameter  PY.  Cut  A  Z  into  a  certain  Number  of 
lai  Parts,  A  Wy  M  N,  N  Z;  and  there  being  drawn 
rough  the  Points  of  the  Divifions  fvJ,  N,   the  perpendicu- 

■  Lines  EO,  i5Jc.  Let  there  be  infcrib'd  in  the  Semi- 
cles  the  Redangles  OBRK,  EDHS;  which  af ter. 
'irds  being  continued  without  the  Semj.circle,  let  there  be 
'derftood  to  be  dcfcrib'd  about  the  Semi.cirde  the  Reft. 
[gles  F  FYP,  LVBO,  Q.X  D  E  They  will  all  of 
2m  be  of  the  fame  Heigh th,  and  the  Exceffes  of  the 
cumfcribed  ones,  above  thole  which  are  infcrib'd,  will  be 
:  Planes  FK,  LS,  XE.  VH,  TR,  which,  taken  toge. 
;r,  make  the  Reftangle  F  T  Y  P  For  becaufe  X  E  is 
ual  to  D  S,  thofe  L  S,  V  H,  X  E,  together,  will  be 
iial  to  the  Redangle  L  B  that  is,  O  R.  Wherefore  if 
u  add  on  both  Sides  the  Planes  FK,  T  R,  all  thofe,  FK, 
5,  X  E,  V  H,  T  R,  taken  together,  will  be  equal  to  the 
:QaBgle  F  T  Y  P.  If  now  the  Semi.cirde,  with  the  Reg- 
gies, be  underflood  to  be  turn'd  about  the  Radius  A  Z, 
dch  is  in  the  mean  while  unmov'd,  the  infcribed  Redt- 
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angles  EH,  O  R,  will  produce  Cylinders  infcribed  in  th< 
Hemifphere  j  and  the  circumfcribed  Reftangles  will  pro 
dace  Cylinders  circumfcribed  about  the  Hemifphere,  (land 
ing  one  upon  another  ;  and  as  the  Exceffes  of  the  circura 
fcribed  Reftangles  above  the  infcribed  ones,  was  the  Reft 
angle  F  Y  ;  f o  likewife  the  ExcefTes  of  the  circumfcribe 
Cylinders  above  the  infcribed  ones,  will  be  the  Cylinde 
which  is  produced  from  the  Redanglc  F  V.  But  now  th 
Altitude  of  this  Cylinder  will  be  made  lefs  than  any  give 
Ileighth;  and  confequently  (as  is  manifell  from  13.  /•  ii. 
it  felf  will  grow  to  be  lefs  than  any  given  Cylinder,  if  tli 
Radius  being  divided  into  more  equal  Parts  without  Em 
the  Number  of  Reftangles,  and  from  thence  of  Cylinder 
be  infinitely  encreafcd.  Therefore  the  Excefs  of  the  ci 
cumfcribed  Cylinders,  and  much  more  of  the  Hemifphe 
it  felf,  which  is  only  a  Part  of  the  circumfcribed  Cylinde 
above  the  infcribed  ones,  will  at  laft  become  lefs  than  ar 
given  one.  Therefore  (by  Dejin,  6  /.  I'.)  Cylinders  in 
nitely  infcribed  in  an  Hemifphere,  do  at  length  end  in  tl 
Hemifphere  itfelf.     ^  E.  D. 

Corollary. 

IN  the  fame  manner  it  will  be  demonflrated,  that  Cyli 
ders  infcribed  in  a  Cone,  Conoid,  Spheroid,   t^e,  do 
lail  end  in  the  fame. 

PROP.  XVIII.     Theorem. 

'j.  27.     nrUE  Proportion  of  Spheres  is  triplicate  to  t. 
Proportion  of  their  Diajneters{BK^  RZ,} 

The  Radius's  AB,  YR,  being  divided  into  as  many  eqi 
Parts  as  you  will,  but  of  an  equal  Number,  and  there  I 
ing  drav.n  through  the  Points  of  the  Divifions  perpendi« 
lar,  Ciff.  Let  Redangles  of  an  equal  Number  be  und 
llood  to  be  infcribed  in  the  greater  Semi  circles  of  1 
Spheres,  which  Redtanglc  bring  turned  about,  the  unmo- 
Radius's  A  B,  Y  R,  will  be  conceiv'd  to  infcribe  in  both 
Hemifpheres,  a  like  Number  of  Cylinders  flanding  one  1 
on  another.  Now,  becaufe  K  C  is  (per  Cor.  p.  3.  /•  6) 
C^,  as  G  F  is  to  C  B  J  the  Proportion  of  K  C  to  C  B  li 
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De/ift.  TO.  /.  5.)  will  be  duplicate  to  that  of  K  C  to  C  F, 
that  35,  to  the  Proportion  of  F  C  to  CB.  la  like  manner 
the  Proportion  of  ZE  to  ER,  will  be  duplicate  to  the  Pro. 
portion  of  X  E  to  E  R.  But,  by  the  Conftruftion,  K  C  is 
to  C  B,  as  Z  E  is  to  E  R.  Therefore  FC  alfo  is  to  B  C,  as 
XE  to  ER  But  BC,  by  the  Conliruaion,  is  to  CO,  as 
R  E  to  E  S  Therefore  by  Equality,  F  C  is  to  CO,  as 
X  E  IS  to  E  S.  Therefore  (by  De^n.  4.  L  12.)  the  Cylin- 
ders F  L,  X  Q^,  are  like,  and  confequently  their  Proper, 
'tion  is  (per  ii  /.  ii.)  triplicate  to  the  Proportion  of  their 
Diameters,  F  J,  XV,  or  of  the  Semi.diameters,  F  C, 
X  E,  which  are  the  Bafes.  But  the  Poportion  of  F  C  to 
X  E,  is  the  fame  with  the  Proportion  which  is  betwixt  the 
Diamecers  of  the  Spheres  B  K,  R  Z  i  for,  as  I  have  al- 
ready fhew'd,  F  C  is  to  X  E>  as  C  O  is  to  E  S  ;  that  is,  as 
B  K  is  to  R  Z,  which,  by  the  Conftrudion,  are  Equi.mul- 
tiples  of  thofe,  CO,  E  S.)  Therefore  the  Proportion  of 
the  Cylinders,  F  L,  X  Q_,  is  triplicate  to  the  Proportion  of 
the  Diameters,  B  K,  R  Z.  In  the  lame  manner  we  might 
demonftrate  that  each  Cylinder  infcribed  in  one  Hemifphere, 
bears  to  each  Cylinder  infcribed  in  the  other  Hemifphere,  a 
Proportion  triplicate  to  the  Proportion  of  the  Diameters, 
B  K,  R  Z.  Therefore  alio  the  Proportion  of  all  together, 
to  all  together,  is  triplicate  to  tht  Proportion  of  the  Dia- 
meters B  K,  R  Z.  Wherefore  feeing  the  Aggregates  of  the 
Cylinders  do  at  length  end  in  their  Hemifpheres,  the  Pro- 
portion of  the  Hemifpheres  alfo,  and  confequently  of  the 
Spheres,  will  be  triplicate  to  the  Proportion  of  their  Dia- 
meters.    ^  E,  D, 

Corollary. 

\  'X'HEREFORE  the  Proportion  of  the  Diameters  being 
-*-  known,  the  Proportion  o'  the  Spheres  becomes  known 
likewife.  As  if  the  Diameter  of  the  lefTer  be  lone  Foot, 
that  of  the  greater  ten  Feet ;  let  the  Proportion  of  one  to 
ten  be  continued  through  four  Terms,  i,  lo,  loo,  1 000  ; 
as  I,  the  firft  is  to  looo,  the  fourth  Term,  fo  is  the  lefTer 
Sphere  to  the  greater. 

The  Dimenfion  of  Cones,  Cylinders  and  of  the  Sphere, 
will  be  exhibited  in  the  following  Book  out  of  Archimedes. 

Scholium* 
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Scholium, 

As  like  plain  Figures  are  encreas'cl  or  diminiih'd  in  any 
given  Proportion  by  one  mean  Proportional,  fo  like 
Bodies  are  encreafed  or  diminilhed  by  two  mean  Proportion- 
als. 

Let  a  Sphere,  or  Cube,  or  any  other  Body  whatfoevcr, 
be  given,  whofe  Radius,  or  bide,  is  A.  Likewife  let  any 
proportion  whatfoever  of  A  to  B  be  given,  as  the  double, 
or  i  to  I.  A  Body  is  to  be  dilcovered  both  double  to  the 
given  one,  and  l:ke  to  it. 

Betwixt  the  Terms  of  the  given  Proportion  A  and  B, 
let  there  be  found  two  mean  Proportionals  X,  Z.  according 
to  what  was  taught  in  the  Scholium  of  Prop,  l^  1.6,  A 
Sphere,  whofe  Radius  is  X,  or  other  Body  like  to  the  given 
one,  which  is  made  uf)on  the  Side  X,  will  be  double  to  the 
given  one. 

For  like  Bodies,  whofe  Radius's,  or  Sides,  are  A  and 
X,  have  betwixt  themfelves  a  Proportion  which  is  triplicate 
to  the  Proportion  of  A  to  X,  (by  Corollary ^  Propofition  9. 
and  by  Propofition  12.  and  18.  Z.  \z.)  that  is,  the  fame 
(fer  Def.n.  lo.  /•  5.)  which  A  hath  to  B. 

And  this  is  that  molt  celebrated  Problem  which,  from 
Apollo  2.x\di  Deles,  is  called  the  Ddiacal  Problem;  becaufe 
at  the  Time  of  a  moft  grievous  Peftilence,  which  wafted 
■Athens,  being  confulted,  he  gave  Anfwer,  that  the  Pefti- 
lence would  ceafe,  if  his  Altar,  which  was  of  a  cubical 
Form,  were  doubled.     Thus  Valerius  Maximus,  £.8. 
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READER 


ALBEIT  there  Inwe  appear'* d  very  many 
vioft  excelkrit  and  admirahle  Men  in  the 
Mathematical  Sciences ;  yet  the  chief  Glory  of  all 
hath  always  J  by  a  certain  common  Confent^  been 
given  to  Archimedes  of  Syracufe.  Tho^  indeed^ 
more  there  are  who  commend^  than  who  read 
him ;  7nore  who  admire^  than  nnderjl.ind  him. 
The  Caufes  of  which  Neglect  feem  to  be  thefe^ 
the  Bulk  and  Scarcenefs  of  Copies,  fonie  Olfci/rity 
of  the  Tranjlation^  which  is  direBly  made  out 
of  the  Greek  Language,  together  with  tie  Pro- 
lixity and  Dificulty  of  his  Demonfirdtions.  I 
judged  therefore  that  it  would  be  for  the  Profit 
of  ftudious  Learners^  if  after  my  Illuftration  of 
the  Elements,  I  fhotdd  fubjoin  thefe  Theorems 
which  had  been  feleBcd  by  me  out  of  Archime- 
des, and  demonftrated  in  a  much  eafier  and 
briefer  Way.  Furthermore,  I  have  feleded  thofe^ 
which  bring  along  wit-  them  both  more  of  Ad- 
miration and  of  Be/ieft  ;  arid  have  in  my  De- 
monjtration  took  fuch  a  Method,  that,  I  hope, 
he  wbo  underfiands  the  Elements^  will,  without 

any 
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any  great  Labour^  comprehend  thefe  moft  excel- 
lent Inventions  of  the  Prince  of  Geometricians, 
J  have  uljo  added  at  the  End,  thirteen  Propofi- 
tions,  and  thereby  enlarged  the  Do  Brine  of  Ar- 
chimedes concerning  the  Sphere  and  Cylinder  . 
Where,  amongft  other  Things,  I  demonjirate, 
that  the  Sefqtn alter al  Proportion  is  continued  in 
theThrre  Bodies^  a  Sphere,  a  Cylinder  and  Equi- 
lateral Cone ;  both  the  latter  being  infer ib^d  about 
the  Sphere.  Moreover^  I  have  added  di^.  ■  ^^rs  Things 
here  and  there,  amongjl  which  the  12th  Propo- 
sition, and  the  Corollaries  of  Proportion  14. 
^r<?  the  chief;  andjeveral  Scholiums.  Make  ufe 
of  thefe  Difcoveries  vchofoever  thou  be'fl^  that 
art  a  Candidate  of  Geometry  ;  and  how  much 
thou  hajl  improved  in  Euclid,  mal^e  Proof  of  in 
Archimedes.  And  when  thou  perceiveft  thy  f elf 
to  he  fix'd  and  raised  upwards  in  the  Ccntejnpla- 
tion  of  the  moft  nolle  Truths.,  raife  up  thy  Mind, 
while  it  is  thus  already  lifted  up  from  thefe  lower 
Things,  yet  higher,  and  direB  it  to  that  Truth, 
which  is  Original,  Eternal,  Immenfe^  aiid  is  no 
other  than  GOD;  by  the  ineffable  Vifion  of 
whom,  I  truft  we  frail  hereafter  be  made  eter- 
7ially  Happy.     FareweL 


T  ii  E  O- 


THEOREMS 


Seleded  out  of  A  R  c  h  i  m  e  d  e  s. 


cles. 


Definitions. 
Or  an  Explanation  of  certain  Terms. 

IE  T  there  be  a  Circle    B  E  C  G,  whofe  Center  Is  A,  T'^.  23. 
its  Diameter  B  C,  which  let  the  right  Line  E  G  c\x\.or  the  Ta. 
-^  at  right  Angles,  (but  not  through  the  Center)  in  D.  ^[^  ^/'/'Z 
Let  there  be  drawn  from  the  Center  the  Radius's  AE,  KQ.^l":^^^^- 
This  being  luppos'd, 

NOTE,  (i.)  That  a  Seaor  of  a  Sphere  is  that  which 
is  produced  from  the  Sedor  of  the  Circle  AECG,  or 
A  E  B  G,  turn'd  round  about  the  Diameter  B  C. 

2.  That  a  Segment,  or  Portion  of  a  Sphere,  is  that  Part 
of  it  which  is  produced  from  the  Segment  of  the  Circle 
E  C  G  or  E  B  G  turn'd  round  about  the  fame  Diameter  B  C. 

3.  The  Vertex,  or  Top  of  the  Spherical  Portion  EBG, 
is  the  Extremity  B  of  the  unmovM  Diameter  ;  the  Bail?, 
the  Circle  defcrib'd  by  E  G  ;  the  Axis,  that  Part  of  the 
Diameter  B  D,  which  is  intercepted  betwixt  the  1  op  B, 
and  D  the  Center  of  the  Bafe. 

4.  When  I  name  the  Superficies  of  a  Spherical  Portion, 
or  of  a  Body  infcrib'd  in  it,  or  of  a  Cone,  1  always  under- 
ftand  it  without  the  Bafe  j  and  when  I  fay  tiie  Supe:ficies 
of  a  Cylinder,  I  mean  likewife  without  the  Bafes  ;  unlefs 
the  Word  \_tt:hole']  be  adjoined  to  [Superficies  ;J  for  then  the 
Bafes  alfo  are  to  be  taken  in. 

Again,  when  J  treat  of  Cylinders  or  Cones,  I  fpeak  of 
no  other  than  right  ones. 
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Axioms. 

Fie  I  i6  '•  npHE  Circuit  cf  a  Polygon  infcrib'd  in  a  Circle  is  lefs 
*^'   '     *         -*-    than  the  Circumference  of  the  Circle. 

F/g-.  I,  2.   I'he  Circuit  of  a  Polygon  defcrib'd  about  a  Circle  is 

greater  than  the  Circumference  of  the  Circle. 

J/>  i6  5'  ^^^  ^^   ^  Polygon  inicnb'd  in  a  Circle,  be   turn'd 

about  the  Diameter  (A  E)  together  with  the  Circle,  the  Su- 
perficies cf  the  Body  produced  by  the  Polygon,  will  be  lefs 
than  the  Superficies  of  the  Sphere.  And  if  a  Polygon  cir- 
cumfcrib'd  about  the  Circle,  be  turn'd  about  the  Diameter, 
together  with  the  Circle,  the  Superficies  of  the  Body  pro. 
duced  by  the  Polygon,  will  be  greater  than  the  Superficies 
of  the  Sphere. 

%•  17-  4.  Jn  like  manner  the  Circuit  of  a  Polygon  infcrib'd  in  a 

Segment  cf  a  Circle  (D  A  F)  is  lefs  than  the  Circumference 
of  the  Segment.  And  if  a  Polygon  infcrib'd  in  the  Seg- 
ment, be  together  with  the  Segment  (A  O)  turned  round  ; 
the  Superficies  of  the  Body  produced  by  the  Polygon  will 
be  lefs  than  the  Superficies  of  the  Spherical  Portion  D  A  F. 

f/'j.  3,6,  ^,  Xhe  Superficies  of  a  Prifm  infcrib'd  in  a  Cylinder,  is 
lefs  than  the  Superficies  of  the  Cylinder ;  but  the  Superfi- 
cies of  the  Prifm  which  is  circumfcrib  d  is  greater. 

fYf .  4, 8,  6.  And  the  Superficies  of  a  Pyramid  infcrib'd  in  a  Cone, 
is  lefs  than  the  Superficies  of  the  Cone ;  but  the  Superficies 
cf  a  circumfcrib'd  Pyramid  is  greater. 


A 


PROPOSITIONS  I,  IL 

RE  not  necejjary, 

PROP.  III.     Theorem. 

'T'HE  Circuits  or  Polygons  circumfcrib^ d  about 
and  infcrib'd  in  a  Circle^  do  at  la  ft  end  in 
the  Circumference  of  the  Circle,  In  like  manner 
the  ^Polygons  the7nfekes  do  at  Lift  end  in  th^ 
Circle.  \ 


If,  to  wit,  the  Arches  being  bifeded  without  End,  more 
and  mor?  Sides  be  circumfcrib'd  about  and  infcrib'd  in  the 
Circle.  Pare 


j 
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Part  I.  Let  there  be  underflood  to  be  infcrib'd  in  ar.d 
defcrib'd  about  a  Circle,  regular  Polygons  ;  whether  it  be 
done  To  as  is  fet  down,  Prop.  I2.  /.  4.  or  as  in  the  prefent 
Figure,  the  Thing  will  be  the  fame.  It  is  manifeii  (per 
Corol.  I.  p.  ^,1  6.)  that  F  1  is  to  C  E  (that  is,  the  whole 
Circuit  circumfcrib'd,  unto  the  whole  Circuit  infcrib^d)  2s 
I  A  is  to  C  A.  But  I  C.  the  Rxcefs  of  the  right  Lines  X  A 
above  C  A,  becomes  at  lcijg:h  le.s  than  any  given  Line,  if 
more  and  more  Sides  be  underrtood  to  be  infinitely  circuBo. 
fcrib'd  and  inlcnb'd ;  therefore  alfo  the  Excefs  of  the  Cir- 
cuit circumfcrib'd  above  that  which  is  infcrib'd,  will  at 
length  become  lefs  than  any  given  Line.  Therefore  muck 
more  the  Excefs  of  the  Circuit  circumfcrib'd  above  the 
Circumference  of  the  Circle,  will  be  lefs  than  any  given 
one.  In  like  manner,  becaufe  I  have  already  fliew'd  the 
DefciS  of  the  Circuit  infcrib'd,  whereby  it  falls  fhort  cf 
that  which  is  circumfcrib'd,  to  be  lefs  than  any  given 
Line  :  Therefore  much  more  will  the  Defeat  of  the  Circuit 
infcribed,  whereby  it  falls  (hort  of  the  Circumference  of 
that  Circle,  become  lefs  than  any  given  Line.     The  Cir. 

L^uits  therefore,  as  well  as  that  which  is  infcrib'd,  as  well  as 
that  which  is  circumfcrib'd,  do  at  length  (^Def.6.J.  iz.) 
end  in  the  Circumference.  Which  was  the  firA  Part.  To 
^emonftrate  thefe  Things  further  is  not  worth  the  whik^ 
feeing  they  are  manifeft  enough. 

I     Part  II.  Becaufe  it  hath  already  been  fliew'd  that  the  Ex. 

fcefs  FI,  above  the  Side  EC,  becomes  at  length  lefs  than 
any  given  Line  (F  I  is  to  E  C,  as  I  A  to  C  A  ;)  therefore 
alfo  the  Excefs  of  the  Square  of  F  1,  above  the  Square  of 
E  C,  will  become  at  length  lefs  than  any  given  one.  Bat 
as  the  Square  of  F  I,  is  to  the  Square  of  EC,  fo  (per  20.  L 
6.)  is  the  Polygon  circumfcrib'd,  to  that  which  is  infcrib'd. 
Therefore  the  Excefs  of  the  Polygon  circumfcrib'd  above 
that  which  is  infcrib'd,  will  alfo  become  at  length  lefs  tiiaa 
^ny  given  one  Therefore  much  more  will  the  Excefs  of 
Che  Polygon  circumfcrib'd  above  the  Circle,  tecome  at  kS: 
'efs  than  any  given  one  ;  and  confequently,  the  Defed:  aifa 
Dt"  the  Polygon  infcrib'd,  whereby  it  falls  lliorc  of  the 
Circle,  will  at  length  become  lefs  than  any  given  Defect, 
i'herefore  Polygons,  as  well  infcrib'd  as  circumfcrib'd,  do 
'^i  hft  {Dffin.  6.  /.  1 2.)  end  in  the  Circle,  Which  was  the 
'ccond  Part. 

PROP. 


L 
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PROP.  IV.     Theorem. 

CO  P^r     A  ^^§M^^^  (0  'Polygon  {FINT R)    circum- 

i^'4»'  3'  fcrih'd  about  a  Circle^  is  equal  to  a  Triangle 

^•1"  ^        whofe  Bufe  is  the  Circuit  of  the  Polygon^  a?id  its 
Heighth  the  Radius  of  the  Circle. 

And  a  regular  Polygon  infcrib'd  in  a  Circle  is 
equal  to  a  Triangle.^  which  hath  for  its  Bafe  the 
Circuit  of  the  Polygon,  and  for  its  Heighth  the 
Perpendicular  (AO)  let  down  into  one  Side  from 
the  Center, 

Part  I.  The  Radius  A  B,  drawn  to  the  Point  of  Contaft,  ! 
is  {per  1 8.  /.  3.)  perpendicular  to  the  Tangent  I  F.  Where- 
fore, if  the  right  Lines  A  F,  A  I,  AN,  i^c.  being  drawn, 
the  Polygon  be  refolv  d  into  Triangles  ;  the  Radius  A  B 
will  be  the  common  Altitude  of  all  ;  and  confequenily  it  is 
manifefl:  that  the  Triangles  are  equal  Therefore  a  Trian- 
gle, which  hath  its  Bafe  equal  to  the  Sum  of  the  Sides  FI, 
IN,  NT,  iSc.  and  A  B  for  its  Altitude,  will  (as  is  mani. 
fell  from  I .  /.  6-)  be  equil  to  them  all,  that  is,  to  the  whole 
Polygon  circumfcrib'd. 

Part  11.  This  may  be  concluded  by  the  fame  reafoning 
as  the  other. 


PROP.  V.     Theorem. 

fig' 2-        A  Circle  is  equal  to   a  Triangle ^  which  hath 
for  its  Bafe  the  Circumference,  and  for  its\ 

Heighth  the  Semi-diameter  of  the  Circle,  li 


Regular  Polygons  circumfcrib'd  about  z  Circle,  and  Tfi. 
angles  which  have  for  their  Baies  the  Circuit  of  the  Poly, 
gon,  and  for  their  Altitude  the  Radius  of  the  Circle,  ar<  . 
always  (by  the  foregoing  Ptotofitiou)  equal.  But  Polygon: 
circumfcribM  infinitely  about  the  Circle  end  in  the  Circle, 
(bv  the  thud  of  this  Book  ;)  and  in  like  manner  Trianglcji 
("as  1  will  fhew  by  and  by)  which  have  for  their  Bafe  thj 
circuit  o^  the  circumfcrib'd  Polygon,  and  for  rheir  Ahicu 
the  Radius  A  B,  at  lall  end  in  a  i'riangle,    which   hath  th( 

Circu 


\ 
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Circumference  lor  iis  Bafe,  and  for  its  Altitude  the  Radius 
A  B.  Therefore  (by  the  firft;  a  Circle  and  a  Triangle, 
which  hath  the  Circumference  for  its  Bale,  and  the  Radius 
for  its  Altitude  are  equal. 

But  that  Triangles  contain'd  under  the  Circuit  of  the 
Polygon,  and  the  Radius  of  the  Circle,  end  at  iaft  in  a  Tri- 
angle, which  is  contain'd  under  the  Circumference  and  the 
Radius,  I  thus  Ihew.  Triangles  under  the  Circuit  of  the 
circumicrib'd  Polygon,  and  the  Radius  A  B,  are  to  the 
Triiingle,  which  is  under  the  Circumference  and  the  Radius 
AB,  (by  I.  /.  6  )  as  Bale  to  Bafe,  that  is,  as  the  Circuit 
of  the  Polygon  to  the  Circumference  ;  fince  this  Triangle 
and  the  other  have  a  common  Altitude  But  che  Circuit  of 
the  Polygon  (by  the  third)  ends  in  the  Circumference. 
Therefore  the  other  Triangles  end  in  this. 

Corollaries. 

1.  I^ROM  this  and  4 1.  /.  I.  it  is  manifeft  tfcat  a  Redangle 

^  under  the  Radius,  and  half  the  Circumference,  i& 
equal  to  the  Circle  ;  that  one  under  the  Radius,  and  the 
whole  Circumference,  is  double ;  that  one  under  the  whole 
Circumference  and  the  whole  Diameter  is  qu-idru-ple  thereto. 

2    A  Circle  is  to  an  infcrib'd  Square,  as  half  the  Circum-'f/j.  5.  Z.'^. 
ference  (CDE)  is  to  the  Diameter  ;  but  to  a  Square  circum- 
fcrib'd,  as   the  fourth  Part  of  the  Circumference  is   to  the 
Diameter. 

For  the  Rcflangle  under  C  D  E,  and  the  Radius  C  A  or 
C  F,  that  is,  (by  the  foregoing  Corollary)  the  whole  Ci!  c!e 
is  to  the  RedangleGFC  E.  to  wit,  the  Rectangle  under 
F  G  and  CF  (that  is,  to  the  infcrib'd  Square  B  C  D  E)  as 
{^per  I.  /.  6.)  CD  E,  half  the  Circumference  is  to  ?  G  or 
OE  the  Diameter  i  which  was  the  firft  i  hing.  And  con- 
fcquentiy  the  Circle  is  to  the  double  the  Rectangle  G  FCE, 
(that  is,  to  FH,  the  circumicrib'd  Square)  as  C  D  E  is  to 
the  double  of  the  Diameter  C  E,  or  as  the  Quadrant  C  V 
is  to  the  Diameter  CE. 

[3.  ♦*  Of  Figures  which  are  of  equal  Circumferences,  K>.  3:', 
**  the  Circle  is  the  molt  capacious.  Let  the  CirCLiin'erence 
**  of  any  Polygon  whatfo^ver  (as  for  InOance  of  a  Square) 
•*  EG  H  1  be  equal  to  the  Circumference  of  the  Circle.  I 
*'  fay,  that  the  Area  of  the  Circle  is  greater  than  that  of 
"  the  Polygon.  For  the  Area  of  the  Circle  is  equal  to  a 
O  **  T"rian<iie, 
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**  Tiiangle,  whofe  Bafe  is  the  Circumference,  and  its  Al- 
**  titude  the  Semi-diameter  F  A  :  And  the  Area  of  the  Po- 
**  lygon  is  equal  to  a  Trianele,  whofe  Bafe  is  the  Compafs 
*'  of  the  Polygon  i  which,  by  the  Hypothefis,  is  equal  to 
**  the  Circumference  of  the  Circle,  and  which  hath  for  its 
'*  Altitude  tiie  Perpendicular  F  O,  letdown  from  the  Cen- 
•'  ter  of  the  Circle  unto  the  Side  of  the  Polygon,  which, 
*'  fince  it  is  always  lei's  than  the  Radius  of  the  Circle,  it  is 
*'  manifeil  that  tiie  Area  of  the  Polygon  is  lefs  than  the 
**  Area  of  the  Circle,  i^  E.  D.  Ard  in  like  manner, 
*•  amongft  all  fclid  Figures  contained  under  equal  Surfaces, 
*'   the  Sphere  may  be  demonilrated  to  be  the  moilcapaGious,] 

PROP.  VI.     Theorem. 

^HE  Circu77iference  of  a  Circle  contains  the 

Diameter  lefs  tlJan  thrice  and  one  feventh 

{or  f § ;)  and  more  than  thrice  and  ff 

For  the  Demonftration  of  this  Theorem,  Archimedes  af- 
fumes  regular  Polygons,  one  circumfcribed  about  a  Circle, 
the  other  infcribed,  and  both  of  them  of  96  Sides.  And 
then  he  fnews  that  the  96  infcribed  about  a  Circle,  do  con- 
tain the  Diameter  lefs  than  thrice  and  one  feventh.  and  con- 
fequently  that  the  Circumference  which  is  lefs  than  them, 
doth  alfo  contain  the  Diameter  lels  than  thrice  and  one  fe- 
venth. But  the  96  ^'.czs  infcribed  in  the  Circumference, 
(and  confequently  the  Circumference  alfo  which  is  greater, 
than  them)  doth  contain  the  Diameter  more  than  three 
times  |.  But  this  Demonftration  is  too  long  to  be  brought 
in  this  Place.  Nay,  if  we  minded  to  extend  our  Geometri. 
cal  Reafoning  to  Polygons  of  more  bides  ilill,  we  may  con. 
tra<5l  the  Limits  even  now  fet  more  and  more  without  Li,' 
mit,  and  fo  come  nearer  and  nearer  for  ever  to  the  true  Pro 
portion.  This  hath  been  performed  by  Ludo/ph  a  Ceufen 
Crifnberger,  Uciius,  Snellius  and  others.  The  chief  Proj 
portions  hitherto  found  I  fnall  herefubjoin. 

['*  However,  fince  a  Tangent  of  30  Degrees,  muhiplioj 
**  by    12,  gives  the  Circuit  of  a  circumfcribed   Hexagon 

and  a  Sine  of  30  Degrees  multiplied  by  12,  gives  tl' 

circuit  of  an  Hexagon,  which  is  infcribed  :  Forafmuc 
fo  as  in  like  manner  the  Tangent  of  half  a  Degree  mu| 

tiplic 
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**  tiplled  by  720,  yields  the  Circuit  of  a  circumfcribed 
*•  Polygon  of  360  Sides  ;  and  the  Sine  of  half  a  Degree, 
^'  the  Circuit  of  an  infcribed  Polygon  of  360  Sides;  and 
**  foon  for  ever  :  It  will  not  be  difficult  to  underlland,  by 
**  what  Means  many  fuch  Numbers  may  be  found,  out  of 
*'   the  now  given  Tables  of  Sines  and  Tangents] 

The  iirft  Proportion,  which  is  that  of  Archimedesy  is 
thus: 

The  Diameter  7. 

The  Circumf.  is  22  ;  which  is  greater  than  the  true. 

The  Diameter  71. 

The  Circumf.  is  223  ;  lefs  than  the  true  one. 

The  Proportion  of  22  to  7,  and  223  to  71,  if  they  be 
reduced  to  a  common  Conlequent,  (which  is  done  after  the 
fame  manner,  in  which  Fradions  are  reduced  to  the  fame 
Denomination)   will  be  $jhus,  1562  to  497,  and   1561   to 

497- 

Therefore  the  Diameter  being  fuppos'd  497  Parts,  the 
Circumference,  greater  than  the  true  one,  will  be  1562; 
and  the  Circumference  lefs  than  the  true,  1561. 

Both  of  them  therefore  differ  from  the  true,  by  a  Quan- 
tity lefs  than  :^|^y  Part  of  the  Diameter  But  if  the  Pro- 
portion of  7  to  i  2 ,  and  71  to  225,  be  reduced  to  a  common 
Confeo.uent,  there  will  arife  the  Proportions  of  1561  to 
I  4905,  and  of  1562  to  4906. 

Therefore  the  Circumference  being  fuppos'd  to  ht  a^o^^ 
Parts,  the  Diameter  iefs  than  the  true,  will  be  \'^6i,  the 
Diameter  greater  than  the  true,  1562. 

Both  therefore  differ  from  the  true  Diameter  by  Quantity 
lefs  ihan  r^rjVs"  ^^^'^  °'  ^^^  Circumference. 

The  Proportion  delivered  by  M'tius  is  much  more  accu- 
rate than  this  of  Archimedes,     According  to  this. 


The  Diameter  is  1 1 
The  Circumference  ^^■^, 


:>• 


Amohgft  all  Proportions  confifling  of  fmall  Numbers,  none 
comes  nearer  to  the  true  one  ;  for  from  this,  the  Diameter 
being  fuppos'd  of  10,000,000  Parts,  th^  Circumference 
ji  comes  to  be  of  3  1,1 1 5,919,  which  cifFers  irom  the  true  one 
only  in  the  firft  Figure  9,  and  this  by  an  Excel^.,  but  a  little 
greater  than  two  ten-millioneth  Parts  of  thd  Diimeter. 

O  2  Bu: 
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But  more  exa£l  than  both,  is  that  double  Proportion  of 
Ludolphus  a  Ceuien  \  the  former  of  which  confiils  of  21 
Figures,  and  the  latter  of  3d. 

The  Diameter. 

1 00, coo, 000, 000, 000, 000, 000. 

The  Circumf.  greater  than  the  true. 

314,159165, ^5?979, 313847. 

The  Circumf.  lefs  than  the  true, 

3l4,l59i65,35S^79»3-3846- 

The  Difrerence  of  both  the  Circumferences  is  one  Particle 
of  the  Diameter  denominated  from  a  Number  which  con- 
fille  of  a  Unity  and  zo  Cyphers  ;  and  conlequently,  as 
well  this  as  that,  differs  from  the  true  Circumference  by  a 
Quantity  lefs  than  is  the  faid  fmall  Pan  of  the  Diameter; 
to  wit,  one  hundredth  of  a  miliioneth  of  a  millioneth  of  a 
millioneth  Part. 

The  Diameter, 
1 00000, oeooco,  000000, 000000,00000  0,000000. 

The  Circumf.  greater  than  the  true, 
5 141  r^r^^^n^S.  97  y.r-3»^4^i^4, 3  583175950289. 

The  Circumf.  lefs  than  the  true, 
5i4l55?.265  358;9753i3'846i(^4»33^3-7»9J0288' 

The  Difference  of  both  the  Circumferences,  betwix, 
which  is  the  true  one,  is  that  fmall  Part  of  the  Diameter 
denominated  from  a  Number  which  confifls  of  Unity  am 
15  Cyphers  ;  which  fmall  Part  bears  a  lefs  Proportion  t« 
the  whole  Diameter,  than  one  little  Grain  of  Sand  doth  t( 
the  whole  Globe  of  the  Earth.  For  the  whole  Globe  0 
the  Earth  doth  not  confill  of  fo  many  little  Grains  of  Sand 
as  are  the  little  Farts  of  the  faid  Sort  which  are  contained  \\ 
the  Diameter. 

Jt  is  neediefs  to  go  any  further.  Neverthelefs  you  ma 
proceed  inJuiiU'iy,  if  you  be  minded  to  continue  Geometri 
cal  P^eafoning,  an  expedite  Method  of  which  is  delivered  b;, 

[The  Circumference  being  fuppos^d  of 
I J 500000,000000,000000,0  00000, 000000, ooqooqP^/'/J, 
7i^<?  Diameter  <iK,iU  bs  as  near  as  tna^  he^  of  1 

o,3l83oc,886l8^,79c(J7l.n77^7i?i^74^'^i8724^«''H 


Mmliun 
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Scholium, 

nr^  H  E  moil  excellent  Advantages  of  the  Proportion  now 
-*-    delivered,  are  thefe  which  follow. 

The  Invention  of  the  Diameter  from  the  Circum- 
ference, 

\  C  E  T  the  greater  Term  of  one  of  the  Proportions   which 
;  ^  have  been  now  delivered  in  the  firll  Place,    the  lefTer  in 

the  fecond,  the  Circumference  in  the  third  ;  by  thefe  three 

Numbers  let  there  be   fought  by  the  Golden  Rule  a  fourth 

Proportional.     That  is  the  Diameter  fought. 

As   if  the  Circumference  of  the  greateft  Circle  of    the 

Earth  be  fuppos'd  to  contain  25000   EngHJh  Miles  of  5280 
I  Feet  each,  and  the  Diameter   be  fought  ;  the  Terms  will 

Hand  thus, 

355^113  —  25000^7854. 

Multip'y  now  the  fecond  by  the  third,  and  divide  the  Pro. 

dud  by  the  firll  ;  and  there  will  arife  7854  Miles  for  the 

Diameter  of  the  Globe  of  the  Earth. 

The  finding  out  of  the  Circumference  from  the 
.  Diameter. 

't  ET  the  lefTer  Term  of  one  of  the  Proportions  above 
i-L^  delivered  be  fet  in  the  firll  Place  ;  the  greater  in  the  fe- 
Icond;  the  known  Diameter  in  the  third  :  And  by  thefe 
three  Numbers,  let  there  be  fought  a  fourth  Proportional. 
'That  will  give  the  fought  Ciicum.ference. 
I  As  if  the  Diameter  of  the  Globe  of  the  Earth  be  fup. 
ipos'd  to  contain  7854  Englijh  Miles;  and  the  Circuit  is 
•'fought ;  the  Terms  will  fland  thus, 

113 35=; 7854 25000. 

Then  multiply  the  fecond  by  the  third,  and  divide  the 
Produd  by  the  firil ;  there  will  arife  25000  Miles  for  the 
Circumference  of  the  Globe  of  the  Earth. 

How  Jitde  this  Circumference  exceeds  the  true  one,  was 
'aid  above  ;  to  wit,  by  an  Excefs  but  a  little  greater  than 
ire  two  ten-millioneth  Particles  of  the  Earth's  Diameter  ,• 
:hat  is,  by  9  or  10  Feet.  But  if  we  ufe  the  Ludolphin 
i*roportion,  even  the  former,  the  Terms  whereof  confifl 
O  3  of 
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of  2  I  Figures ;  there  will  be  found  a  Circumference  Infenfi- 
bly  differing  from  the  true,  rot  only  when  the  given  Dia- 
meter  is  of  78^4  Miles,  fuch  as  is  the  Diameter  of  the 
Earth  ;  but  alio  although  the  Diameter  be  fuppcsM  of  an 
ICO  ?\liilion5  of  thofe  Miles.  For  this  being  fuppos*d,  the: e 
will  arifj  a  Circi  mrerence  differing  from  the  true  one  by  a 
Qjantity  about  one  hundred  miilioneth  Part  of  a  Foot.  But 
it  to  find  cut  the  Circumference  of  the  Globe  of  the  Earth, 
we  make  ufe  of  tlie  Proportion  of  Archimedes y  the  Interval 
of  the  two  Circumferences,  the  one  greater,  the  other  lefs 
than  the  true  one,  wiii  exceed  20  Miles.  Archimedes  his 
P/oportion  therefore  is  not  to  be  ufed  but  in  fmall  i\'l eafures ; 
nay,  it  will  always  be  expedient  to  ufe  that  of  Mstius, 
which  both  confiils  of  fmall  Terms,  and  is  above  a  icoo 
Times  more  exact. 

The  meafuring  of  a  Circle. 

nnHE  Semi  di:imeter  multiplied  by  half  the  Circumfe- 

-^-     rence,  produceth  the  Area  of  the  Circle  ;  as  is  mani- 

feft  from  Corollary  \.   Propojition  5    of  this  Book. 

As  if  the  Semi.diameter  of  the  Earth,  which  contains 
3927  Miles,  be  multiplied  by  half  its  Circumference,  to 
wit.  by  1:500,  there  will  arife  49,075500  Miles  Square 
for  the  Area  of  the  greatefl  Circle  of  the  Earth.  The 
DifR'rcnce  of  the  circular  Area  thus  found  from  the  true  is 
had,  if  the  Difference  of  half  this  found  Circumference 
from  the  true  ha;f  Circumference  be  multiplied  by  the  gi- 
ven Semi-diamecer  j  or  the  Difference  of  this  Semi-diameter 
from  the  trud,  b.  multiplied  by  the  given  Semi-circumference. 

The  Mcnfuration  of  Cylinders  and  Cones. 

I  put  this  here,  becaufe  it  depends  upon  the  Menfuration  oil 
a  Circle.  A  Cylinder  therefore,  and  any  Prifm  whatfo-l 
ever,  is  produced  from  tiie  Altitude  multiplied  by  the  Bafe  :  s 
A  Cone  and  Pyramid,  irom  the  third  Part  of  the  Altitude,, 
multiplied  by  the  Bafe  ;  for  they  are  third  Parts  of  Cylin- 
ders and  Pnfms,  having  the  fame  Bafe  and  Altitude  with 
them,  by  10,  and  7./.  \z.  I»f 

Let  the  Bale  of  a  Cylinder  or  Core,  be  of  50  Squarcla 
Feet,  and  the  Height  of  ico  Feet.  Multiply  100  by  50.li( 
and  there  aiifg  5 coo  cubic  Feet  for  the  Solidity  of  the  Cylin 

der 
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der.  Multiply  the  third  Part  of  the  Aleituce  lOO,  which 
is  33  j  by  50,  there  arife  i666|  cubical  Feet  for  the  Solidity 
of  the  Cone. 

PROP.  VII.     Theorem. 

ITHE  Circujnferences  of  Circles  huz-e  the  fame  f/j.  6, 7 

^Proportion  betwixt  themfehes  which  their  ^- 12. 
Diameters  hair. 

For  the  Circuits  of  like  Polygons,  which  may  be  in- 
fer ibed  in  a  Circle  without  End,  are  always  betwixt  them- 
felves,  as  the  Diameters  AF  and  IC  (by  Corc:lar\\  p.  j.  /. 
12.)  But  thefe Circuits  (by  the  3d  Propfuion  of  tins  Book) 
end  at  length  in  the  Circumference.  Therefore  their  Cir- 
cumferences alio  are  betwixt  themfelves  as  their  Diameters. 

PROP.  VIII.     Theorem. 

*~VHE  Superficies  of  a  Prifm,  as  well  that  which 
-*  is  circumfcrib'd  ahoiit^  as  that  which  is  in- 
fcrib'd  in  a  Cylinder,  is  equal  to  a  Re^angle,  whofe 
^Heighth  is  the  Side  of  the  Cylinder^  but  its  Bafe 
equal  to  the  Circuit  of  the  Baje  of  the  Vrifm, 

Part  I.  The  Superficies  of  the  circumfcribed  Prifm  F/V,  3. 
touches  the  Cylinder  according  to  the  Lines  E  A,  N  F, 
^c.  v.'hich  are  the  Sides  ^f  the  Cylinder ;  but  thefe  (bccaufe 
by  the  Hypothefis  the  Cylinder  is  a  right  one)  are  rigut  to 
the  Plane  of  the  Bafe,  and  confequentiy  right  alfo  (by  De. 
finition  3.  L.  II.)  to  the  Lines  C  G,  G  M.  ^c.  But  they 
are  alio  equal  betwixt  themfelves.  Therefore  one  Side  of 
the  Cylinder  is  the  common  Heighth  of  all  the  Re'51angle3 
CO,  OM,  M  H,  ^c-  Therefore  the  Supeificies  of  the 
circumfcribed  Prifm  is  equal  (as  is  manifeif  from  I.  L.  6) 
to  a  Redlanele  contain'd  under  the  Circuit  of  the  Bafe  of 
the  Prifm,  and  the  Side  of  the  Prifm  or  Cylinder. 

Part  IL  1  he  Reafon  of  this  is  the  fame.  For  the  Side 
of  the  Cylinder  is  again  the  common  Altitude  of  the  Rect- 
angles B  DI  K.  K  TP  Q^,  ^c,  which  conftitute  the  Super- 
ficies of  the  infer ibed  Prifm. 

PROP. 
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PROP.  IX.     Theorem. 

p'i- 4'       HTHE  Superficies  of  a  regular  Pyramid  circunir 
fcrib^d  about  a  right  Cone^  is  equal  to  a  'Tri- 
angle^ which  hath  for  its  Bafe  the  Circumference 
(FHLD)  of  thr  pyramidal  Bafe^  but  its  Heighth 
the  Side  of  the  Cone  (BG.) 

And  the  Superficies  of  a  regular  Pyramid  in- 
fcribed  in  a  right  Cone^  is  equal  to  a  Triangle^' 
which  hath  for  its  Bafe  the  Circumference  of  the 
pyramidal  Bafe^  hut  for  its  Heighth  the  Perpen- 
dicular (BO)  let  down  from  the  Top  unto  a  Side 
of  the  Bafe, 

Part  I.  Let  there  be  drawn  unto  the  Contatfts  G,  K, 
M,  the  right  Lines  B  G,  B  K.  B  \1.  Thefe  will  all  be 
Sides  of  a  right  Cone,  and  confequently  equal.  And,  be- 
caufe.  (by  the  Hypothefis)  the  Axis  B  A  is  perpendicular  to 
ihe  Plane' of  the  ^.\(t  F  K  D,  the  Plane  alfo  G  B  A  [per  i8. 
/.  11  )  will  be  perpendicular  to  the  Plane  F  K  D.  But' 
H  G  {per  i8.  L  3.)  is  perpendicular  to  A  G,  the  commoa 
Sea  ion  cf  the  \  lanes  F  K  D  and  G  B  A.  Therefore  H  G 
(as  is  gathered  from  Dtfio.  4.  /.  iij  is  alfo  perpendicular 
to  tlie  Plane  G  B  A.  And  confequently  is  alfo  perpendiqu^ 
kr  to  B  G.  Thefefore  the  Side  G  B  of  the  Cone,  is  the 
Heiehth  of  the  Trian^ile  F'  BH.  In  the  fame  manner  the 
Sidc'nf  the  Core  will  be  liie  Heighth  of  the  rci\,  H  B  L, 
LBD.  ^'c.  Therefore  the  Triangle  comprehended  under 
the  Circumference  r  ti  L  D,  and  the  Side  of  the  Cone  is 
equal  to  the  Supc;ficies  of  a  Pyranriid  circumfciibed,  with- 
out ihe  Bale.      Which  was  the  firlt  Part. 

Jf.  The  Demonlration  of  this  Part  is  almoll  the  fame 
with  that  of  tne  iornicr. 

PROP.  X.     Theorem. 

n^HE  Superfi.cies  of  a  regular  Prifm  circum- 

fcrib'd  about  a  right  Cylinder^  ends  (Def.  6. 

1. 12.)  in  the  Superficies  of  the  Cylinder-,  and  the- 

Superficies- 
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Superficies  of  a  'l^yramid  circumfcrib^d  about  a 
right  Cone  ends  in  the  Superficies  of  the  Cone, 

Pare  I.  The  Superficies  of  regular  Prifnis  defcribed  F/^.3. 
about  and  infcrjLed  in  a  Cylinder  without  erd  will  have  at 
laft  a  Difference  betwixt  themfelves  lefs  than  any  which 
lean  be  given.  Much  more  therefore  will  the  Superficies  of 
a  circumfcribed  Prifm  differ  from  the  Superficies  of  the  Cy- 
linder, which  is  in  the  middle  between  the  infcribed  and 
circumlcribed  Superficies,  by  a  Difference  lefs  than  any- 
given  one  whatfoever  ;  that  is,  (DeJ.  6-  I-  Ii.)  will  end  in 
the  cylindrical  Superficies,  whilll  it  continually  exceeds  it 
ilefs  and  lefs. 

j     Part  If.  This  may  be  fhewed  in  the  fame  manner  from ^'^- 4. 
|the  9th  and  3d  of  this. 

I  In  the  Figures  theie  are  only  exhibited  the  Halves  of  the 
iCylinder  and  Cone,  left  a  Multitude  of  Lines  fhould  breed 
Confufion.  But  the  Cylinder  and  Cone  are  to  be  conceived 
in  the  Mind  entire,  and  as  having  thefe  circumfcribed  Prifms 
and  Pyramids  encompaffing  them.  For  thus  it  more  clearly 
appear?  that  plain  Surfaces  circumfcribed  are  greater,  ac- 
ccrding  to  the  third  Axiom. 

A  Lemma  to  the  following  Propofition, 

LET    A  B,  C  D,  E  F,   be  proportional,  and  let  K  B  beF/>  7 
half  A  B,  and  E  G,  double  E  F  ;  KB,  C  D,  E  G,  will    ''* 
alfo  be  proportional. 

The  right  Line  K  B  is  to  A  B,  as  E  F  is  to  E  G.   There- 
fore the  Redangle  K  B,   E  G   {per  16-  I.  6.)  is  equal  to  the 
Refiangic  A  B,  E  F.     But  this  (by  17.  l.f.)    is  equal  to 
the  Square   of  CD.     T  herefore  alio  the  Redangle  KB. 
fEG   is  equal  to  rhe  Square  of  C  D.     Therefore  (by  17.  /. 
I  d.)  ^  ^^  C  D,  E  G  are  proportional. 

PROP.  XI.     Theorem. 

A  Circle^  zvhofe  Radius  (GH)  is  a  mean  PrO'F!^.^,6. 
\       portional  betwixt  the  Side  of  a  right  Cylinder 
\{BC)  and  the  Diameter  of  the  Bafe  {B D)  is 
^qual  to  the  cylindrical  Superficies. 

Let  the  regular,  and  confequently  like  Polygons,  N  M» 
R  S,  be  underilood  to  be  circumfcribed  about  the  Circles 
^  BN.   G  P  H  ;  and  upon  the  Polygon  N  M,  let  a  Prifm 

be 
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be  conceivM  to  be  ereded,  with  which  the  Cylinder  is  cir. 
cumfcribed.  Becaufe  B  D,  G  H,  BCare,  by  the  Hypo, 
thefis,  proponionai,  AD  alfo,  (or  AN)  G  H,  and  the 
double  of  BC  will,  by  the  Lemma,  be  proportional.  Now 
the  'I'rjangle  contained  under  A  N,  and  ihe  Circuit  of  the 
Polygon  M  N  is  equal  to  the  Polygon  circumfcribed  N  M 
(by  the  fourth  of  this  Book.)  And  the  Redangle  under 
B  C,  or  E  F,  and  the  fame  Circuit  N  M,  (that  is,  as  is  ma- 
nifeit  from  41.  L.  i.  the  Triangle  under  the  Circuit  N  M, 
and  the  double  of  B  C)  is  equal  (by  the  eighth  of  this  Book) 
to  the  Superficies  ot  a  Prifm  circumfcrib'd  about  the  Cylin. 
der.  But  a  Triangle  under  the  Circuit  N  tVi  and  A  N,  is 
to  the  Triangle  under  the  Circuit  N  M,  and  the  double  of 
B  C  (by  I.  /.  6-)  as  A  N  is  to  the  double  of  B  C.  There- 
fore the  Polygon  N  M  alfo  is  to  the  Superficies  of  a  Prifm 
circumfcrib'd  about  a  Cylinder,  as  AN  is  to  the  double  of 
B  C.  But  becaufe  I  have  already  fhewed  A  N,  G  H,  and 
the  double  of  B  C  to  be  proportional,  the  Proportion  of 
A  N  to  the  double  of  B  C  is  (by  Def.  10  A  5,)  duplicate  to 
the  Proportion  of  AN  to  G  H.  Therefore  the  Polygon 
N  M  jiath  to  the  Superficies  of  the  Prifm  a  Proportion  du- 
plicate to  the  Proportion  of  A  N  to  G  H.  But  the  Poly- 
gon N  M  hath  alfo  to  the  Polygon  like  to  it,  G  RQ^S,  a 
Proportion  duplicate  to  the  Proportion  of  A  N  to  G  H, 
as  is  eafily  gathered  out  of  \.  I.  12.  Therefore  the  Poly- 
gon NM  hath  the  fame  Proportion  to  the  Superficies  of  the 
Prifm,  which  it  hath  to  the  Polygon  G  R  Q^S  ;  which  con- 
fequently  is  equal  to  the  Superficies  of  the  Prifm.  Jn  the 
fame  manner  1  might  fnew,  that  the  prifmatic  Superficies,' 
which  are  circumlcriptible  infinitely  about  the  Cylinder, 
are  always  equal  to  the  Polygons  which  may  be  circum- 
fcribed infiniteiy  about  the  Circle  GPH.  Wherefore  feeing 
both  the  prifmatic  Superficies  (by  the  loth  of  this)  end  in 
the  Surfece  of  the  Cylinder,  and  the  Polygons  in  the  Circle 
GPH  (by  the  3d  of  this)  the  Superficies  of  the  Cylinder 
alfo  will  h^  equal  to  the  Circle  GPH.     ^.  E.  D. 

From    this    admirable  Theorem,  a  Circle   is  prefented, 
i*hich  is  equal  to  a  cylindrical  Superficies. 
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Corollaries, 

nrUE  Superficies  of  a  right  Cylinder  is  equal  rig.  ^,6,, 

to  a  Re  Bangle  contained  under  the  Side  (BC) 
and  the  Circumference  of  the  Bafe. 

The  double  of  B  C  (as  hath  been  {hew'd  above)  is  to 
G  H,  as  G  H  is  to  B  A,  or  AN  ;  that  is,  (by  the  jih.  of 
this)  as  the  Circumference  P  is  to  the  Ciicumference  b  N. 
Therefore  the  Triangle  under  the  firft,  to  wit,  the  double 
cf  B  C  ;  and  the  fourth,  to  wit,  the  Circumrerence  B  N, 
is  equal  to  a  Triangle  under  the  fecond  G  H,  and  the  third, 
to  wit,  the  Circumference  P,  (as  appears  from  i6,  I.  6. 
But  the  Triangle  under  G  H,  and  the  Circumference  P,  is 
(hy  the  5th  of  this)  equal  to  the  Circle  G  PH,  that  is,  by 
the  iiih  of  this)  to  the  cylindrical  Superficies.  Therefore 
alfo  the  Triangle  under  the  double  of  B  C,  and  the  Cir- 
.cumference  B  N,  (that  is,  as  appears  from  41  l.  j.  the 
E.eflangle  which  is  under  B  C  and  the  Circumference  B  N) 
will  be  equal  to  the  cylindrical  Superficies.     ^.  E>  D. 

From  this  Corollary  it  is  manifeit,  that  the  Properties  of 
Redangles  are  common  to  them  with  cylindrical  Superficies. 
Therefore  let  this  be  Corollary  z . 

2.  The  cylindrical  Superficies  (BM,   QN)  which  are  o^'F/^-.  20,21. 
the  fame  Height,  are  betwixt  themfeives  as   the  Djameters  ^.  12. 

of  their  Bafes  (B  F,  Q^R.) 

For  the  Redangles  under  the  Circumference  (C  L,  S  E 
and  the  equ:il  right  Lines  F  M,  R  N,  to  wiach  (by  CgtoU, 
I  )  the  cylindrical  Superficies  a'e  equ«l,  are  betwixt  them- 
felves  (by  i.  /.  6.)  as  the  Baies,  o  wit,  the  Cirjumfererces 
C  L,  S  E  ;  that  is,  as  the  Diameters  B  F,  Q^R,  (by  the 
7th  of  this  ) 

3.  The  cylindrical  Superficies  (CI,  A  R)  vvh-ch  have 
equal  Baies,  are  becnixt  themfeives,  as  tneir  Altitudes 
(i'l,  BR.) 

For  the  Reftan^les  contain'd  under   the  equal  Circumfe.  ^'i?.  23,24. 
rences  G  B,  M  Q,  and  the  Sides  T  J,   ti  R,  to   which  (by  ^-  ^2. 
CorolLi.)  the  cylindrical  buifaces  aie  equal,  are  betwixt 
themfeives  (by  i  J.  6.  as  T  1,  BR. 

4.  Like   cylindrical   Surfaces  (B  M,    R  I)  have  betwixt /'/^. 20, 21. 
themfeives  a  Proportion  duplicate  10  that  which  (B  F,  QR;  I.  12. 

the  Diamecers  of  the  Bales  have. 

Seeing 


220.  Archimedes'j  Theorems, 

Seeing  the  Cylinders  are  fuppos'd  to  be  like,  M  F  will 
be  to  I  d  (by  Def.n.  4.  /.  i  2.)  as  B  F  is  to  Q^R  ;  that  is, 
(by  the  7th  of  this;  as  the  Circumference  C  j  to  the  Cir. 
ciimference  SE.  Wherefore  the  Reftangles  alfo  which  are 
contairrd  under  the  Circumferences  C  L,  S  E,  and  the  Side 
M  F,  i  Q_,  will  be  like  ;  and  confequently  they  will  have 
betwixt  thenil'elves  (by  20.  /.  6.)  a  Proportion  duplicate  to 
that  which  M  F  ha:h  to  I  Qj  that  is,  B  F  to  Q^R. 
Therefore  the  cylindrical  Surfaces  alfo  have  the  fame. 

The- fame  ^    Cylindrical   Surfaces  (B  iM,  R  i)    have  betwixt  them. 

rijure;  fglygs  2.  Proportion  compounded  of  the  Proportions  of  the 
Sides  (FAl,  IQ,,  and  the  Diameters  of  the  Bafes  (BF, 
QJR.,)  as  is  manifeft  from  23.  /.  6.  and  the  7th  of  this. 

^'i"  24.25.      6.  if  cylindrical  Surfaces  (A  R,   F  D)    be   equal,  as  the 

'•  ^?'  Diameter  (A  B)  is  to   the  Diameter  (F  N)  fo  reciprocally 

(by  14.  /.  6.)  the  Altitude  (FH)  will  be  to  the  Altitude 
(B  R,)  and  converlly. 

7.  Laflly,  from  the  fame  firft  Corollary  'is  had  the  Mea- 
fure  of  a  cylindrical  Superficies;  to  wit,  if  the  Circumfe- 
rence of  the  Bafe  be  multiplied  by  the  Altitude.  As  if  the 
Altitude  be  of  20  Feet,  the  Circumference  of  the  Bafe  of 
6  ;  mukiplv  20  by  6,  there  arife  120  Square  Feet  for  the 
eylindrical  Superficies, 

PROP.  XII.     Theorem. 

'T^HE  Superficies  of  a  right  Cylinder  is  to  the 
•*  Bafe  {A  B  N)  as  the  Side  of  the  Cylinder  (C  B) 
is  to  {BO)  the  fourth  part  of  the  Diameter  of  the 
Bafe, 

Let  GH  be  a  mean  Proportional  betwixt  BC  the  Heighth, 
and  B  D  the  Diameter  of  the  Bafe,  and  confequently  (by 
Lemma  before  Prop.  1  i  of  ihis)  a  mean  Propt .  tional  be- 
twixt A  N  and  the  double  of  B  C.  The  Circle  G  P  H,  of 
the  Radius  G  H,  is  (by  the  iith  of  this)  equal  to  the 
Curve  cylindrical  Supeiiicies  C  D.  But  the  Circle  G  P  H 
hath  to  the  Bafe  of  the  Cylinder  ABN  a  Proportion  dupli- 
cate  (by  2.  /.  iz.)  to  the  Proportion  of  G  H  to  A  N  ;  that 
is,  the  fame  which  the  double  of  B  C  hath  to  the  Radius 
BA  (by  the  Hypotliefis,  and  Def.  10.  /.  5.)  that  is,  the 
fame  which  BC  hath  to  B  O,  the  fourth  Part  of  the  Dia- 
meter, 
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"meter:  Therefore  the  cylindrical  Superficies  alfo  is  to  the 
\Bafe  AB  N,  as  BC  is  to  B  O,  the  fourth  Part  of  the  Diame- 
ter,    ^E,D. 

Corollary. 

rrHE  Superficies  of  a  Cylinder  which  hath  its  Sides 
-'-  equal  to  the  Diameter  of  its  Bafe,  is  four  fold  of  the 
Bafe.  But  if  the  Side  be  a  fourih  Part  of  the  Diarr-eter  of 
the  Bafe,  the  Superficies  of  the  Cylinder  vvili  be  equal  to 
the  Bafe.     Both  thefe  are  manifeft  from  the  Propofition. 


A 


PROP.  XIII.     Theorem. 

Circle,  whofe  Radius  (OL)  is  a  mean  Pro-Ti^,^,^, 
portional  betwixt  the  Side  (BC)  of  a  right 

Cone^  and  the  Radius  of  the  Bafe  {AC)  is  equal 

to  the  conical  Superficies, 

Let  regular  Polygons,  E  F,  IN,  be  underflood  to  be 
circumfcrib'd  about  the  Circles  A  C  G,  OP  L,  and  a  Pyra- 
mid  circumfcrib'd  about  the  Cone  to  be  ereded  upon  the 
Polygon  E  F. 

Becaufe,  by  the  Hypothefis,  A  C,  or  A  G,  is  to  O  L, 
as  O  L  is  to  B  C,  the  Proportion  of  A  G  to  B  C,  will 
{Dejin.  10.  /.  5.)  be  duplicate  to  the  Proportion  of  A  G  to 
O  L.  But  as  AG  is  to  B  C,  fo  is  the  Triangle  under  AG, 
and  the  Circuit  E  F,  to  the  T«iangle  under  B  C  and  the 
fame  Circuit  E  F.  Therefore  the  Proportion  of  the  Tri. 
angle  under  A  G,  and  the  Circuit  E  F,  to  the  Triangle 
under  B  C,  and  the  fame  Circuit,  is  alfo  duplicate  to  tlie 
Proportion  of  A  G  to  O  L.  But  the  Triangle  uneker  AG 
and  the  Circuit  EF,  is  equal  to  the  Polygon  L  F  (by  the 
4th  of  this :)  And  the  Triangle  under  B  C  and  the  fame 
Circuit  E  F  (by  the  9th  of  this)  is  equal  to  the  Superficies 
of  the  circumfcribed  Pyramid.  Therefore  the  Proportion 
of  the  Polygon  E  F,  to  the  Superficies  of  the  Pyramid,  is 
alfo  duplicate  to  the  Proportion  of  AG  to  O  L.  But  the 
Proportion  of  the  Polygon  E  F  to  the  Polygon  I  N.  which 
is,  by  the  Conftrudion,  like  to  it,  i3  {j>er  il.ii.)  fvlfodu- 
plicaie  t^  the  Proportion  of  A  G  to    O  L.     Therefere  the 

Folvgon 
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Polygon  E  F  hath  the  fame  Proportion  to  the  Superficies  of 
the  Pyramid,  ar,d  to  the  Polygon  1  N,  which  confequently 
are  equal.  In  the  fame  manner  I  might  fhew,  that  the 
Superficies  of  Pyramids,  which  may  be  circumfcribed  about 
a  Cone  infinitely  more  and  more,  are  always  equal  to  Poly- 
gons which  may  be  circumfcribed  infinitely  about  the  Circle 
O  P  L  Wherefore  feeing  both  the  Surfaces  of  Pyramids  [by 
the  loth  of  this)  do  at  lall  end  in  the  Surface  of  the  Cone, 
and  Polygons  (by  the  3d  of  this)  in  the  Lircle  O  P  L,  the 
Superficies  of  the  Cone  and  the  Circle  OP  L,  fhall  likevvife 
be  equal.     ^^  E.  D. 

From  this  excellent  Theorem  a  Circle  is  found  which  is 
equal  to  a  conical  Surface. 

Corollaries. 

^^.9^8.      I.  'T^HE  Superficies  of  a  right  Cone,  is  equal  to  a  Tri. 
-■-     angle  comprehended   under  the  Side  of    the  Cone 
[B  C]  and  the  Circumference  of  the  Bafe  [C  G.] 

Let  O  L,  the  Radius,  be  a  mean  Proportional  betwixt 
AC  and  B  C.  Then  becaufe  (by  the  7th  of  this)  the  Cir- 
cumference C  G  is  to  the  Circumference  P,  as  the  Radius 
AG  is  to  the  Radius  O  L  ;  that  is,  by  the  Hypothecs,  as' 
O  L  is  to  B  C  ;  the  Triangle  under  the  firll.  to  wit,  the 
Circumference  C  G,  and  under  the  fourth  B  C  (as  appears 
from  16.  /.  6.)  will  be  equal  to  the  Triangle  under  the  fe- 
cond,  to  wit,  the  Circumference  P,  and  the  third  OL; 
that  is,  (by  the  5th  of  this)  to  the  Circle  OP  L;  that  is, 
to   the  conical  Superhcies   (by   the  13th  of  this)    BCD. 

From  this  Corollary  it  appears  that  conical  Surfaces  have 

the  fame  Properties  with  Triangles.      And  fo  it  follows. 

F/^.ao,  21.       Z-  'I'hat  the  conical  Superficies  [BAF,   Q^X  R]   having 

/.  12.  their   Sides  [B  A,  QJC]  equal,  are   betwixt   themfelves  a$ 

the  Diameters  of  their  Bafes  [BF,  Q^R  ]     And, 
Y!q  23,24.      3.  Tnofe  which  have  equal   bales,  C  F  T,  A  Z  B,  are 
/.  12.  betwixt  themfelves  as  their  Sides  [C  F,   A  Z.]     And, 

4.  Thofe  conical  Superficies  [B  A  F,  Q^Z  R]  which  are 
Fig.  20,  21.  like,  have  betwixt  themfelves  a  i^roportion  duplicate  to  thatj 
/.  12.  which  is  betwixt  the  Diameters  of  the  Baics.     And, 

_,^  ^  5.  All  conical  Superficies  whatfoever  have  betwixt  them> 

li'^iiri        ielvcs  a  Proportion  which  is  compounded  of  the  Proportion^ 
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of  the  Sides  [BA,  Q^Z]  and  of  the  Diameters  [B  F,  QR] 
which  are  in  the  Bafes.     And, 

6.  Thofe  which  are  equal  have  their  Sices  and  the  Dia- 
meters of  the  Bafes  reciprocally  proportional  i  and  thofe 
which  have  them  fo,  are  equal. 

All  which  is  demonllrated  from  Corollary  \ .  as  above  we 
deduced  the  Corol/ariej  concerning  the  cylindrical  Surface 
out  of  the  firll  Corollary  there. 

f.  Lailly,  v;e  may  meafure  a   right  conical  Surface,  if f/>.  25. 
we  multiply  the  Side  F  C  by  half  the  Circumference  of  the  /.  iz. 
Bafe.     As  if  the  Side  be  of  5   Feet,  the  Circumference  ot 
the  Bafe  of  20;  multiply    5    by  10,  and  there   will    arife 
50  Square  Feet  for  the  conical  Superficies.     The  Demon- 
llration  is  manifell  from  the  fame  firll  Corollary. 

PROP.  XIV.     Theorem. 

T^HE  Superficies  of  a  right  Cone   is  to  theFig.%,<^, 
^    Bafe,  as  the  Side  (BC)  is  to  (AC)  the  Ra-'^f'^''- 
dius  of  the  Bafe, 

Between  the  Side  BC  and  AC,  the  Radius  of  the  Bafe, 
let  O  L  be  a  mean  Proportional.  Therefore  the  Proportion 
of  B  C  to  A  C,  is  duplicate  to  the  Proportion  of  O  L  to 
AC)  Dtfin.  10.  /.  5.)  Now  (by  the  13th  of  this)  a  Circle 
of  the  Radius  O  L  is  equal  to  the  conical  Superficies  C  B  D. 
But  the  Proportion  of  this  to  A  C  G,  the  Bafe  of  the  Cone 
is  (by  2.  /.  li.)  duplicate  to  the  Proportion  of  OL  to  AC; 
and  confequently  is  the  fame  with  the  Proportion  of  B  C  to 
A  C.  Therefore  the  Proportion  of  the  conical  Superficies 
CBD  is  to  the  Bafe  AC  G,  as  BC  is  to  AC.     ^  E.  D. 

Corollaries. 

T^HE  Superficies  of  a  right  Cone  produced  by  F/^.27. 

an  equilateral  "triangle  turned  about  the  Per- 
pendicular  {KA)  is  double  to  the  Bafe  {^T.) 

For  the  Side  K  B  is  equal  to  B  D,  and  confequently 
double  to  the  half  of  it  A  D,  which  is  the  Radius  of  the 
Cafe. 

2.  The 
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Fig.  24.  ^*  ^'^^^  Superficies   of  a  Cone  produced  by   a 

right-angled  equicruralTriangle  (EBD)  is  to  the 
Bafe^  as  in  a  Square  the  Diameter  is  to  the  Side, 

For  the  Perpendicular  B  A  being  drawn,  the  right  Angle 
B  (by  2^./.  I.)  is  bifefted,  and  confequently  ABD  is 
half  right.  But  A  D  S  is  alfo  an  half  right  Angle  (by  Co. 
rol.  n.  p.  3i.  /.  1.  Therefore  DA,  B  A,  are  (by  6.  /.  i.) 
epual  ;  and  confequently  B  D  is  the  Diameter  of  the  Square 
A  K,  whereof  A  D  is  the  Side.  Now  tlie  fame  A  D  is 
the  Semi-diameter  of  the  Bafe  P  T,  feeing  the  Perpendicu 
lar  A  B  (by  26.  ^-  I-)  bifeds  E  D.  From  which,  and  this 
Fourteenth,  the  Corollary  is  manifell. 

f/v.  24.  3,  The  Superficies  of  the  right  Cylinder  {G  K) 

is  to  the  Superficies  of  the  right  Cone  {G  $  N^) 
as  the  Side  of  the  Cylinder  is  to  half  the  Side  oj 
the  Cone, 

For  the  Superficies  of  the  Cone,  G  B  N,  is  to  the  Baft 
M  I,  as  the  Side  B  N  is  to  C^N,  the  Semi  diameter  oi  ih( 
Bale  (by  the  14th  of  this)  that  is,  as  half  the  Side  B  N  i 
to  the  fourth  Part  of  the  Diameter  G  N.  But  the  Bal^ 
M  I  (by  the  12th  of  this)  is  to  the  Superncies  of  the  Cy 
linder  G  K,  as  the  fourth  Part  of  the  Diameter  is  to  N  K 
the  Side  of  the  Cylinder.  By  Equality  of  Proportioi 
therefore  the  conical  Superficies  G  B  N  is  to  the  cylindrica 
Superficies  G  K,  as  half  the  Sice  of  the  Cone  is  to  NK 
the  Side  of  the  Cylinder.     Q^E.  D. 

A  Lemma  to  what  follows, 

Flf    10       TN  a  Triangle,  asNPV,  let  there  be  drawA  Q^D  p? 
'"■       '  -    1  rallel  to  N  V. 

I  fay,  that  the  Redlangle  under  PN  and  N  V  is  equal  t 

the  Rectangle  under  P  Q^,   Q_D,  togecher  with   the   Ret 

angle  under  N  Q,  and  the  two  N  V,   Q^D  put  together. 

Draw  N  A  perpendicular  to  the  Side  N  P.  and   equal 

N  V  ;  and    the   Rcdtangle   N  O   being  completed,  let  tl 

'  }^iauie:er  PA  be  drawn.     Thtn  irom  Q^let  there  be  draw 

CI 
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QE  parallel  to  N  A,  which  may  cut  P  A  in  B.  Through 
B  let  C  F  be  drawn  parallel  to  N  P.  Becauie  A  N  is  equal 
to  NV,  it  is  manifeft  that  Q_B  alfo  is  equal  to  Q^D.  y^from 
Corollary  \.  p.  4.  /.  6.)  Therefore  the  Redr^ngle  ON  is 
the  Reaangle  PN  V,  and  F  Q  is  P  Q  D.  It  remains,  that 
we  prove  that  the  Rcdlangles  OB,  EC.  B  N,  are  equal  to 
the  Redangle  under  N  Q_,  and  the  two  NA,  BQ;  that 
is,  to  the  Reftangle  under  N  Q_,  and  the  two  Lines  N  V, 
Q^V>,  But  that  is  manifeft  ;  for  the  Redlangle  under  N  Q^^ 
and  N  A,  Q_B  is  equal  {ter  i.  A  z.)  to  thefe  three  Red.' 
angles  ;  that  under  N  Q  and  C  A  (^that  is,  the  Space  E  C) 
and  that  under  N  Q  and  N  C  (chat  is,  the  Space  B  N)  and 
that  under  N  Q^and  Q_B,  that  is  again  the  Space  B  N, 
and  confequently  the  Space  O  B,  which  {perj^'^.  I.  i.)  is 
equal  to  BN.     The  Propofuion  therefore  is  manifeft. 

PROP.  XV.     Theorem. 

IF  a  right  Cone  be  cut  by  the  Plane  ^SB^  pa- F/^.  11,12. 
^  rallelto  NZO\  I  fay,  that  the  Circle  GHM 
whofe  Radius  GH  is  a  Mean  betwixt  Part  of 
the  Side  N SL->  ^^^  SJ^^  ^^  taken  together, 
the  Radius's  of  the  Circles  ^SB,  NZO,  is  equal 
to  the  conical  Surface  intercepted  betwixt  the  pa- 
rallel Circles  ^S  B,  NZO. 

Let  G  F  be  the  Mean  betwixt  P  N  and  N  V.  Likewife 
let  G  K  be  the  Mean  betwixt  P  CLand  Q  D  ;  and  let  there 
be  defcribed  the  Circles  G  F  L,  G  K  T.  This  (by  the  1 3tK 
of  this)  will  be  equal  to  the  conic  Superficies  QP  B,  and 
<he  other  to  the  Superficies  NOP.  The  Redlangle  P  N  V 
fby  the  Lemma)  is  equal  to  the  Reflangle  P  Q  D,  together 
with  the  Reftangle  under  N  Q^and  N  V  Q,D,  taken  toge- 
ther. But  becaufe  (by  the  Conftruiflion)  G  F  is  a  mean 
Proportional  betwixt  P  N,  N  V  ;  the  Redangle  P  N  V  is 
equal  to  the  Square  of  G  F  (by  17;  /.  6.)  And  becaufe 
G  K  is  (by  the  Conft ruction)  a  Mean  betwixt  P  Q,  QJ3, 
the  Reflangle  (by  17,  /.  6.)  P  Q^D  is  equal  to  the  Square 
of  G  It  :  And  becaufe  G  H,  by  the  Hypothefis,  is  a  Mean 
betwixt  QN  and  QJ),  N  V  taken  together,  the  Ret5)ang!e 
(by  \7.  l.  6.)  under  QN,  and  QJ3,  N  V,   taken  together. 

P  IS 
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IS  equal  to  the  Square  of  G  H.  Therefore  the  Square  of 
G  F  is  alfo  equal  to  the  Square  of  G  H,  and  to  that  of 
G  K.  Therefore  feeing  Circles  are  betwixt  themfelves  (by 
^.  I.  I  J.)  as  the  Square  of  the  Radius's,  the  Circle  G  L  F 
will  alfo  be  equal  to  the  two  Circles  G  K  T,  G  H  M  taken 
together.  But  (by  the  13th  of  this)  the  Circle  G  L  F  is 
equal  to  the  conical  Superficies  N  P  O.  Therefore  the  coni- 
cal Superhcres  N  P  O  is  alfo  equal  to  the  two  Circles  G  KT 
and  G  H  M.  But  Q  P  R,  one  Part  of  the  Superficies 
N  P  O,  is  (by  the  fame)  equal  to  the  Circle  G  K  T. 
Therefore  the  remaining  Part,  which  is  comprehended  be- 
twixt the  parallel  Circles  Z  Z,  S  S,  is  equal  to  the  Circle 
G  H  M.    ^E.  D. 


Viz.  13: 


A  Lemma  to  what  follows. 

RIGHT  Lines  (B  H,  C  G)  which  in  the  Circle  intercept 
equal  Arches  (B  C,  HG)  are  parallel. 
For  let  C  H  be  drawn.  Becaufe  the  Arches  B  C,  H  G 
are  by  the  Kypothefis,  equal,  the  alternate  Angles  alfo  (by 
^^.L  3.)  BHC.  GCH,  will  be  equal.  Therefore  (by 
28.  /.  I.)  BH,  and  CG  are  parallel.     ^  £.  Z). 

PROP.  XVI.     Theorem. 

f'ii3»  TET  there  be  infcribcd  in  a  Circle  a  rrgular 
Figure  of  an  even  Number  of  Sides ^  and  let 
it  be  equilateral ;  let  EB  be  drawn  from  the  Ex- 
tremity of  the  Diameter  unto  B^  the  End  of  the 
Side  next  to  the  Diameter ;  and  let  the  right  Lines 
BHj  CGyDF^  join  the  Angles  which  are  equally 
dijiant  from  A, 

I  fay^  that  the  Rctlangle  contained  under  the 
Diameter  A  £,  and  the  Subtenfe  E  B,  is  equal  to 
the  Reciangle  of  one  Side  of  the  infcribed  Figure 
AB,  or  BC,  tsfc.  and  of  all  the  joining  Lines 
BH,  CG,  DF,  taken  together 

Draw  C  H,  D  G  :  Becaufe  B  H,  C  G,  D  F  intercept  (by 
16./.  3)    eq«'iJ    '-'ches    EC,   KG;    C  D..  G  F  .    thcfe 

Line^ 
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Lines  (by  th/2  Lemma)  will  be  parallel.  By  the  fame  Ar- 
ment  B  A,  C  H,  D  G,  E  F,  are  parallel.  All  the Triarrrles 
therefore  (by  27,  and  15./.  i.)  BAK,  K  H  L,  LlM, 
MGN,  NDO,  OFE,  areEqui-angular.  Therefore  (by 
4.  /.  f.)  as  B  K  is  to  K  A,  fo  is  H  K  to  K  L  j  and  as  H  K 
is  to  KL,  fo  is  CM  to  M  L  i  and  as  C  M  is  to  M  L,  fo  is 
G  M  to  M  N  ;  and  as  GM  is  to  M  N,  fo  is  DO  to  O  N; 
and  as  D  O  is  to  O  N,  fo  is  F  O  to  OE.  Therefore  .by 
1 2.  /.  5:.)  as  one  of  the  Antecedents  BK,  is  to  cne  of  the 
Confequents  K  A  ;  foall  the  Antecedents  B  K,  K  H,  C\i, 
M  G,  D  O,  O  F,  (that  is,  all  the  joining  Lines  B  H,  C  G, 
D  F)  are  to  all  the  Confequents  A K,  K  L,  L  M,  MN, 
NO,  OE,  (that  is,  to  the  Diameter  A  E.)  But  (by  8. 
/.  6.)  as  BK  is  to  A  K.  fo  is  E  B  to  B  A.  Therefore  as  all 
thefe  together  B  H,  C  G,  D  F  are  to  A  E,  fo  is  E  6  to  B  A . 
Therefore  (by  16.  /.  6.)  the  Reflangle  under  B  A  on  one 
Part,  and  all  the  joining  Lines  BH,  CG,  DF,  on  the  other, 
is  equal  to  the  Redangk  whic^  is  under  A  E  and  E  B. 
Q.E.D, 

PROP.  XVII.     Theorem 

J  ET  there  be  infcribed  m  DAF  a  Segnmit  offh.  14, 
*^  a  Circle,  whofe  Bafe  D  F  is  perpendicular  to 
the  Did  meter  AOE^  a  Figure  equilateral^  and  of 
an  even  Number  of  Sides;  and  let  there  be  drazun^ 
as  in  the  foregoing^  the  Line  EB, 

I  fay,  that  the  ReBangle  comprehended  wider 
E  B  and  A  0,  part  of  the  Diameter^  which  is 
the  Axis  of  the  Segment;  is  equal  to  the  Refl.ui' 
gle,  which  is  under  one  Side  of  the  infcribed  Fi- 
gure^ and  all  the  joining  Lines  BH^  CG^  tfc. 
taken  together  with  D  0  half  the  Bafe  D  F. 

The  Demonftration  is  the  fame  with  that  of  the  foregoir.g. 

Lemma  l .  to  what  follows. 

j"   E  T  there  be  infcribed  in  the  greateft  Circle  of  a  Sphere  F;V  i :;. 
*— '  a  regular  Figure,  which  hath  its  Sides  meafured  by  the 
■number  Four  ;  and  {lands  about  the  Axis  AE  ;  wl-.ich  Axis 
remaining  unmov'd^  let  the  Circle  be  tarn*d  round   togerher 
wUh  the  Figare : 

I?  z  i  fav. 
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I  fay,  that  there  will  be  infcribed  in  the  Sphere  a  Body 
contain'd  under  conical  Superficies. 

It  is  manifeft  (fee  Defin.  z.  L  ii.)  that  B  A,  H  A,  like- 
wife  D  E,  E  F,  defcribe  entire  Superficies  of  right  Cones. 
Then,  becaufe  the  Lines  C  B,  G  H,  and  G  F,  C  D,  being 
produced,  do  concur  on  both  Sides  in  the  fame  Point  of  the 
Diameter  A  E,  which  is  in  like  manner  to  be  drawn  out, 
and  cuts  the  joining  Lines  perpendicularly  :  It  is  alfo  mani- 
feft that  the  faid  Lines  C  B,  G  H,  &c.^o  defcribe  Parts  of 
right  conical  Surfaces  which  are  intercepted  betwixt  the  pa- 
rallel Circles,  which  the  Tops  of  the  Angles  B,  C,  D,  defign 
in  the  Spherical  Superficies. 

Lemma  2. 

LET  D  A  F  be  the  greateft  Seflion  of  a  Segment  of  a 
Sphere  whofe  Axis  is  A  O.  Let  there  be  infcribed  in 
this  a  Figure  having  all  the  Sides  equal,  the  Bafe  excepted, 
and  let  it  be  turn'd  round  about  the  Axis  A  O. 

I  fay,  that  a  Body  contain'd  under  conical  Superficies  will 
be  infcribed  in  the  fpherical  Segment. 
This  is  proved  as  the  foregoing  Lemma. 


Fi^.  13. 


PROP.   XVIII.     Theorem. 


T  ET  the  fame  'Things  be  fuppofed  which  wen 
•^  in  the  firft  Lemma  ;   and  let  the  right  Lint 


'C 

Line 
(E  B)  be  drawn  from  the  Extremity  of  the  Diame- 
ter unto  the  End  of  the  Side  next  to  the  Diameter. 
I  fay,  that  a  Circle,  the  Square  of  whofe  Ra- 
dius (I)  is  equal  to  the  Re Fi angle  AEB,  con- 
tained under  the  Diameter  AE^  and  the  Subtenfe 
EB,  is  equal  to  all  the  conical  Surfaces  infcribed 
in  the  Sphere. 

That  is  a  Circle  whofe  Radius  (I)  is  a  mean  Proportional 
betwixt  A  E  and  E  B. 

Becaufe  the  right  Lines  B  H,  C  G,  D  F,  are  equal  to  the 
right  Lines  B  K,  CM,  DO,  taken  twice,  (by  i ./.  2.) 
the  Rectangle  under  one  Side  of  the  Figure  infcribed  in  the 
greateft  Circle,  (to  wit,  under  A  B,  o7  B  C,  or  C  D,  or 
i>  E)  and  under  ail  the  joining  Lines  together,  B  H,  C  G, 
D  F,  is  equal  to  the  ReOangle  under  A  B  and  B  K,  together 
with  that  which  is  under  BC  and  the  Cgmpound  of  EK  and 

CM,] 
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C  M,  together  with  that  which  is  under  C  D  and  the  Com- 
pound of  C  M  and  D  O,  together  with  that  which  is  under 
D  E  and  D  O  ;  for  fo  each  of  the  Lines  B  K,  C  M  and  D  O, 
are  taken  tvvice.     But  (by  the  16th  of  this)  the  Re<5tangle 
under  A  B  and  all  the  joining  Lines  B  H,  C  G,  D  F,  taken 
together,  is  equal   to  the  Redangle  A  E  B  ;  that  is,  by  the 
Hypothefis,  to  the  Square  of  I.     Therefore  the  Square  of 
I  is  equal  to  the  Redangles  under  A  8  and  B  K,  and  under 
BC  and  ihe  Compound  of  B  K  and  CM,  under   C  D  and 
the  Compound  of  C  M  and  D  O,  and  under  D  E  and  D  O. 
Now  let  P  be  a  mean  Proportional  betwixt  A  B  and  B  K  ; 
and  Q  j  Mean  betwixt  B  C  and  the  Compound  cf  B  K  and 
C  M  ;  and  R  a  Mean  betwixt  C  D  and  the  Compound  of 
CM,  DO;    S,  a   Mean  betwixt  DE  and    DO.     The 
Squares  therefore  of  P,  Q^,  R,  S,  (by  17   /,  6.)  are  equal 
to  the  abovefaid  Redangles.     Wherefore  feeing  X  have  al- 
ready (hewed  the  Square  of  I  to  be  equal  to  the  fame  Re6t. 
angles,  it  muft  alfo  be  equal  to  the  Squares  of  P,  Q^  ,  R,  S, 
together.     Seeing  therefore  (by  1.  /.  iz.)  L  iicles  are  betwixt 
themfelves  as  the  Squares  of  their  Radius's  ;   the  Circle  de. 
fcribed  of  the  Radius  l,   will  alfo  be  equal  to  all  the  Circles 
together  whofe  Radius's  are  P,  Q^,  R,  S,  as  is  manifell  from 
22.  /.  6.     But  the  Circles  of  the  Radius's  P  and  S,  are  (by 
the  I3ih  of  this)  equal  to  the  conical   Superficies  which  the 
Sides  A  B,  ED,  have  produced  ;  forafmuch  as  P  is  a  mean 
Proportional  betwixt  A  B  the  Side  of  the  Cone,  and  B  K  the 
Radius  of  the  Bale  j  and  S  is  a  mean  Proportional  betwixt 
E  D  and  D  O  ;  and  the  Circle  of  the  Radius  Q  is  (by  the 
15th  of  this)  equal  to  that  Segment  of  a  conical  Superficies 
which  is  intercepted  betwixt  the  two  parallel  Circles  of  the 
Diameters  C  G,  B  H,   becaufe  Q^is  a  Mean  betwixt  B  C 
and  the  Compound  of  B  K,  C  M  :  And  for  the  fame  Caufe 
the  Circle  of  the  Radius  R  is  equal  to  a  Segment  of  a  coni' 
cal  Surface,  which  is  intercepted  betwixt  the  parallel  Circles 
of  the  Diameters  C  G,  D  F.     Therefore  the  Circle  defcribed 
from  the  Radius  I,  is  equal  to  the  conical  Surfaces  infcribed 
in  the  Sphere  taken  all  together.     ^.  E.  D. 

PROP.  XIX.  Theorem. 
T  ET  the  fame  Things  be  fuppofed  which  were 
"^  in  thefecond  Lemma ^  and  let  the  right  Line 
E  B  be  drawn  from  the  Extremity  of  the  Diame- 
ter (AE)  to  the  End  of  AB^  the' Side  next  to  the 
Diameter.  I  fay. 
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J  fay^  that  a  Circle,^  whofe  Radius  is  a  inecin 
^roportiojml  betwixt  (KB)  and  (AO)  the  Axis 
of  the  Segment,,  is  equal  to  all  the  conical  Super- 
ficies infcrihed  in  the  fpherical  Segment  D  A  F. 

>    The  Demonftratlon  is  altogether  the  fame  with  that  of  the 
foregoing;  only  iax  Propojiiion  i6.  \tt  Propoftiion  I'j .  be  cited. 

PROP.   XX.     Theorem, 
n^  15.     CONICAL  Superficies  infcrihed  in  a  Sphere^  da 
'''     '  at  length  end  in  the  Superficies  of  the  Sphere, 

Let  there  be  given  a  Superficies  as  fmallas  you  will,  asX. 
It  h  inanifell  that  within  the  fpherical  Superficies  ACE  G» 
there  may  be  given  feme  other  Concentrical  there,  whicl^ 
falls  fl-iort  of  this  by  a  Quantity  lefs  than  X.  Let  AC  EG, 
D  P  L  M,  be  the  greateft  Circle  of  both,  as  cut  with  a 
Plane  through  the  Center.  Let  there  be  drawn  the  Diame- 
ter A  D  p,  and  in  D  let  N  Q  touch  it.  If  the  Arch  A  E 
be  bifeifled  in  C,  and  again  the  Remainder  be  bifeifled,  an4 
fo  on,  there  will  be  left  at  laft  the  Arch  A  B  (as  is  manifell 
of  itfelf)  lefs  than  the  Arch  AN.  If  to  this  Arch  the  right 
Line  A  B  be  fubtcnded,  it  is  manifeft,  that  it  will  not  reach 
to  the  Circumference  P  D  M  L,  and  that  it  will  be  a  Side  of 
an  Equilateral  Figure  of  an  even  Number  of  Sides  infcribed 
in  the  Circle  CAGE,  no  Side  whereof  reacheth  unto  the 
Circumference  P  D  M  L.  Wherefore  if  all  be  turned  round 
about  the  Diameter  AE,  it  is  manifell  that  there  will  be  in, 
fcribed  in  the  exterior  fpherical  Surface,  conical  Surfaces, 
which  include  the  fpherical  Surface,  which  is  concentricp.l  to 
the  other,  and  confequentiy,  by  /Ixiom  3.  of  this,  are  greater. 
Becaufe  therefore  the  fpherical  Surface  D  P  L  M  falls  fhort 
of  the  fpherical  Surface  AC  EG,  by  a  Quantity  lefs  than 
the  given  one  X  ;  much  more  will  the  conical  Surfaces  fall 
fhoit  of  the  faid  fpherical  Surface  A  C  E  G  by  a  Quantity 
lefs  than  the  given  one  X,  and  (by  Defin.  6.  /.  12.)  confel 
quently  will  end  in  the  Superficies  A  C  E  G.     ^  E.  D, 

PROP.  XXI.     Theorem. 
Fis  17'       r'ONlCAL  Superficies  infcribed  in  a   fpherical 
Segment  D  AF^  end  in  the  fpherical  Superficies 

of  the  Segment  itfelf 

This 
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This  may  be  demonftrated  by  the  fame  Reafoning  as  the 
foregoing  was. 

PROP.  XXII.     Theorem. 

JT  zuas  demonftrated^  Prop.  18.  that  a  Circie^^'S-^^' 

whofe  Radius  is  a  mean  Proportional  betwixt  the 
Diameter  A  £",  and  the  right  Line  E  5,  which  is 
drawn  from  the  Extremity  of  the  Diameter  unto  the 
E?id  of  the  Side  AB.,  next  to  the  Diajneter^  is  equal 
to  all  the  conic  Superficies  infcribed  in  the  Sphere. 
I  fay,  that  this  Circle  (fee  Def.  6.  /.  12.)  e?ids 
at  length  in  a  Circle,  whofe  Radius  is  A  £",  the 
Diameter  of  the  Sphere. 

For  if  more  and  more  Sides  be  infinitely  infcribed  in  the 
greateft  Circle  (which  then  being  turn'd  round  about  A  E, 
produce  conical  Superficies)  jt  is  manifeft,  that  the  Side 
AB  becomes  at  length  lefs  than  any  given  right  Line,  and 
confequently  that  the  Subtenfe  E  B  approaches  to  the  Dia- 
meter A  E  within  a  Diftance  lefs  alfo  than  any  given  one  ; 
from  whence  it  comes  to  pafs  that  the  Difference  of  thofe 
A  E,  BE,  becomes  likewife  Icfs  than  any  given  one  There, 
fore  much  more  {hall  the  mean  Proportional  betwixt  A  E, 
B  E,  which  is  always  greater  than  S  E,  differ  from  A  E  at 
length  by  a  Defedl  lefs  than  any  given  one.  Therefore  the 
Circle  alfo  whofe  Semi-diamf^tcr  is  a  Mean  betwixt  A  E  and 
B  E,  will  at  length  differ  from  a  Circle  whofe  Semi.diame- 
ter  is  A  E,  by  a  Defe6l  lefs  than  any  given  one  whatfoever, 
that  is,  will  end  (^DeJ.  e.  I.  \z.)  in  it.     ^  E.  D. 

This,  which  is  clear  enough  of  it  felf,  there  is  no  need  to 
demonflrate  more  operofely. 

PROP.  XXIII.    Theorem. 

TT  was  demonftrated.  Prop.  19.  that  a  Circle ^f;,.  17. 

whofe  Radius  is  a  mean  Proportional  betwixt 
E  B  and  the  Axis  of  the  Segment  A  0,  is  equal 
to  all  the  conical  Superficies  infcribed  in  the  fphe- 
ricalPortionDJF. 

P  4  Vertex 
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I  fay^  that  this  Circle  ends  in  a  Circle^  whofe 
Radius  is  the  right  Line  AD^  drawn  from  the 
Vertex  of  the  Segment  unto  the  Circumference  of 
the  Circle    B^FN^  which  is  the  Bafe  of  the. 

Segment. 

For  becaufe  it  now  appears  from  the  foregoing  Demons 
ftration  that  E  B  doth  at  length  end  in  A  E  ;  it  will  alfo  be 
manifeft  that  the  mean  Proportional  betwixt  E  B  and  A  O 
doth  at  length  end  in  the  mean  Proportional  betwixt  A  E 
and  AO,  that  is,  (by  CoroU.  z.  p.  8.  /.  6.)  in  A  D  itfelf. 
It  is  therefore  manifeft  that  the  Circle  alfo  whofe  Radius  is 
a  mean  Proportional  betwixt  E  B  and  A  O,  doth  end  in  the 
Circle  of  the  Radius  A  D.     Q^E.  D. 

A  Lemma  to  the  following  Propofition. 

IF  the  Diameter  of  one  Circle  be  double  fo  the  Diameter 
of  another,  the  one  Circle  will  be  four-fold  to  the  other. 
1  his  is  manifeft  from  Prop.  z.  /.  ii.  2ind  Dejiti.  lo.  /.  j. 

PROP.  XXIV.     Theorem. 
F/j.  i6.     n^HE  Superficies  of  every  Sphere  is  four-fold 
of  the.greateft  Circle  of  the  fame  Sphere, 

This  moft  noble  Theorem  of  Archimedes^  we  (hall,  from 
what  goes  before,  expeditioufly  demonftrate  in  this  manner. 

Let  an  ordinate  Figure,  the  Sides  whereof  are  meafured 
by  tlie  number  Four,  be  underllood  to  be  infcribed  in  the 
greate'l  Circle  of  a  Sphere  about  the  Diameter  A  E.  Lee 
this  Figure  be  turnM  round  about  A  E,  and  fo  produce  coni- 
cal -^uri-'aces  infcribed  in  the  fpherical  Surface,  and  let  E  B 
be  drawn.  It  hath  been  denonftrated  above  (i8.  of  this) 
that  a!i  conical  Surfaces  infcribed  in  a  Sphere  are  equal  to  the 
Circle,  the  square  of  the  Radius  whereof  is  equal  to  the 
Reftiiig'e  A  E  B,  that  is.  whofe  Radius  is  a  mean  Propor„ 
tivonil  betwixt  A  E  and  E  B.  And  this  will  always  happen, 
although  the  fnfcription  be  infinitely  continued.  Wherefore 
feeing  the  infcrib'd  conical  Surfaces  (by  20.  of  this)  will  at 
length  end  in  the  fpherical  Surface,  and  the  Circle  whofe 
Radius  is  a  Mem  betwixt  A  E  and  E  B,  will  at  length  end 
(by  22  of  this)  in  the  Circle  whofe  Radius  is  A  E  ;  the 
fplierical  Surface  it  felf  alfo  (by  2.  of  this)   will  be  equal 
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to  the  Circle  of  the  Radius  A  E,  that  is,  by  the  foregoing 

i^wwa,^to  four  Times  the  greateft  Circle  AC  EG.  Q^E.  Z>, 

He  that  fhall  read  Archimedes,  will  find  that  the  Way  here 

ufed  in  demonflrating  this  mod  noble  Theorem,  is  much 

:  ihorter  and  clearer  than  that  of  Archimedes, " 

Corollary, 

FROM  this  admirable  Theorem,  whereby  Archimedes 
hath  purchas'd  to  himfelf  an  immortal  Name  amongft 
the  Geometricians,  a  Circle  equal  to  a  fpherical  Surface  is 
obtain'd  ;  that,  to  wit,  whofe  Semi-diameter  is  the  Diameter 
of  a  Sphere,  or  whofe  Diameter  is  double  to  the  Sphere's 
Diameter. 

Scholium. 

E  are  now  well  provided  for  the  meafuring  of  a  fpheri- 
cal Surface,  the  chief  amongft  all  Curve  ones.  A»d 
it  is  pcformM  thefe  two  Ways 

I .  Let  the  greatelt  Circle  of  the  Sphere  be  meafured,  (ac- 
cording to  Schol.  Prop.  6.  of  this)  and  let  it  be  multiplied 
by  4.  As,  if  the  greateft  Circle  of  the  Orb  of  the  Earth 
be  found  to  contain  49,075,300  fquare  Miles,  or  more  ex- 
1,  aflly,  49,081,250  fquare  Miles,  then,  according  to  this, 
196,325,000  fquare  Miles  are  contain'd  in  the  whole  fphe- 
rical Surface. 

2  The  Diameter  of  a  Sphere  multiplied  by  the  Circum- 
ference of  the  greateft  Circle  gives  you  the  fpherical  Super- 
ficies. According  to  which,  if  the  Earth's  Diameter  con- 
fift  of  7,853  Miles,  and  confequen'.iy  the  Circumference  of 
the  greateft  Circle  confifts  of  25,000,  the  whoJe  fpherical 
Surface  will  be  in  the  fame  Miles  196,325,000;  for  7,853 

X2  5,000=:  196,  3  2  5, 000. 

The  Demonftration  appears  from  Carol,  i.  Prop.  ^.  of 
this ;  for  ?~  Reflangle  under  the  Diameter  of  a  Sphere,  and 
the  Circumference  of  the  greateft  Circle,  is  according  to 
that  Ccrollary  four-fold  of  the  greateft  Circle. 


PROP.  XXV.     Theorem. 

T^HE  Surface  of  any  fpherical  Portion  whatever  y;^,  17. 

{as  DAF)  is  equal  to  a  Circle^  whofe  Radius 
is  the  right  Line  {A  D)  drawn  from  the  Vertex  of 

the 
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the  Portion  to  the  Circumference  of  the  Circle 
(D^FN)  "svhich  is  the  Bafis  of  the  Segment, 

Let  a  Figure,  Equilateral  and  of  an  even  Nnmber  of 
Sides,  the  Bafe  being  fee  afide,  be  imagined  to  be  infcrib'd  in 
the  Section  of  the  greateft  Portion  about  the  Axis  AO  ;  this 
Figuie  being  turn'a  round  about  A  O,  will  infcribe  conical 
Surfaces  in  the  Portion.  Let  the  right  Line  E  B  be  drawn 
alfo  as  above  (in  iB  and  19  of  this  )  All  the  conical  Sur- 
faces now  infcribed  are  equal  (by  the  19th  of  this)  to  the 
Circle  whole  Radius  is  a  mean  Proportional  betwixt  E  B  and 
the  Axis  of  the  Segment  AO  And  this  will  always  hap- 
pen if  the  Infcription  be  infinitely  continued.  Wherefore 
feeing  both  the  conical  Surfaces  infcrib'd  in  the  Segment  end 
at  length  (by  2  i .  of  this)  in  the  fpherical  Surface  of  the 
Segnusnt,  and  the  Circle  whofe  Radius  is  a  Mean  betwixt 
EB  and  A  O,  ends  (by  23  )  in  the  Circle  of  the  Radius 
A  D  i  the  fpherical  Surface  of  the  Portion  alfo  D  A  F  (by 
2.)  will  be  equal  to  the  Circle  of  the  Radius  AD    ^.  E  D. 

This  is  another  of  the  more  noble  Inventions  of  Archime^ 
Aesy  which,  as  the  former,  we  have  demonftrated  ipa  much 
ihcrter  and  clearer  Way,  than  he  did. 

PROP.  XXVI.     Theorem. 

Tij.  1%.     *T^HE  Superficies  of  a  right  Cylinder  circum- 
fcrib'd  about   the    Sphere  (as  the   Cylinder 
HP  S  V)  is  equal  to  the  Surface  of  the  Sphere. 

And  if  a  Cylinder  and  Sphere  he  cut  by  Planes 
perpendicular  to  the  Axis  (BG;)  each  Segjnent  of 
the  cylindrical  Surface  ivill  be  equal  to  each  Seg- 
ment of  the  fpherical  Surface, 

Part  I.  Becaufe  the  Side  H  P  of  the  Cylinder  h  (by  the 
Hypothcfis)  equal  to  P  S,  the  Diameter  of  the  Bafe  j  the 
cylindrical  Surface  H  S  will  be  (by  Coroll.p.  12.  of  this) 
four.fold  of  the  Bafe  ;  that  is,  of  the  greatell  Circle  of  the^ 
Sphere  infcrib'd  in  the  Cylinder;  of  which,  feeing  (by  the. 
2-;th  of  this)  the  fpherical  Surface  it  felf  is  alfo  four-fold, 
this  will  l>e  equal  to  the  cylindrical  Surface.     ^E.  D.        , 

Fart  IL  Let  the  right  Lines  B  O,  G  O,  be  drawn.  Be.! 
caufe  the  Angle  B  O  G  (by  3 1.  /.  3.)  is  right,  as  being  the' 

Angle 
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Angle  in  the  SemLcircle,  and  O  C  falls  perpendicular  from 
it  upon  BG  ;  BO  (by  CoroII.  z.  p-  8.  I.  e-)  will  be  a  mean 
Proportional  betwixt  G  B  and  6  C,  that  is,  betwixt  I  T 
and  H  I.  Therefore  the  Circle  of  the  Radius  B  O  (by  1 1. 
of  this)  will  be  equal  to  the  cylindrical  Surface  H  T.  But 
the  fame  Circle  is  alfo  (by  the  foregoing)  equal  to  the  Seg- 
ment of  the  Ipherical  Surface  OB  K.  Therefore  the  cylin- 
drical Surface  H  T,  and  the  fpherical  O  B  K,  are  equal. 

Then  becaufe  it  is  fhew'd  in  the  fame  manner  that  the 
pylindrical  Surface  H  X  is  equal  to  the  fpherical  Q_B  R, 
the  remaining  cylindrical  Surface  I  X  will  be  equal  to  the  re- 
maining fpherical  Surface  QJD  K  R,  which  is  intercepted 
betwixt  two  parallel  Circles. 

And  from  thefe  thePropofition  is  manifell  of  all  Segments. 

[Corollary.  "  Hence  tlif  Superficies  of  a  Cylinder  cir- 
*'  cumfcrib'd  about  a  Circle  is  double  to  the  Bafcs.] 

PROP.  XXVII.     Theorem. 

^JHHE  Segments  of  a  fpherical  Surface  divided  n^,  18. 

by  parallel  Circles  have  that  Proportion  a- 
inongft  themfelves^  which  the  Segments  (BC^  CD^ 
DA,  AE.  EF,  FG)  of  that  Diameter  (BG) 
which  is  perpendicular  to,  the  parallel  Circles  have 
amongft  themfehes,   - 

It  follows  from  the  foregoing.  For  by  that  the  Segments 
of  the  fphencal  Surface  O  B  K,  Q.O  K  R,  M  Q^R  N,  tsfc, 
j  are  equal  to  the  cylindrical  H  T,  IX,  L  N,  ^c.  But 
'  thefe  (by  13./.  iz.  have  the  fanie  Proportion  betwixt  them- 
felves,  which  the  Segments  of  the  Axis  BC,  CD,  DA, 
i^c.  have.  Therefore  thofe  alfo  have  the  fame  Proportion. 
^  E.  D. 

Scholium. 

17  R  O  M  hence   the  Proportion  of  Zones  and  Climates  F/j.  19. 
-*-     betwixt  themfelves  becomes  known.     For  they  are  to 

■  one  another  as  the  Segments  of  the  Axis,  which  are  known 

■  from  the  Table  of  Sines. 

From  the  fame  alfo  we  learn  to  meafure  the  Segments  of 

a  fpherical  Surface.     For  becaufe  both  the  whole  Surface  of 

;   the  Sphere  is  known  from  Scho/,  Prop,  24.  and  the  Propor. 

•|  '  lioft 
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tion  of  the  Segments,  the  fame  as  that  of  the  Parts  of  the 
Axis,  is  alfo  given  ;  it  is  manifeft  that  each  of  the  Segments 
become  known 

Now  both  tJ-ie  foregoing,  and  all  the  reft  of  the  Theorems 
which  follow,  are  altogether  fingular  and  admirable,  and 
well  worthy  that  thofe  who  are  ftudious  of  Geometry  Ihould 
give  all  Diligence  to  underftand  them. 

A  Lemma  to  the  following, 

F/j.  19.  TF  a  Plane  (C^N)  touch  a  Sphere  in  (O)  a  right  Line  (A  Oj 
1  from  the  Center  to  the  Contafl,  is  perpendicular  to  the 
Plane. 

Let  Q_N,  the  touching  Plane  and  the  Sphere,  be  cut 
through  the  Contadl  with  two  Planes,  which  in  the  Sphere 
may  produce  the  Circles  OG,  O  D,  but  in  the  Plane  Q  N, 
the  right  Lines  CO,  I  O,  which  fhall  touch  the  Circles  in 
O.  'I'herefore  by  18.  A  3.  AO  is  perpendicular  to  both 
I  O  and  C  O,  and  confequently  by  4.  /.  11.  perpendicular 
to  the  Plane  QN.     2^£.  Z>. 

PROP.  XXVIIL     Theorem. 

ri!'''°'"'  JiVERT  Sphere  is  equal  to  a  Cone  (ZO)  whofe 
""  Altitude  (K  0)  is  equal  to  the  Radius  of  the 
Sphere  ;  and  the  Bafe  (Z)  equal  to  the  Superficies 
of  the  Sphere. 

Let  feme  Polyedral  Body  be  underftood  to  be  circum- 
fcribed  about  the  Sphere,  and  let  the  folid  Angles  thereof 
be  cut  off  by  new  Planes  touching  the  Sphere.  Which  being 
done,  there  will  arife  another  Polyedral  Body  containing  the 
Sphere,  but  lefs  than  the  former,  and  confilling  of  more 
Angles,  and  having  a  Surface  compounded  of  more  Tangent 
Planes  in  Nupjber,  but  lels  in  Magnitude.  If  the  lolid 
Angle  of  this  Polyedrum  be  again  cut  off  by  new  Tangent 
Planes,  and  the  Angles  of  the  tliird  Polyedrum  thence  arifing 
likewife,  and  fo  on  for  ever  ;  it  will  ccme  to  pafs  at  length, 
that  both  the  Pol\edrum  will  t'xceed  the  Sphere  by  a  Solid 
lels  than  any  given  one  whatlcever  ;  and  the  Surface  thereof 
compounded  of  Tangent  Planes  (which,  as  J  faid,  are  end- 
ledy  lefs  in  Magnitude,  and  more  and  more  in  Number  than 
they  were  before)  will  exceed  the  fpherical  Surface  alfo  by  a 

Plane 
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Plane  lefs  than  any  given  one  whatever.  Both  which  Things 
although  they  might  be  demonftrated,  yet  becaufe  they  are 
of  themfelves  manifeft  enough,  I  fnall  for  Brevity.fake  take 
for  granted.  Thefe  Things  being  thus  ftated,  we  proceed. 
The  Polyedrum  now  dcfign'd  is  compcundcd  of  Pyramids, 
the  common  Top  whereof  is  the  Center  of  ihe  Sphere,  and 
the  Bafes  are  Tangent  Planes,  which  conltitute  the  Surface 
of  the  Polyedrum.  And  becaufe  the  right  Lines  drawn 
from  the  Center  A  unto  the  Conta<5ls  of  each  of  ti^e  Planes, 
are  (by  the  foregoing  Lemma)  perpendicular  to  each  of  the 
Planes ;  therefore  the  Heighth  of  all  the  Pyramids,  where- 
of the  Polyedrum  confifts,  will  be  equal ;  to  wit,  A  B  the 
Radius  of  the  Sphere,  li  therefore  the  Plane  X  be  fup- 
pofed  equal  to  the  Surface  of  the  Polyedrum  iifelf,  and  upon 
it  there  be  ere6led  a  Pyramid  at  the  Heighth  M  N,  which 
is  alfo  equal  to  the  Radius  of  the  Sphere  AB  ;  it  is  manifeft 
(by  6.  I.  I  2.)  that  all  the  abovefaid  Pyramids,  that  ij,  the 
whole  Polyedrum  are  equal  to  the  Pyramid  X  N.  After 
the  fame  manner  all  the  relt  of  the  Polyedrums  containing 
the  Sphere,  which  from  the  perpetual  Abfciffion  oF  the  fo- 
lid  Angles  will  arife  one  after  another  infinitely,  are  always 
equal  to  the  Pyramids  (reprefented  by  X  N)  the  Altitudes 
whereof  M  N  are  the  Radius  of  the  Sphere  ;  but  the  Bafes 
(X)  equal  to  the  Surfaces  of  Polyedrums  encompalTing  the 
Sphere.  Vv''herefore  feeing  at  length  both  the  Polyedrums 
(as  r  faid  above)  do  end  in  a  Sphere,  and  the  Pyramids 
(X  N)  as  I  will  fhew  by  and  by,  do  end  in  the  Cone  Z  O  ; 
the  Sphere  alfo  (by  i.  of  this)    will  be  equal  to  the  Cone. 

But  that  the  Pyramids  X  N  end  in  a  Cone  I  thus  fhew; 
The  Surfaces  of  Polyedrums  end  in  the  Surface  of  the 
Sphere,  as  it  was  taken  for  granted  above.  But  the  Bafes 
X  of  the  Pyramids  X  N,  are  always  fuppcs'd  equal  to  the 
Surfaces  of  the  Polyedrums  ;  and  Z  the  Bafe  of  the  Cone, 
Z  O  is,  by  the  Hypothefis,  equal  to  the  Surface  of  the 
Sphere  i  therefore  the  Bafes  X  alio  will  end  in  the  Bafe  Z  ; 
and  confequently  feeing  the  Pyramids  X  N  to  be  to  the 
Cone,  which,  by  the  Hypothefis,  is  of  equal  Heighth  (by 
Coroll.  Prop.  11./.  12.)  as  the  Bafe  X  is  to  the  Bafe  Z, 
the  Pyramids  alfo  will  end  in  the  Cone. 

The  Demonilration  of  this  Propofiticn  and  the  following, 
is  altogether  diverfe  from  that  which  Archir/iedes  made  ufe  of, 
which  indeed  is  very   fubtil  and  ineenious,  but  prolix  and 

difitulc ; 
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difficult  ;  to  which  there  are  premifed  two  Pofitions  that 
arc  manifeft,  and  eleven  Propofitions,  befides  others,  not  a 
few,  on  which  they  depend.  But  the  Theorem  itfelf.  as 
propounded  by  /Irchimedes,  is  thus  ;  Every  Sphere  is  four- 
fold of  a  Cone,  which  hath  a  Bafe  equal  to  the  greateft 
Circle  of  the  Sphere,  and  its  Altitude  equal  to  the  Radius. 

Scholium, 

"T  R  O  M  this  noble  Theorem  is  deduced  the  Menfuratiori 
^  of  the  moft  noble  of  folid  Figures.  For  if  the  fixth 
Part  of  the  Diameter,  or  the  third  Part  of  the  Semi-diame- 
ter be  multiplied  by  the  Surface  of  the  Sphere,  already 
known  by  Schoi,  Prop,  24.  there  will  arife  the  Solidity  of 
the  Sphere. 

Suppofe  the  Superficies  of  the  Earth  be  found  to  contain 
196,325,000  fquarc  Miles,  and  let  the  third  Part  of  the 
Semi-diameter  confift  of  1309  fuch  Miles.  Multiply  the 
two  Numbers  together,  the  Produdl  256,989,425,000 
will  be  the  Number  of  the  cubic  Miles  of  the  Earth's  So* 
lidity. 

For  feeing  a  Sphere  (by  this  Prop.)  is  equal  to  a  Cone 
whofe  Altitude  is  the  Radius  of  the  Sphere,  and  its  Bafe 
the  Surface  of  the  fame  Sphere,  and  the  Solidity  of  the 
Cone  (by  Schol.  Prop.  6.  of  this)  is  produced  from  the  third 
Part  of  the  Altitude  (chat  is,  of  the  Radius  of  the  Sphere/ 
multiplied  by  the  Bafe  (that  is,  the  Surface  of  the  Sphere) 
the  Sphere's  Solidity  alfo  is  obtain'd  from  the  third  Part  of 
the  Radius  multiplied  into  the  Superficies: 

PROP.  XXIX.     Theorem. 

>.23.  'pVERT  SeBor  of  a  Sphere  is  equal  to  a  Cone^ 
*^  zchofe  Altitude  is  the  Radius  of  the  Sphere^ 
and  the  Bafe  thefpherical  Superficies  of  the  ^eflor,  ■ 

Firft,  let  the  Sedor  A  ECG  be  Icfs  than  an  Hemifphere, 
Let  a  right.lin'd  pclyedral  Body  be  underfiocd  to  be  circum- 
fcrib'd  about  the  Settlor.  Now,  if  ail  the  remaining  Ratio, 
cination  be  carried  on  after  the  fame  nianner  as  was  done  inl 
the  foregoing,  the  Thing  fought  will  be  concluded  in  th^l 
fame  manner.  This  Thing  alone  will  require  to  be  (hew'd, 
upon  which  indeed  the  whole  Reafoning  depends  ;  to  wit, 
tiiat  ibe  Superficies  ofth^  Polycdruro,  which  h  compoijnded 

ef 
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of  Planes  on  every  Side,  touching  the  Surface  of  the  Sphere 
E  C  G,  is  greater  than  the  Surface  E  C  G.  Which  is  done 
thus.  Let  anocher  equal  and  like  Surface  be  conceivM  to 
be  fet  to  the  Surface  ECG  encompafs'd  with  touching  Planes 
in  the  very  fame  manner  as  the  other  is.  There  will  now 
(by  Axiom  3.  of  this)  the  whole  Surface  compounded  of 
Planes,  be  greater  than  the  whole  fpherical  Surface.  There, 
fore  half  the  Surface  compounded  of  Planes  will  alfo  be 
greater  than  half  the  fpherical  Surface  ECG. 

Then  le:  the  Senior  A  EB  G,  be  greater  than  an  Hemif- 
phere.     Both  Seftors  taken  together,  are  (by  the  foregoing) 
equal  to  a  Cone  whofe  Heighth  is  the  Radius  of  the  Sphere, 
and  its  Bafes  the  whole  Superficies ;  that  is,  (by  s  i-  /•  12.) 
i  to  two  Cones,  which  have  the  fame  Heighth,  but  have  their 
Bafes  equal  to  the  Segments  of  the   fpherical   Superficies 
ECG,   EBG.     But  one  of  the  Seders  A  ECG,    that 
which  is  lefs  than  an  Hemifphere,  is  by  Part  1.  equal  to  a 
Cone,   whofe  Altitude  is  the  Radius,  and  its  Bafe  the  Sur- 
face E  C  G.     Therefore  the  other  Seftor  E  A  B  G,  is  equal 
I  to  the  other  Cone,  whofe  Heighth  is  the  Radius,  and  its 
i  Bafe  the  remaining  fpherical  Surface  EBG.     Q^E.  D. 

j  Corollary. 

\ 

tCEEING(by  :i5.of  thi?)  the  Superficies  ECG  is  equal 
j*^  to  the  Circle  of  the  Radius  C  G,  and  the  Superncies 
I  E  B  G  equal  to  the  Circle  of  the  Radius  B  G  ;  the  Sedors 
,  A  ECG,  and  A  E  B  G,  will  be  equal  to  Cooes,  whofe  Al- 
titude is  the  Radius  of  the  Sphere,  and  their  Bafes,  Circles 
ef  £he  Radius's  CGandBG. 

Scbolium. 

l-T  R  O  M  thefe  Things  is  deduced  the  meafuring  both  of  f,v  2^, 
I  Sedors  and  Segments  of  Spheres  ;  of  Sedors  (as  appears 
|f«'om  Scho/.  Prop.  6  of  this)  if  the  third  Part  of  the  Ra- 
dius  be  multiplied  by  the  fpherical  Surface  of  the  Sedlors, 
.which  is  already  known  from  Schol.  Prop.  27.  or  by  the 
.  Cirde  of  the  Radius  CG  or  BG  ;  and  of  Segments,  if  the 
3 'Cone  E  AG  be  meafured,  and  be  taken  away  from  the 
fjjSedor,  if  it  be  lefs  than  an  Hemifphere  ;  but  acded  thereto, 
f  if  it  be  greater. 
,i;  The 
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F/>.  18.  The  Segment  (M  Q.R  N)  which  lies  betwixt  two  Circles, 

whether  parallel  or  not  parallel,  is  meafured  ;  \t  the  Seg- 
ments Q_BR  and  MBN  already  known,  be  fubftrafted  one 
out  of  the  other. 

PROP.  XXX.     Theorem. 

^'i'  24*  A^  Hemifphere  (EOBD)  is  double  to  the  Cone 
-^^  {EBB)  which  hath  the  fame  Bafe  and  Alti- 
tude with  it  felf. 

The  Cone,  whofe  Bafis  is  the  Hemifpherical  Superficies 
EOBD,  and  its  Altitude  the  Radius  A  B,  is  to  the  Cone  , 
E  BD  (by  II.  /.  12.)  as  Bafe  is  to  Bafe  ;  that  is,  as  the  he. 
mifphericai  Surface  EOBD,  is  to  the  greateft  Circle  P  T. 
Therefore  feeing  the  hemifpherical  Superficies  EOBD  is 
doable  to  the  greateft  Circle  f  by  24.  of  this)  the  Cone  alfo 
which  hath  the  Superficies  EOBD  for  its  Bafe,  and  the 
Radius  A  B  for  its  Altitude,  is  double  to  the  Cone  E  B  D. 
But  (by  18.  of  this)  the  Hemifphere  is  equal  to  a  Cone 
which  hath  the  Radius  for  its  Altitude,  and  the  hemifphe- 
rical Superficies  for  its  Bafe.  Therefore  the  Hemifphere  is 
alfo  double  to  the  Cone  E  B  D.    ^E.  D. 

PROP.  XXXI.  Theorem. 
^'!?-25.  T  ET  a  Sphere  be  divided  into  two  Segments 
^  ILBG,  IS  KG,  by  the  Plane  I  ^Gi:  which 
doth  not  pafs  through  the  Center  A\  and  let  the 
Diameter  BO  K  be  perpendicular  to  the  cutting 
Plane.  i 

As  the  Altitude.  0  B  of  the  Segment  I  LB  G^ 
is  to  the  Radius  of  the  Sphere  AB  \  fo  let  0 K. 
the  Altitude  of  the  other  Segment^  be  made  to  tht 
other  Line  K  N, 

In  like  manner^  as  0  K,  the  Jltitude  of  tht 
Segment  IS  KG,  is  to  the  Radius  AK  or  JB 
fo  let  the  Altitude  0  B  of  the  other  Segment  bt 
made  to  the  other  Line  B  D.  Which  "Thing, 
being  fuppos'd^  I  fay, 

I.  Th 
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I*  "fbe  Cones  I NG  and  IDG  whofe  jUti- 
tudes  are  ON^  0  D^  and  I^GT^  their  common 
Bafe,  are  equal  to  the  fphericdl  Segments. 

2,  There  is  the  fame  Proportion  of  the  Seg- 
ments  as  there  is  of  the  right  Lines  DO^  NO* 

3.  The  Segment  ISKG  is  to  the  gre'ateft  Cone 
I  KG  infer  ibed  in  it^  as  NO  is  to  KO;  and  the 
Segment  ILBG  is  to  the  greateft  Cone  I  EG  in- 
fcrib'd  in  it,  as  DO  is  to  B 0. 

Paft  I.  Let  the  Sphere  and  Ccnes  be  cut  by  a  Plane 
through  the  Diameter  B  K.  There  will  be  produced  in  the 
Sphere  the  greateft  Circle  B  L  K  G,  and  in  the  Cores  the 
Triangles  BIG,  1 K  G .  And  becaufe  B O K,  the  Diame- 
ter is  (by  the  Hypothcfis)  perpendicular  to  the  Circle  Q^T, 
I  OB  (by  Def,  3.  /.  il.)  will  be  a  right  Angle.  The 
Angle  in  the  Semi.circle  is  alfo  a  right  one  (by  31.  A  3.) 
Becaufe  therefore  in  the  Triangle  B  I  K,  there  is  drawn 
from  the  right  Angle,  I  O  perpendicular  to  the  Bafe  B  K  ; 
BI  will  be  to  lO,  as  (by  8.  J.  6.)  BK  to  K  I.  Therefore 
the  duplicate  Proportion  of  B  I  to  I O  is  equal  to  the  dupli- 
cate Proportion  of  B  K  to  K  I  ;  that  is,  (becaufe  B  K,  K  J, 
KO  by  Coro/Z.  2.  p.  8.  /.  6.  are  three  Proportionals)  equal 
to  the  Proportion  of  B  K  to  KO. 

Then  becaufe  O  B  is  (by  the  Hypothefis)  to   B  D,  as 

0  K  is  to  the  Radius  A  B  ;  by  Inverficn  it  will  be  always 
thus,  D  B  is  to  B  O,  as  A  B  to  O  K  ;  and  by  Permatation 
thus,  D  B  is  to  B A,  as  BO  to  OK  ;  and  by  Compounding 
thus,  D  A  is  to  B  A,  as  B  K  is  to  O  K.     Becaufe  therefore 

1  have  already  ihew'd  the  Proportion  of  B  K  ro  O  K,  to  be 
duplicate  to  the  Proportion  of  B  I  to  I  O,  and  confequenily 
(by  z.  /.  12)  equal  to  the  Proportion  betwixt  the  Circles 
defcrib'd  by  the  Radius's  B  I,  lO;  DA  will  alfo  be  to 
B  A,  as  the  Circle  of  the  Radius  B  I,  to  the  Circle  of  the 
Radius  I  O.  Therefore  the  Cone  under  the  Altitude  D  A, 
and  for  the  Bafe,  the  Circle  of  the  Radius  I  O  ;  that  is, 
the  Circle  Q  T,  is  equal  to  the  Cone  under  tHe  Altitude  B  A 
(by  15.  /.  12.)  which  hath  for  its  Bafe  the  Circle  of  the 
Radius  B  I  ;  that  is,  (by  Coro//.  29.  of  this)  the  fpherical 
Sc£lor  A  I  B  G.  Wherefore  if  the  fame  Cone  I  A  G  be 
added,  as  well  to  the  Seftor  A  I  B  G,  as  to  the  Cone  under 
D  A,  and  the  Circle  C^T,  the  Wholes  will  be  equal,  to  wit, 

Q^  the 
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thefpnerical  Segment  I  LEG,  will  be  equal  to  two  Cones, 
whereof  one  is  that  which  is  under  the  Bafe  QjT  and  the 
Altitude  D  A,  and  the  other  I  A  G  is  under  the  fame  Bafe 
Qjr,  and  the  Altitude  O  A.  But  thefe  two  Cones  (by  14. 
/.  12.)  make  up  the  Cone  IDG.  Therefore  the  Segment 
I  L  B  G  will  be  equal  to  the  Cone  IDG.     ^  E.  D. 

By  the  fame  Reafoning,  the  Segment  ISKG  will  be 
equal  to  the  Cone  I  N  G,  with  this  only  Change,  that  the 
Cone  1  AG,  which  before  was  added,  be  now  taken  away. 

Part  11.  This  is  manifeft  out  of  the  firft.  For  the  Cones 
IDG  and  I  N  G  are,  betwixt  themfelves  (by  p.  14.  /.  12.) 
as  are  D  O  and  N  O,  Therefore  the  Segments  alfo  I  LB  G, 
1  S  K  G,  equal  to  thofe  Cones,  are  betwixt  themfelves,  as 
the  right  Lines  DO,  NO. 

Part  in.  This  likewifc  is  manifefl  from  the  firlt.  For 
the  Cone  IDG  is  to  the  Cone  I  B  G,  (by  the  fame)  as  D  O 
is  to  B  O.  Therefore  the  Segment  alfo  I  LB  G,  which  is 
equal  to  the  Cone  IDG,  is  to  the  Cone  I  B  G,  as  D  O  is 
to  BO. 

Scholium. 

FROM  the  firft  Part  of  this  Propofition  there  arifes  ano- 
ther Way  of  Meafuring  fpherical  Segments,  and  that  a 
very  eafy  one;  if,  to  wit,  the  Cones  IDG,  1  N  G,  be 
meafured ;  which  will  be  done,  if  the  third  Parts  of  the 
right  Lines  DO,  NO  be  drawn  ii.tc  the  Circle  QT. 

PROP.  XXXII.     Theorem. 

Fis;  24i      y^  Right  Cylinder  (G  K)  is  both  in  Solidity  and 

the  whole  Superficies   to    the  Sphere : about 

which  it  is  circumfcrib^dy  as  ^  to  2.  ^i  y^  '-*  I 

Let  B  Q,  be  the  common  Axis  of  the  Sphere  and  Cylin^ 
der,  and  EBD  the  grearettCone  infcub'd  in  the  Hemifphcre 
E  O  B  D.  Becaufe  the  Cylinder  E  K  (half  of  G  K)  is  (by 
10.  /.  12)  triple  to  the  Cone  E  B  D,  while  the  Henii''phere 
is  double  to  the  fame  Cone,  (by  30.  of  this)  it  is  mauifeft 
that  the  Cylinder  E  K  is  to  tlie  Hemifphefc  as  3  to  2. 
Therefore  alfo  the  whole  Cylinder  G  K,  is  to  rht  whole  :| 
Sphere   Q^E  B  D,  as  %  to  1.     Which  was  the  firll  Part. 

Then  becaufe  the  Side  of  the  Cylinder  K  N  is  equal  to! 
G  N  the  Diameter  of  the  Bafe,  its  Supeificies  without  the; 
fiafes   will  bs  four-fold  (by  Q<)rc!l.  p.  iz.  of  this)  of  the 

Bafef 
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Bafe  M  I,  and  confequendy  taken  together  with  the  Bafes, 
that  is,  the  whole  Superficies  of  the  Cylinder,  will  be  fix. 
fold  of  the  Bafe  M  1,  which  is  equal  to  the  greattft  Circle 
of  the  Sphere.  But  the  Superficies  of  the  Sphere  is  four- 
fold of  that  greatelt  Circle.  Therefore  the  wliole  Superficies 
of  the  Cylinder  G  K  is  to  the  Superficies  of  the  Sphere,  as 
6  to  4,  or  as  3  to  2.     Which  was  the  other  Part. 

Therefore  a  Cylinder  is  both  in  Solidity  and  the  whole 
Superficies  to  the  Sphere,  about  which  it  is  circumfcrib'd,  as 
3  to  2.     ^  E.  D. 

Scholiuni. 

IT  is  an  Argument  what  a  great  Value  Archimedes  puts 
upon  this  Theorem,  that  he  would  have  a  Sphere  infcrib'd 
in  a  Cylinder  fet  upon  his  Tomb,  And  perhaps  amongll 
fo  many  other  famous  Difcoveries,  this  chiefly  and  above  all 
others  pleas'd  him  for  this  Reafon,.  to  wit,  becaufe  there 
was  one  and  the  fame  rational  Proportion  both  of  Bodies, 
and  of  the  Surfaces  which  contain  them.  We  have  de- 
monflrated  a  like  Identi:y  of  Affection  betwixt  Rings,  and 
the  Surfaces  of  Rings,  in  the  Fourth  Book  of  our  Cylin. 
dricks  and  Annularies,  Prop.  13,  14,  15.  And  another  fa- 
mous Example  of  the  fame  hath  alfo  gfFer'd  itfelf  to  me  in 
the  Spher-e  itfelf.  For  I  have  found,  that  like  as  a  Sphere 
is  to  a  right  Cylinder  which  encompaffeth  it  (which  vvill  ne- 
cefTarily  be  Equilateral)  as  2  is  to  3,  and  this  both  in  refpeft 
of  Solidity  and  Surface  ;  fo  likewife  the  Sphere  hath  to  an 
Equilateral  Cone  encompafTmg  it,  that  Proportion  which  4 
hath  to  9  ;  and  this  both  in  regard  of  Solidity  and  Super- 
ficies. From  which  this  alfo  follows,  That  the  fefquialte- 
ral  Proportion. found  by  Archimedes  in  the  Sphere  and  Cy- 
linder, is  contained  in  three  Solids,  Sphere,  Cylinder  and 
Equilateral  Cone.  The  Demonftration  of  both  which 
Things,  with  fome  other  Theorems  of  my  own,  in  which 
the  wonderful  Nature  of  t!  e  Sphere  will  more  appear,  I 
Ihall  fubjoin  in  the  thirteen  following  Propofitions. 

PROP.  XXXIIL     Theorem. 
'T'HE  Superficies  of  a  Sphere  is  double  to  thevi^,  26, 

Superficies  of  a  fquare  Cylinder  infer ib\l  in 
the  fune  Sphere. 

Let  AKL  be  the  Square  infcrib'd  in  the  greatefl  Circle  cf 

a  Sphere,  from  which  $urn'd   round,  there  h  delcribcd  a 

Q^z  fquare 
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fquare  Cylinder  ;  and  let  A  L  be  drawn  as  a  Diameter  com. 
mon  to  the  Cylinder  and  Sphere.  Becaufe  the  Square  A  L 
is  (by  47.  /.  I.)  equal  to  the  equal  Squares  A  K,  K  L,  it 
will  be  double  to  one  AK.  Therefore  alfo  the  Circle  of  the 
Diameter  A  L,  is  (by  1. 1.  12.)  double  to  the  Circle,  whofe 
Diameter  is  A  K  ;  to  wit,  to  the  Circle  C  N.  But  the  Su- 
perficies of  the  Sphere  is  (by  24.  of  this)  four- fold  to  the 
Circle  whofe  Diameter  is  A  L  ;  for  that  is  the  greateft  Circle 
of  the  Sphere,  feeing  A  L  is  the  Diameter  of  the  Sphere. 
Therefore  the  Superficies  of  the  Sphere  is  eight-fold  of  the 
Circle  C  N;  But  becaufe  L  K,  K  A  (by  the  Hypothecs)  are 
equal,  the  cylindrical  Superficies  A  C  L  is  (by  CoroU.  p.  12. 
of  this)  quadruple  of  the  Circle  CN.  Therefore  fmce  the 
Superficies  of  the  Sphere  is  eight-fold  of  the  fame  Circle, 
it  will  be  double  to  the  cylindrical  Superficies.     2i  ^'  ^' 

PROP.  XXXIV.    Theorem. 
%  26.     T^HE  Superficies  of  a  Sphere  hath  that  Pro- 
portion to  the  whole  Sup^rfi'^ies  of  a  fqiture 
Cylinder  infcrib'd  in  it^  which  4  hath  to  3. 

Let  the  fame  Things  '  d  fuppos'd  .^^hich  were  in  the  fore- 
going Dcmoaftration.  Becaufe,  by  the  Hypothefis  L  K, 
the  Side  of  the  Cylinder,  ;^nd  A  K  th^  Diame  3r  of  the 
Bafe  thereof,  are  cq-jal,  the  cylindrical  Suoerficies  CL  will 
be  quadruple  Hy  Comll.  f),  12.  of  this)  t .  the  Bafe  C  N, 
and  confequently  tht  whole  Superficies  of  the  Cylinder  is  to 
both  Bafes  C  N  and  S  L,  ue  6  is  to  2.  But  the  Superficies 
of  the  Sphere  is  to  both  Bafes  together,  C  N,  S  L,  as  8  is 
to  2,  feeing  in  the  foregoing  it  was  fhew'd  that  it  is  to  one 
Safe  as  8  to  I.  Therefore  the  Superficies  of  the  Sphere  is 
to  the  cylindrical  Superficies  CL,  as  8  is  to  6,  or  4  to  3. 
Q^E.  D. 

Corollary, 

np  H  E  whole  Superficies  of  a  right  Cylinder  defcrib'd 
-^  about  a  Sphere,  is  to  the  whole  Superficies  of  an  EquL 
lateral  Cylinder  infcrib'd,  as  2  is  to  i.  For  the  circum. 
fcribM  is  to  the  fpheric  Superficies  as  12  is  to  8  (by  32.  of 
this.)  But  the  Spheric  is  to  the  Infcrib'd,  as  8  is  to  6  by 
this  prefent  Propofition.  Therefore  the  Circumfcrib'd  is  to 
the  Infcrib*d,  as  12  is  to  6,  or  2  to  i. 

PROP. 


Archimedes'j-  Theorems.  545 

PROP.  XXXV.     Theorem 

A  Portion  of  any  fpherical  Superficies  wha  tetter  Fig.  26. 

{as  ILBG)  hath  the  fame  Proportion  to  the  or  2$. 
Superficies  of  the  greateft  infcribed  Cone^  which 
(B  G)  the  Side  of  the  Cone  hath  to  (G  0)  the  Ra- 
dius of  the  Bafe. 

Pecaufe  (by  25.  of  this)  the  Superficies  of  the  Portion 
ILBG  is  equal  to  the  Circle  of  the  Radius  B  G  ;  the  Pro- 
portion thereof  to  QJT,  thac  is,  to  the  Bafe  of  it  felf  and 
of  the  Cone,  will  be  duplicate  to  the  Proportion  of  the 
conical  Superficies  I  B  G  to  the  fame  Bafe  Q^T.  Therefore 
it  is  manifell,  (by  Defnition  10.  i.  5.)  that  the  Superficies 
I JL.  B  G  is  to  the  conical  Superficies  I B  G,  as  the  fame 
conical  Superficies  I  B  G,  is  to  the  Bafe  QT.  Wherefore 
feeing  the  conical  Superficies  I  B  G,  is  to  the  Bafe  QJT,  as 
B  G  (by  14th  of  this)  is  to  G  O,  the  Superficies  of  the  Por. 
tion  will  alio  be  to  the  conical  Superficies  J  B  G  infciibM  in 
it,  as  BG  is  to  GO.    ^.  E,  D. 

PROP.  XXXVI.    Theorem. 
T^HE  Superficies  of  the  Hemtfphere  {E  0  B  B)Tis,  ^^, 

hath  that  Proportion  to  (EBD)  the  Superfi- 
cies of  the  greateft  right  infcribed  Cone.,  which  in  a 
Square  the  Diameter  hath  to  a  Side;  and  that  Pro- 
portion to  the  Superficies  of  a  like  Cone  circumfcri- 
bedy  as  the  Side  in  a  Square  hath  to  the  Diameter, 

I.  The  Demonftration  of  the  firft  Part  is  manifefl  from  F/j.6,/.4. 
the  foregoing.     For  E  O  B  D  the  Superficies  of  any  Portion 
whatever,  and  confequently  of  the  Hemifpherc,  is  to  the 
conical  Superficies  infcrib'd,  as  B  D  is  to  DA.    Bat  B  A  D  K 
is  a  Square  whofe  Diameter  is  B  D,  and  the  Side  D  A. 

Part  II.  Let  E  B  C  be  half  of  the  Square  circumfcrib'd 
?.bout  the  Circle,  (whofe  Center  is  O)  which  E  B  C  being 
turn'd  about  the  Axis  A  B,  let  there  from  thence  be  pro- 
duced a  Cone  circumfcribed  about  the  Hemifphere.  Now, 
becaufe  the  Square  E  C  is  (by  47.  /.  i .) double  to  the  Square 
E  B  or  G  I,  the  Circle  of  the  Diameter  EC  alfo  is  (by  2. 
0.3  /.iz.) 
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I  It.)  double  to  the  Circle  whofe  Diameter  is  G  I,  that  is, 
to  the  Circle  H  G  D  I.  But  (by  14.  of  this)  the  Superficies 
of  the  Hemifphere  included  in  the  Cone  E  B  C,  is  double 
tc  the  fame  Circle.  1'hereforc  the  Circle  of  the  Diameter 
E  C  is  equal  to  the  hemifpherical  Surface  Wherefore  feeing 
the  conical  Superficies  E  B  C  is  (by  14  of  this)  to  the  Circle 
cf  the  Diameter  ?~  C,  to  wit,  to  its  own  Bafe,  as  the  Side 
B  E  is  to  E  O,  the  Radius  of  the  Bafe  j  it  will  be  alfo  to  the 
hemifpherical  Superficies  infcribed  in  it,  as  B  E  is  to  EG; 
tnat  is,  as  the  Diameter  in  a  Square  is  to  a  Side.     Q^E.  D, 

PROP.  XXXVII.     Theorem. 

Thf  fume  A  Sphere  barb  the  fajne  Proportion  to  a  fquare 

yigure  •*•  conical  Rhombus  circianfcrihed  about  it,  both 

j''"'^  ^'^^-  /;;  rcfpcfi  of  the  Solidity  and  Surface^  which  in  a 

'  '^'  Square  the  Side  hath  to  the  Diameter, 

Let  the  Square  E  B  C  F  be  circumfcrib'd  about  H  G  D  I, 
the  greateft  Circle  of"  a  Sphere,  from  which  Square,  as 
turn'd  round  about  the  /^xis  BE,  let  a  conical  Rhombus  en- 
compafTmg  the  Sphere  be  produced. 

As  E  B,  a  Side  of  the  Square  (fee  Tig.  6.  /.  4.)  is  to  the 
Diameter  E  C,  even  fo  let  ^  be  made  to  R  ;  (fee  Fig.  13.  /. 
5  )  and  let  this  Pioportion  be  continued  through  four  Terms, 
b,  R..  Q,  O  ;  the  Proportion  then  of  S  to  O  will  be  tripli- 
cate to  the  Proportion  of  S  to  R  ;  that  is,  of  E  B  to  E  C, 
and  the  Proportion  of  O  to  R  will  be  duplicate  to  the  Pro. 
po' tion  of  O  to  Q,  or  of  R  to  S  ;  that  is,  of  E  C  to  E  B  ; 
and  confeqjcntly  (by  20;  A  ^.)  O  is  to  R  as  the  Square  of 
EC  is  to  E  B  ;  from  whence  (by  Schol.  Prop  6.  and  7.  /.  4.) 
Ois  double  :o  R  Th^fe  Things  being  thus  fettled,  let  the 
Sphere  E  B  C  F  be  underflocd  to  be  circumfcribed  about  the 
conical  Rhombus.  Thus  the  Sphere  H  G  D  1  will  be  to  the 
Sphere  E  3  C  F  (by  18  /.  1 1.)  i"  ^^^  triplicate  Proportion' 
ol  the  Diam.eter  G  I  or  E  B  to  the  Diameter  E  C  ;  that  is, " 
(as  I  have  alrccidy  fhew'd)  it  will  be  as  S  to  O  But  the' 
Sphere  E  B  C  F  is  to  the  conical  Rhombus  infcribed  in  it  (by 
30  of  this,'  as  2  is  to  I  ;  that  is,  (as  I  have  fhew'd  above) 
as  O  is  to  R.  Therefore  by  Equality  of  Proportion,  the 
Sphere  H  G  D  I  is  to  the  fame  Rhombus  which  is  defcribed 
about  it,  as  S  is  to  R  ;  tliat  i^,  as  in  a  Square  the  Side  E  B 
is  to  the  Diameter  E  C.  Which  was  the  firll  Pare.  Then 
from  the  fecond  Part  of  the  foregoing,  it  appears,  that  the 

Superficies 
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Superficies  of  the  Hemifphere  is  to  the  Superficies  of  the 
Cone  E  8  C,  and  confequently  the  Superficies  of  the  whole 
Sphere  is  the  Superficies  of  the  whole  Rhombus  E  B  C  F,  as 
in  a  Square  the  Side  is  to  the  Diamecer.  Therefore  the 
Sphere,  as  well  in  Solidity  as  in  the  Superficies,  is  to  the 
Iquare  Rhombus  E  B  C  F,  as  in  a  Square  the  Side  is  to  the 
Diameier.     Q^E.  D, 

PROP.  XXXVIII.    Theorem. 

'T'HE  Superficies '  of  the  Portion   (B  G  K  D)  F'I^  27. 

which  contains  an  Equilateral  Cone  (B  KB) 
is  double  to  the  Superficies  of  the  fame  Cone. 

This  is  manifell  from  35.  For  the  Superficies  of  the 
Portion  B  G  K  D  is  to  theinfcrib'd  conic  Superficies  (by  35. 
of  this)  as  B  K  is  to  B  A.  But  becaufe  the  Cone  B  K  D  is 
fupposM  to  be  Equilateral,  K  B  is  equal  to  B  D,  and  confe- 
quently double  to  B  A.  Therefore  the  Superficies  B  G  K  D 
is  alfo  double  to  theinfcribed  conical  Superficies.     ^.  E.  D. 

PROP.  XXXIX.     Theorem. 
'T^HE  Superficies  of  a  Sphere  is  to  the  whole 
Superficies  of  an  Equilateral  Cone  infcribed  in 
it  J  as  16  to  9. 

Let  Z  be  the  Center  of  the  Sphere,  and  B  K  D  the  Equi.  F/^.  27. 
lateral  Cone  infcribed,  and  K  Z  A  O  the  Axis  common  to 
the  Sphere  and  Cone.  If  the  Sphere  and  Cone  be  cut 
through  this,  there  will  be  produced  in  the  Sphere  the 
greatell  Circle,  and  in  the  Cone,  the  Equilateral  Triangle 
B  K  D,  one  Side  whereof  will  be  the  Diameter  of  the  Bafis 
of  the  CofxC  QT.  And  becaufe  the  Axis  of  the  Cone  K  A 
is  perpendicular  to  the  Bafe  QT,  B  AK  (Def.  3.  /.  n.) 
will  be  a  right  Angle.  Therefore  the  Square  of  BA  is  equal 
to  the  Redangle  K  A  O.  iCoroIi  i.  p.  17.  /.  6.)  Now 
becaufe  the  Side  of  the  Eqjilateral  Triangle  cuts  off  [Coroll. 
^,  p.  l<^.  i.  4.)  a  fourth  Part  of  the  Axis  A  O,  the  Reft- 
angle  K  A  O,  that  is,  the  Square  of  B  A,  will  be  triple  to 
the  Square  of  A  O  (by  1.  /.  6.)  Wherefore  feeing  the 
Square  of  the  Radius  Z  O  is  (^Coroll.  3.  />.  i.  /.  2,.)  quadru- 
ple of  the  Square  of  A  O,  the  Square  of  the  Radius  Z  O 
will  be  to  the  Square  of  the  Radius  B  A,  as  4  is  to  3. 
0^4  Therefore 


f'^.  aB. 
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Therefore  the  Circle  O  BK  D  is  alfo  (by  z.  /.  ii)  to  the 
Girc'e  QJ,  as  4  is  to  3.  Therefore  four  Circles,  O  B  K  D, 
that  is,  (by  2,4.  of  this)  the  whole  fpherical  Superficies  D  G 
is  to  the  Circle  QT,  as  56  is  to  3.  But  {Coro/l.  p.  14.  of 
this}  the  Superficies  of  the  Equilateral  Cone  B  K  D  is  to 
the  Circle  QT,  to  wit,  its  own  Bafe,  as  i  is  to  i  ;  anc} 
coniequemly  the  whole  Superficies  of  the  Cone  BKD, 
that  is,  including  its  ^afe,  is  to  the  Bafe,  to  wit,  the  Circle 
Q^T,  as  3  is  to  I,  or  9  to  3.  Therefore,  feeing  I  have 
ilievv'd  that  the  Superficies  of  a  Sphere  is  to  the  fame  Circle, 
as  I ^  is  to  3,  the  Superficies  alfo  of  the  Sphere  DG  will 
Le  to  the  whole  Superficies  of  the  Equilateral  Cone,  as  16 
is  to  9.     Q^E,  D. 

Or  otherivife  thus : 

BEcaufe,  by  Coroi  5.  Pr.  15.  /.  4.)  the  Side  3  D  of  the 
Equilateral  Triangle  cuts  off  a  fourth  Part  of  the  Axis 
A  O,  the  fpherical  Superficies  BOD  will  be  a  fourth  Part 
by  27.  of  this,  and  conrequencly  the  Superficies  B  G  D  K, 
thiee  fourth  Parts  of  the  Superficies  of  the  whole  Sphere. 
Wherefore  if  the  whole  Superficies  be  fuppos'd  to  be  16, 
the  Superficies  BGKD  will  be  12.  But  (by  the  foregoing) 
the  Superficies  BGKD  is  double  to  the  conical  Superficies 
13  KD,  and  confequently  is  to  it,  as  1 2  to  6.  Therefore 
the  whole  Superficies  of  the  Sphere  is  to  the  conical  BKD, 
as  16  is  to  6.  Then  becaufe  the  Superficies  of  the  Cone 
BK  D  las  being  Equilateral)  is  (by  Ccrol.  i.  Pr.  14.  of  this) 
double  to  the  Bafe  QJT,  it  is  manifell.  that  the  conical  Su- 
perficies BKD  (to  wit,  without  the  Bafe)  is  to  the  whole 
Superficies  of  the  Cone,  as  2  is  to  3  ;  that  '5,  as  6  to  9. 
T..ererore  by  Equality  of  Proportion,  the  whole  Superficies 
of  tl  e  Sphere  is  to  the  whole  Superficies  of  the  Equilateral 
C  n^  infcnp'd,  as  i&  to  9.     ^  £.  Z). 

PROP.   XL.     Theorem. 
'T"7i  E  Superficies  of  the  Sphere  bears  the  T'ro- 
portion  tQ  the  whole  Superficies  ofanEquili-. 
tend  Cone  circuiiifcribed  about  it^  that  ^  doth  to  9. 

Let  there  be  circumfcriU'd  about  the  greriteft;  Circle  of  a 
S.=here  liPM,  the  Equilateral  Trjang'e  DOF,  by  which  as 
turned  rcijnd  about  the  Axis  OA  B,  let  there  be  produced  nii 
Equilateral    Cone,  circumfcribed  abjuc  the  Sphere.     Ard 

lee 


Archimedes'j  Theorems.  249 

let  there  alfo  be  circumfcribed  about  the  Equilateral  Triangle 
DOF,  the  Circle  NDLOF,  which,  as  is  manifeft,  is  con. 
centrical  to  the  former  ;  and  let  the  Axis  OAB  be  produced 
to  N.  Becaufe  BN  is  a  fourth  Part  of  the  Axis  O  N,  as 
is  manifeft  from  Corol.  5,  Pr.  15.  /.  4  }  ON  is  double  to 
B  K.  Wherefore  the  Proportion  betwixt  Circles  being  du- 
plicate (by  z  /.  ii.)  of  the  Proportion  of  the  Diameters, 
the  Circle  BP  M  will  be  to  the  Circle  N  D  L  O  F,  as  i  to  4. 
But  it  hath  already  been  Ihew'd  in  the  foregoing  Demonftra- 
tion,  that  the  Circle  N  D  L  O  F  is  to  the  Circle  Q^T,  the 
Bale  of  the  Equilateral  Cone  infcrib'd  in  the  Sphere  F  L,  as 
4  is  to  3.  Therefore,  by  Equality  of  Proportion,  the 
Circle  BPM  is  to  the  Circle  Q^T,  as  i  is  to  3.  But  the 
whole  Surface  of  the  Cone  D  O  F  is  (by  CoroL  i.  Pr.  14. 
of  this)  triple  to  Q^T.  Therefore  the  whole  Superficies  of 
the  Cone  is  nine-fold  of  the  Circle  BPM.  Wherefore  feeing 
the  Superficies  of  the  Sphere  1  P  is  quadruple  (by  24.  of 
this;  of  the  fame  Circle  BP  M.  the  whole  Superficies  of  the 
Equilateral  Cone  D  O  F  is  to  the  Superficies  of  the  Sphere 
to  which  it  is  circumfcrib'd,  a^  9  is  to  4.     ^  £.  D. 

Corollary  i  *'  From  this  Demonftraiion  it  is  manifeft 
"  that  the  Axis  BO,  of  an  Equilateral  Cone,  circumicrib'd 
^*  about  a  Spheie,  is  one  and  a  halt  of  ihe  Diameter  of  the 
♦'  Sphere  EK,  or  as  5  to  1. 

2.  ''  That  QT,  the  Bafe  of  the  Cone   DC  F,   L-   alfo 
**  one  and  an   half  of  borh  Baics  cf  the  Cylinder  circum- 
**  fcrib'd  about  the  lamv.  Sphere.     For  QT  is  to  BPM, 
*'  as  3  to  I.    7'herefote  '^^T  is  to  B    Ai  twice,  as  3  is  to  2. 
**   3.  7  hat  the  Superncies  of  the  Cone  D  O  F  is  one  and 
*•  an  half  of  the  SiJfe  .n-i-i  of  the  Equilateral  Cylinder  cir- 
1    **  cumfcrib'd  iDout  the  fame  Sphere.     For  that  *  h  double  *  Pc-r  Co^ 
I    **  to  QT,   vvr.ile  this  is  qicc-'jple  to  B  P  M  f .     Therefore  rof  i.p.i^. 
(    **  the  con  cal  Superfici-r-  will  be  to  the  cylindrical    as  twice ''■''''^'^• 
i    *'   3  to  four  tiiiies  I  ;     hat  ib,  as  6  to  4,  or  as  3  to  2.  "^  ^4  "^'^ 

26  of  this, 

PROP.  XLi.     Theorem. 

"^H E  whole  Superficies  of  an  Equilateral  Cone  f'i-  28* 

I  circumfcribed  about  a  Sphere^  is  quadruple  to 
j  the  whole  Superficies  of  a  Cone  infcribed  in  the 
\  fame  Sphere. 

\        By  the  fori:going,  the  whole  Superficies  of  the  Equilateral 
Cone  DOF  circumlcrib*d,  is  to  ibe  Superficies  of  the  Sphere, 
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as  9  to  4  ;  and  tlie  Superficies  of  the  Sphere  is  to  the  whole 
Superficies  of  the  infcribed  Cone  SK.T,  as  16  to  9  (by  39. 
of  tnis.)  Therefore  by  Permutation  of  Equality  of  Pro- 
portion, the  whole  Superficies  of  the  circumfcribed  Equi- 
lateral Cone  is  to  the  whole  Superficies  of  the  Equilateral 
infcribed,  as  16  to  4,  or  as  4  to  i.     ^  E.  D» 

PROP.  XLII.     Theorem, 

F/f .  t9.  A  Sphere  hath  that  "Proportion  to  B  K  C,  an 
■^  Equilateral  Cone  infcribed  in  it,  which  32 
hath  to  9. 

Le:  the  Sphere  2nd  Cone  be  cut  by  a  Plane  paffing  through 
the  common  Axis  KO,  produc  ng  in  the  Sphere  the  greateil 
Circle  O  f  K  I,  and  in  the  Cone  the  Equilaceral  Triangle 
BKC.  Then  a  Plane  being  drawn  thro' the  Center  A, 
perpendicular  to  OK,  let  the  Hemifphere  FGKl  becutofF, 
in  which  let  the  greateft  Cone  f  K  J  be  underllood  to  be  in- 
fcribed. Now  becaufe  (b)  Cor.  5.  p.  15.  /.  4.)  the  Side 
BC  of  the  Equilateral  Triangle  cuts  off  a  fourth  Part  of  the 
Axis  OK,  P  K  will  be  to  A  K,  as  3  to  2,  that  is,  as  9  to 
6.  But  the  Bafe  (^T  is  to  the  Circle  O  F  K  I,  that  is,  to 
the  Bafe  N  D,  as  3  to  4,  that  is,  as  6  to  8,  as  appears 
from  what  was  cemonftrated.  Prop.  39.  Wherefore  feeing 
the  Proportion  of  the  Cone  B  KC  to  the  Cone  F  K  1,  is  (by 
Schol.  i,p.  15.  /.  ii.j  compounded  of  the  Proportion  of  the 
Altitude  PK  to  the  Altitude  AK  (that  is,  of  the  Proportion 
of  9  to  6)  and  of  the  Proportion  of  the  Bafe  QJT  to  the 
Bafe  N  D  that  is,  of  the  Proportion  of  6  to  8^  the  Cone 
BKC  will  be  to  the  Cone  F  K  I,  as  9  to  8.  Wherefore 
feeing  (by  30  of  this)  the  Sphere  C  G  is  quadruple  of  the 
Cone  F  K  i,  the  Equilateral  Cone  BKC  will  be  to  Sphere 
C  G,  as  9  to  32.     ^  E.  D. 

PROP.  XLIIL     Theorem. 
A  N  Equilateral  Cone   circujnfcribed  about  a 
Sphere,  is  eight-fold  of  an  Equilateral  Cone 
infcribed  in  the  fune  Sphere, 

Let  S  K  T  and  D  O  F  be  the  Equilateral  Cones  infcrib'd 
and  circumfcrib'd,  and  let  OKB  be  the  common  Axis. 
Then  let  as  well  both  the  Cones  as  the  Sphere  be  cut  by  a 

Plane 


Fis.  28. 


Archimedes'5  Theorems.  15 x 

Plane  pafling  through  the  Axis ;  their  Se6tions  will  be  two 
Equilateral  Triangles,  and  the  greateft  Circle  B  P  M .  About 
the  Triangle  D  O  F  likewife  let  there  be  underftood  to  ht 
defcrib'd  the  Circle  N  D  O  F,  and  let  the  Axis  O  K  B  be 
produced  unto  N.  Now  becaufe  the  Side  DF  of  the  Equi- 
lateral Triangle  doth  (by  Cor.  ^.  p.  15.  /.  4.)  cut  ofF  N  B, 
the  fourth  Part  of  the  Axis  ON,  it  is  manifeft  that  ON  is 
double  CO  BK.  In  like  manner,  becaufe  the  Side  S  T  of  the 
other  Equilaieral  Triangle  cuts  off  B  C,  the  fourth  Part  of 
the  Axis  B  K,  NO  will  be  to  B  O,  as  F K  is  to  C K  j  and 
by  changing,  as  N  O  is  to  B  K,  fo  is  BO  to  C  K.  But 
N  O  IS  double  to  B  K.  Therefore  B  O  is  likewife  double 
to  CK  Therefore  becaufe  of  the  Similitude  of  the  Tri_ 
angles,  DOF,  SKT,  DF  and  ST  alfo,  to  wit,  the  Diame- 
ters of  the  conical  Bafes  wiU  (by  4.  /.  6.)  be  in  a  double 
Proportion  becwixt  themfelves.  Wherefore  feeing  the  Cones 
DOF,  SKT,  be  like,  and  confequently  (by  12.  /.  ii.) 
their  Proportion  is  triplicate  to  the  Proportion  of  the  Dia- 
meters DF  and  ST;  which  is  that  of  2  to  i,  the  Cone 
DOF  will  be  to  the  Cone  SKT,  as  8  to  i.     Q^E.  D. 

PROP.  XLIV.     Theorem 
A  Sphere  hath  the  fajne  Proportion  both  in  re-  Ff^.  28. 
"^  fpefi  of  Solidity  and  Surface  to  the  Equilate- 
ral Cone  DOF  circiimfcribed  about  it^  which  4 
hath  to  9. 

The  Sphere  TP  is  (by  42.  of  this)  to  the  Equilateral 
Cone  SKT  infcribed  in  it,  as  5  is  to  9.  But  (by  the  fore- 
going) S  Pi  T,  the  Equilateral  Cone  infcribed,  is  to  DO  F, 
the  Equilateral  Cone  circumicribed,  as  i  is  to  8,  that  is, 
9  to  'J^.  Therefore  by  Equality  of  Proportion,  the  Sphere 
TP  is  to  DOF,  the  Equilateral  Cone  circuml'cribed,  as 
32  is  to  72,  that  is,  as  4  to  9.  But  in  Prep.  40.  we  de- 
monftrated  that  the  Superficies  of  a  Sphere  is  to  the  whole 
Superficies  of  an  Equilateral  Cone  circumfcribed,  as  4  is  to 
9.  Therefore  a  Sphere,  both  in  Solidity  and  Superficies,  is 
to  an  Equilateral  Cone  circumfcribed  about  it,  as  4  is  to  9. 

{ hat  therefore  which  Archimedes  was  furpris'd  at  in  a 
Sphere  und  Cylinder  encompaffing  it,  we  have  alfo  now  de- 
monitrated  in  a  Sphere  and  an  Equilateral  Cone  encompafling 
it,  to  wit  that  there  is  the  fame  rational  Proportion  of  the 
Solidities  betwixt  themfelves,  which  there  is  of  the  Surfaces. 

For 
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For  as  he  found  that  the  Sphere  is  to  the  Cylinder,  as  well 
in  Solidity  as  Superficies,  as  2  to  3  ;  fo  we  have  now 
taughr,  that  the  Sphere  is,  in  refpedl  both  of  Solidity  and 
Surface,  to  an  Equilateral  Cone  encompafling,  as  4  to  9. 

But  from  hence  we  (hall,  without  much  Labour,  demon* 
(Irate,  that  the  very  Proportion,  to  wit,  the  Scfquialteral, 
which  /Archimedes  Ihew'd  to  be  betwixt  the  Sphere  and  Cy- 
linder; is  concinued  by  the  Equilateral  Cone  circumfcribed 
both  in  the  Solidity  and  Superficies  j  and  fo  wc  fliall  put  an 
£nd  to  the  prefent  Work. 

xPROP.  XLV,     Theorem. 
See  the  F/-    A  N  EquHdteral  Cone  circumfcribed  about  a 
^^^'/"^'h'         sphere ^  and  a  right  Cylinder  in  like  manner 
^Treatlfe.     circuvifcribed  about  the  fame  Sphere^    and  the 
fame   Sphere  it  felf  continue  the  fame  'Propor- 
tion ;  to  zuit^  the  Sefqui alter al^  as  vjell  in  refpeB; 
of  the  Solidity  as  of  the  whole  Superficies, 

For  by  32.  of  this  Book,  the  right  Cylinder  G  K  encom- 
pafling the  Sphere,  is  to  the  S|  here,  as  well  in  refpeft  of 
Solidity,  as  of  the  whole  Superficies,  as  3  is  to  2.  or  as  6 
to  4.  But  by  the  foregoing,  the  Equilateral  Cone  BAD 
circumfcribed  about  the  Sphere,  is  to  the  Sphere  in  both 
the  faid  reipe(fls,  as  9  is  to  4.  '[  herefore  the  fame  Cone  is 
to  the  Cylinder,  both  in  refpeft  of  Solidity  and  Surface,  as 
9  is  to  6.  Wherefore  the<e  three  Bodies,  a  Cone,  Cylinder 
and  Sphere,  are  betwixt  tiiemfelves,  as  the  Numbers  9,  6, 
A,  and  confcqaently  continue  the  fefquiakeral  Proportion. 

a  £. /). 
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TH  E  fame  refqui^Iteral  Proportion  holds  betwixt  an 
Equilateral  Cont-  and  Cylinder  circumfcribed  about  the 
fame  Sp^'ere,  in  rei"pe(f>  of  their  whole  Surfaces,  their  fimple 
Surfaces,  tn:'r  Solidities,   Altitudes  and  Lafe?. 

Tbis  Propofiiiun  is  manife/f  as  to  the  i<:hrAe  Surfaces  and  So. 
lidtliei  Jrom  the  foregoing  \  as  to  the  Jtmple  Surfaces,  from 
Cor.  3.  Pr.  40.  of  this  ;  as  to  their  Altitudes  and  Bafes, 
from  Cor.  I.  and  2.  of  the  fame  ^oth  Propofition^ 
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The  FIRST  contains  an  Eafy,  Brief  and  In- 
dependent Demonftration  of  certain  Seled 
and  moft  Ufeful  Propofitions  in  EUCLID^ 
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WE  often  find  that  Euclid,  for  the  de- 
mon ftra  ting  ofitfmportant  Propofition, 
hath  made  ufe  of  a  long  Chain  of  others,  which 
have  no  other  End,  but  to  demonftrate  that 
principal  OnQ\  If  we  can  all  at  once  dQmox\{iv2itt 
thofe  capital  Propofiti-ons  without  fuch  a  lo?ig 
Series  of  preparatory  Deroonltrations  ;  we  {hall 
doubtlefs  retrench  many  ufelefs  Things,  gain 
Time,  and  render  this  Appendix  of  fome  Ser- 
vice to  the  young  Student. 

There  are  two  primary  Propofitions,  of  which 
Bes  Cartes  writes  in  a  Letter  not  yet  printed, 
as  hinted  in  Page  65.  of  Dr.  PellV  Akehra  ; 
/;/  fearching  the  Solution  of  Geometrical  ^lefti- 
ons.,  I  always  make  ufe  of  Lines^  Parallel  and 
^Perpen-dieuk^ry  as  much  as  pojfible^  (i.  e.  as 
many  Lines  as  are  ufeful)  and  I  confider  no  other 
Theorems,  but  the  ^jth^  L.  i    <?^'^  4^^^  L.  6. 

of 
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of  Euclid  ;  and  I  am  not  afraid  to  fuppofe  many 
unknown  ^antitieSy  that  I  may  reduce  the  pro- 
pofed  ^leftion  to  fuch  Terms ^  as  to  depend  on  no 
other  Theorems,  but  thefe  two, 

Obferve  in  how  great  Efteem  the  ingenious 
Des  Cartes  held  thefe  two  7'heorems ;  to  the  firft 
of  which,  moft  of  the  preceding  Propofitions  in 
Euclid  are  preparative,  and  which  we  (hall 
EfTay  to  demonftrate  independently  of  any  of 
them* 
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PROP.  XLVII.     Theorem. 

TN  every  right-angled  Triangle  {A  B  C)  the 
^  Square  of  the  Side  {A  C)  which  is  oppojite  to 
the  right  Jngle^  is  equal  to  the  two  Squares  of 
the  other  Sides  A  B  and  B  C)  taken  together. 

In  this  are  two  Varieties;  Fivft,  when  the  two  Sides  AB 
and  B  C  are  equal. 

On  the  Side  A  C  ereft  the  Square  A  C  D  E,  on  the  Side  jT/V 
A  B  erea  the  Square  A  B  D  G,  on  the  Side  B  C  efecl  the  "*' 
Square  B  C  E  F 

Demonjiration.  'Tis  evident  at  firfl  View  of  Tigur£  i. 
that  one  half  of  the  Square  of  A  B  or  B  C,  is  an  exact 
quarter  of  the  Square  of  A  C,  confequsntly  four  halve?  of 
the  Squares  of  A  B  and  B  C,  which  are  both  their  whoie 
Squares,  are  equal  to  four  quarters  of  the  Square  of  A  C, 
which  is  the  whole  Square  of  A  C.     ^  E.  D. 

Secondly,  when  the  Sides  AB  and  BC.  are  unequal.  F/V. 
Make  two  equal  Squares  B  D  E  F.  B  D  G  H  on  the  i.-me 
B  D,  equal  to  A  B  and  B  C,  the  two  lefs  Sides  of  the  given 
Triangle  ;  in  the  firft,  on  A  C,  ered  the  Square  A  C  I  K  i 
in  the  other,  on  A  B  and  B  C,  ereft  the  Squares  A  D  B  L. 
c=a  B  C  and  B  C  HiVI=  Q  A  B  j  and  lail  of  all.  draw  the 
Lines  A  C  and  B  G. 

R  Dtmon- 
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Demonjiration.  Firft,  'Tis  evident  from  the  Conilruftion, 
that  the  Squares  B  D  E  F  and  B  D  G  H  are  equal. 

Secondly,  'Tis  obvious  at  firft  View,  that  the  Square 
B  D  E  F  exceeds  the  Square  of  A  C  by  four  right-angled 
Triangles,  whofe  Bafe  is  =  A  B  and  Perpendicular  =  B  C, 
and  confequently,  by  Axiom  7.  equal  to  one  another,  and 
the  given  Triangle  ABC. 

Thirdly,  'Tis  equally  evident,  B  D  G  H  exceeds  the 
Squares  of  A  B  and  B  C,  by  four  right-angled  Triangles, 
whofe  Bafe  is=A  B  and  Perpendicular=B  C,  and  confe- 
quently,  by  Axiom  7.  equal  to  one  another,  and  the  given 
Triangle  ABC,  and  alfo  to  the  four  right-angled  Triangles 
aforefaid. 

Fourthly,  Wherefore,  by  Axiom  3.  if  from  Equals,  (the 
Squares  B  D  E  F  and  B  D  G  H)  be  taken  away  Equals  (the 
four  right-angled  Triangles  in  each  Square)  the  Remains 
will  be  equal  (the  Square  of  AC  in  one  Equal  to  the  Squares 
of  A  B  and  B.C  iji.the  other.)     ^  E.  Z>.  : 

Or  Algebraically''thiis  :      O'^'^^  ^^\ 
Let  the  biggeft  Squaye  njal^^.pf,  the  Sum  of  the Sidei 

"^''•□AC^HH?^^^^^^^^^^^^^'^ 

□  A  B=:  B  BM  fay,::HH==:B  B+PP,,;:  ,,Hl  nl 

CBC==PP^ ,....0:1  Ur. 

:  -'  .  ,-■..:  "O 

4  I.  S S=H  H-hi BC,  which  1  BC=4  Trlai^gjej.-    - 

2.  SS— BB+PP+zBC,'  by  B+CxB^-C;  s-mj., 

3.  HH+2JBC=B„R-i-.HP5|-;5-6C.       ,7.  .,..,A\ 

4.  H  H=B  B+p  P.  -:;g:;4::  ^, ,-     y,,j^  ,„o  n/.i 

A  like  ufeful  Theorem  of  fignal  Service  in  the  whole  t 
Theory  of  Compound  Motions, .  T.hall  fubjoin.  31;;  ,  y:.. 

■:  9.-1 1  A  Hr 

I?i  every  Farallelogram  the  Sum  of  ths  Squares 
of  the  two  Liagonah  is  equal  to  the  Sinn  of  the 
Squares  of  the  four  Sides. 

To  prove  this  by  Trigonometry  requires  n  Operations, 
by  Analyfis,  or  AJgebra  15,  which  M.  de  /*«§»/ has  reduced 
to  7  Steps. 

Howbeit 
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Howbeit  the  Reafonablenefs  of  this  Theorem  may  appear  ^'S'  I 
from  this  finglcConfideration,  thar  all  Triangles  on  the  fame 
or  equal  Bafe,  and  betwixt  the   fame   Parallels,    are  equal, 
compared  with  the  1 2th  and  nth  of  ihe  fecorid  Book. , 

In  this  are  twor  Varieties ;  Firlt,  When  the  Parafleiogram 
is  right  angled. 

Then  the  Propofition  is  evident. from  the  47th,  I.  Euclid, 
juft  now  demonlirated. 

Secondly,  But  when  the  Angks  of  the  Parallelograms  are 
oblique,  draw  the  pHck'd  Line^  AG,  BF,  CH,  DE,  which 
being  Perpendiculars  betwixt  th^  fame  Parallels,  are  all 
equal  :  Alfo  G  B  and  D  H,  which  are  alfo  equal  to  A  F  and 
EC,  being  perpendicular  betvyixt  the  equal  Parallels,  \tt  each 
of  the  firft  4=:y,  and  each  of  the  laft  4=2;  alfo  A  D=:B  C 
call  X  i  confequently  B  E=^ — s. 

-- r.-.r-cC  f.  j)emonftrntion. 
.jn  "RC—xx.     c  .f 

X I  a  A  B=,  y+z  z.'S^  luAQ^^yy+xx^^  z-[-  z  x  ^; 

Sum  ry  >-|-i  xm-^-r  z  2.  =  Sum  Dia.  q.  zyy^i  x  x-\-i  %  ^.. 

.  Corollary.  ««  Hence  'tis  plain,  the  Square  of  the  longer' 
<V  Diagonal  exceeds  the  Sum  of  the  Squares  of  the  two 
**,  contiguous  Sides,  exaflly  by  as  much  as  the  Square  dt 
*"*  the  Ihorrer  Diagonal  wants  tbeieof;  that  is  to  fay,  by' 
**  the  double  Reftangle  a:  z,  whofe  Length  is  the  longefb 
"  Side,  and  Breadth  equal  to  the  Diftance  that  the  Perpen- 
"  dicular  from  the  pppofue  Angle  falls  from  one  End  of  it, 
**  either  within  or  without  the  Farailellogram. 
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EUCLID;    BookVL 

PROP.  l\\     Theorem. 

'1^  Riangles  which  are  Equiangular  to  one  ano- 
ther,  are  like  or  fimilar^  that  is,  have  their 
Sides  alfo  that  are  oppofite  to  the  equal  Angles 
proportional, 

''S*  4-  This  I  take  to  be  the  fame  with  the  firft  Definition  of  the 

fame  Book. 

And  that  fimilar  Triangles  (ABC,  AD  E)  have  their 
correfponding  Sides  proportional,  1  (hall  illuftrate  from 
Figure  4. 

Let  the  Triangle  A  B  C  be  laid  on  the  Triangle  A  D  E, 
fo  will  the  Angle  A,  becaufe  equal  in  both,  exactly  coincide, 
and  the  Line  A  C  fall  on  the  Line  A  E,  and  A  B  on  A  D, 
by  Axiom  7.  and  becaufe  the  Angle  C=Angle  E,  and  the 
Angle  B=cAngle  D,  the  Side  B  C  will  be  parallel  to  D  E, 
by  Dejin.  \,  Book  6. 

Then  fuppofe  A  B  a  third  of  A  D  make  B  F  another^ 
third,  and  parallel  to  D  E  draw  EG,  then  parallel  to  A  D, 
draw  GH  and  CI ;  by  which  Parallels,  the  Sides  A  E  and 
DE  will  alfo  be  divided  into  three  equal  Parts,  by  Axiom  12. 
Therefore  it  will  hold  as. 


AB 
4 

AB 

:  AD::AC:  AE 
12         5        15 

that  IS, 

3AB::AC:3AC 

AC 

5 

AC 

AE::AB 

that  is, 
3AC::AB 

:  AD 
12 

:3AB 

AB: 

4 

AB: 

AD::  BC=D  I :  D  E 
12         3               9 
that  is, 
3AB::DI         rsDI 

^CB= 
3 

DI: 

=DI:DE:: 

9. 
that  IS, 

3DI:: 

AC;  AE 
5        «S 

AC:3AC. 
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To  TrifeB  an  Arch  of  a  Circle  B  C, 

This  has  been  by  fundry  Antient  and  Modern  Geometri- 
cians accounted  impoffible  to  be  done  by  the  Euclidean  Geo- 
metry, which  makes  ufe  of  only  a  Circle  and  flraic  Lines ; 
howbeit,  we  will  attempt  it,  and  afterwards  a  Demonftration 
thereof 

Quarter  the  Circle,  and  extend  the  Diameter  B  G  to  P  ;  F/;^.  5. 
parallel  to  it,  draw  CX  and  CR  parallel  to  EX  i  then  take 
the  Diameter  B  G  in  the  CompafTes,  and  move  the  Ruler  on 
the  Point  C,  till  F  P  be  exaftly  equal  to  B  G,  then  draw 
CFOP,  fo  will  G  O  be  a  third  of  BC. 

Demonftratiotu 

Through  the  Center  draw  O  E  Z.  Now  becaufe  E  O  is 
Radius,  and  FP  the  Diameter,  and  the  Angle  FEP  is  right ; 
therefore  the  Lines  F  O,  E  O,  P  O,  are  all  equal,  and  alfo 
the  external  Angle  F  OE=:2  P  E  O,  the  two  internal  oppo- 
fite  Angles,  or  z  ZEB,  which  is  Vertical,  and  confequently 
equal  to  PEO.  But  FOE,  that  is,  COZ,  being  in  the 
Periphery,  is  meafured  by  half  the  Arch  C  Z  ;  wherefore 
B  Z,  which  is  the  Meafure  of  half  the  Angle  COZ, 
is  a  fourth  of  the  whole  Arch  CZ,  and  confequently  a  third 
of  B  C  ;  and  therefore  G  0=:B  Z  is  alfo  a   third   of  B  C. 

Note,  If  the  Arch  to  be  trifefled  be  greater  than  a  Qua- 
drant, then  trife<^  its  Complement  to  180,  and  the  third  of 
this  Complement,  taken  from  60  Degrees,  always  leaves 
the  third  of  the  Arch  required. 

Leaftthe  foregoing  Demonftration  fhould  appear  too  con. 
cife  to  fome,  I  will  attempt  it  after  another  Manner,  from 
the  following  Lemma, 

««  That  the  Meafure  of  the  Angle  C  P  B,  at  a  Point 
•*  without  the  Circle  is  equal  to  half  the  DifF^^rence  betwixt 
<*  the  intercepted  Arches  C  B  and  O  G,  or  to  the  DifFer- 
*<  ence  betwixt  half  their  Sum  COZ,  and  the  lefs  Arcji 
**  OG,  which  is  the  fame. 

R  3  For 
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For  B  Z=:0  G,  becaufe  Vertical  Angles,  by  15-./.  i. 
then  is  C  Z  the  S.unfi  pi  the  intercepted  Arches  CB  and 
O  G,  and  C  O  Z,  the  Angle  at  the  Circumference,  the 
^eafure  of  half  the  faid  Sam,  by  20. /.  3.  which  C  O  Z, 
bein^  external,  is  equal  to  the  two  internal  and  oppofite 
Angles  O  E  P  and  OPE,  by  32-  /.  n  but  the  Meafure  of 
p  E  P  is  O  G,  the  lefs  AT<:h  :■  Now,  if  C  O  Z=0  G,  and 
the  Anale  d  I  E=:=CPB.  I  fay,  C  P  B  muft  be  equal  to  the 
'  Prffeienge  betwixt  C  O  Z  and  O  G.     Q^E.  D. 

n_GQr<j).Hary.     '*  In  the  faid  Triangle  EOF,  if  the  Angles 

V  at  E  '^nd  P  be  both  equal,  then  will  O  G  he  a  third  of 

'-  B  C  ,-  becaufe  QQ  will  be  half  ot  C  O  Z,  or  a  fourth  of 

'*  the  whole  A.rch  C  Z.  and  confequently  a   third  of  B  C 

"  =E^CZ.  for  from   the  whole  C  Z,  take  away   B  Z:^, 

•*  remains  B  C^r|;    'it  remains  only  to  prove  the  Angles 

*'  E  and  P  are  equal. 

'  Becaule  F  EP  is  a  right  Angle  by  ConftruSion,  tHe  Cen- 
ter of  the  Semi-circle  F  E  P  will  fall  in  O,  which  bifedls. 
FP,'  the  Diameter,  which  is  double  E  O,  the.  Radius ; 
confequently  all  three,  FO,  E  O,  P  O,  are  equal  Radius's  of 
the  Semi-circle  F  EP  aforefaid  ;  and  becauie  EO  and  PO 
are. equal,  the  Angles  at  the  Bafe  E  and  P,  by  5./.  i. 
are  tqual. 

A  Synopfis  of  the  moft  ufeful  and 
famous  Propofirions  in  Euclid V 
firfl  Six  Books-^j 


"DO  OK  I.  has  Propofttions  51,  •35',  57,  41,  44,  45-,  47. 

iJ  II 4,  5,  <^,  12,  13,  14. 

III. , — ; —  ;(5,  :o.  21.  zr,  31,  32,  3?,  16, 

IV.  . ► — — lo,  II,  12,  13,  14.  IT.  l^- 

V  _   Sly.  i<^>  17/18- or  the  fore^ 

.       •  "^   going  Qotupend.  thereof. 

VI.  All  the  f.rfl   6,  8^13,  I/lj».l^»  19p  '3l- 

EXr: 
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Extraordi7iary  Propofitions  not  to  be  met  with  in 
.   Euclid,  whofe  Demonftrations  are  omitted 
on  purpofe  to  Exercife  the  Germs  of  young 
•    MatJ>ematicians, 

I.TN  every  Triangle  the  Redangle  of  any  two  Sides  is 

A  equal  to  the  Redangle  of  the  Perpendicular  from  the 
faid  Angle,  and  the  Diameter  of  the  circumfcribing  Circle, 
?.  e.  as  Perpendicular  :  one  Side  :  :  other  Side  :  Diameter. 

2.  The  Area  of  any  Triangle  about  a  Circle,  is  equal  to 
the  Reftangle  of  the  Semi.diameter,  and  half  the  Sum  of 
the  Sides. 

,     5.  An  Hexagon  infcribed  is  a  Mean  betwixt  aTrigon  in- 
fcribed,  and  a  Trigon  circumfcribed,  Et  Jtc  de paribus. 

4.  In  any  Triangle  the  Difference  of  the  Squares  of  two 
Sides,  is  equal  to  a  Redangle  of  the  Bafe,  and  that  Segment 
of  the  Bafe,  which  parted,  in  the  middle  of  the  other  Part 
the  Perpendicular  fails. 

f .  The  Square  of  the  Mean,  and  the  Square  of  half  the 
Difference  of  tlie  Extremes  together,  is  equal  to  the  Square 
of  the  half  Sum  of  the  Extremes. 

6.  If  in  a  Circle  two  Lines  be  infcribed,  interfe^ling  each 
other,  the  Rcdtangles  of  the  Segments  of  each  Line  are 
equal ;  and  the  Angle  at  the  Point  of  Interfeition  is  mea. 
fured  by  half  the  Sum  of  its  intercepted  Arches. 

7.  If  to  a  Circle  two  right  Lines  be  adfcribed  from  a 
Point  without  the  Reftangles  of  each  Line,  from  the  faid 
Point  to  the  Convex  and  Concave  are  equal,  and  the  Angle 
at  the  Point  is  meafured  by  half  the  Difference  of  the  inter, 
cepted  Arches. 

8.  If  in  a  Circle  three  right  Lines  (hall  be  infcribed,  one 
of  them  cutting  the  other  two,  then  the  Reflangles  of  the 
Segments  of  each  Line  fo  cut,  are  diredly  proportional  to 
the  Redangles  of  the  refpedive  Segments  of  the  faid  cutting 
Line. 

9  If  a  plain  Triangle  be  infcribed  in  a  Circle,  the  Angles 
are  one  half  of  what  their  oppcfitc  Sides  do  fubtcnd  ;  and 
if  it  hath  one  right  Angle,  the  longell  Side  of  that  Trian- 
gle Ihall  be  the  Diameter  of  the  Circle. 

R  4  Eafy 
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Eafy  Equations  arijing  by  comparing  two 
moft  of  the  Propofitions  of  the  Second 
n  IT  3  z  =  I  o  and  x  =  4. 


TheReafon. 

Numb 
Equat. 

In  Species. 

In  Numbers. 

I 

Z=Z«-}-« 

10=     7+  3 

2 

A=:/^j — n 

4=     7—  3 

I — ft 

3 

mz=.% — n 

7=  »o—  3 

i  —  m 

4 

n-=:.z — m 

3=  »o—  7 

2+« 

5 

mz^x-\-n 

7=    4+  3 

2—^ 

6 

7f=.m — X 

3=    7—  4 

1+2 

7 

2m=i%-\-x 

14=  10+  4 

1  —  2 

8 

2«3B=2; X 

6=:  10 —  4 

^+* 

10+-   4 

•7  — 

9 

7=  ■ 

2 

2 

2 

8^- 
2 

10 

Z X 

10—  4 

2 

2 

7—^ 

1 1 

Z=2W Jf 

iO=:  14—  4 

7 — « 

12 

;v — 2/W — « 

4=   14—10 

8+;. 

13 

Z  — 2/7+^ 

10=     6+  4 

13  —  2;/ 

H 

;tf:=iC — 2« 

4=:  10—  6 

2XA^ 

'5 

^;f=rx//z — xn 

16=:  28—12 

3X4 

16 

mn^^zz-^mn — zm — zt 

<  2 1  =  100+2 1—70 — 3c 

5X5 

»7 

mtn: — xx'^?.xn-^nn 

49=  » 6+24-1-  9 

Appendix. 
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unequal  ^antttics  and  Numbers^  whereby 
Book,  of  Euclid  are  in'vented.    Let  m  =  y 


TheReafon 

Numb. 
Equat. 

In  Species. 

i'ropolitions  of  the 
Second  Book. 

1X3 

18 

xb:=zhm'\-bn 

I 

1x2 

'9 

zz — z,m-\-'zn 

2 

\Xm 

20 

zm — mm-^mn           7 

3 

IX« 

21 

zn=inn^mn             5 

IXI 

22 

zzzzzmm^zmn-^nn 

4 

2X2 

23 

XX — mm — zmrf^nn 

7X8 

24 

4«»«  1=2:2 XX 

XZ XX 

24     - 

25 

mn=:*~^    — - 

4 

4      4 

XX 

ZZ                     XX 

25+- 

26 

—  :=zmn^ 

S 

4 

4                  4 

IX    2 

27 

zxzzzmm — nn 

Zj+nn 

28 

zx-^nn — nm 

6 

3X    3 

29 

mm=:zzz^  zzn-^-nn 

29-. 

-iz.n 

30 

mm'\ 

-22«=3Z2-|-«« 

7 

24- 

'XX 

51 

^mn" 

-xxz=zz 

8 

22H 

-23 

32 

zzA 

'xxc^zmm^znn 

10 

.. 

ZZ-] 

-3tX 

32      — 

33 

9 

Z 

2 

And  fo  infinitely. 

1 

.( '^(>(^ ) 

Pk  A  C  Tf  g:  a  f  <J  E  OM  E  t  R  Y- 

PART    II. 


AS  to  the  Demonftf ation"  of  thefe  VraPAcal  Problems^ 
I've  purpofeJy  omitted  them,  that  the  ypung  Student 
may  exercife  his  own  Genius,  in  making  ^implication  of^ 
and  recollefting  what  he  has  already  learned  fijom  the  fore- 
going  Books  of  E  U.C  L  ID  ;  to  awaken  the  IVtind,  to  whet 
tiie  Appetite  of  our  Mathematical  Student,  and  to  amufe  and 
improve  him  in  eafy  and  practical  Problems  cjf  Geometry^ 
is  the  main  Defign  of  this  Appendix. 

And  left  we  go  over  what  is  already  done,  I  think  it  not 
amifs  to  give  a  Synopjis  of  aU.  the  PraSiical  Problems  both  in 
the  Propcjittons  and  Corotlaries  of  the  foregoiftg  Book,  re. 
ferring  to  the  Book  and  Propofition  where  they  may_  be 
fcund.  "—  :  ■  ■ .   .  ■ 


In  the  Firji  Book 


T)R0P0SI7]0N  i.'Om  given  Line  to  makean  Equi- 
•*"    lateral   Triangle. 

To  meafure  inacceffible  Diilances,  fee  4.  and  i6.  alfo 
•     L.  6.  Prop.  ^  ' 
;.  To  draw  a  Line  equal  taa  given  one. 

5.  From  a  greater  to  cut  off  a  lefs.  ■    • 
A.  To  play  at  Billiards* 

6.  To  meafure  acceffible  /Altitudes,  fee  33.  alfo  L.  6.  4. 
9.  To  biled  an  Angle. 

10.  To  bifefi.  a  Line. 

11.  To  ered  a  Perpendicular,  and  L.  3.  31. 
Ii.  To  let  fall  a  Perpendicular. 

15.  That  Rays  of  Light  reflected,  take  the  fhortefl  Courfe. 
19.  A  Globe  can  reil  no  where,  but  in  the  Point  it  touches 

the  Earth. 
32.  To  make  a  Triangle  of  three  Lines  given. 

22,  To 
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12.  To  make  an  Angle  equal  to  a  given  one. 

To  meafure  a  given  Angle. 

To  lay  down  an  Angle  of  any  Number  of  Degrees. 
27.  To  meafure  the  Compafs  of  the  Earth,  fee  jL.  z.  6. 
3 1 .  To  draw  Parallels. 
31.  To  determine  the  Parallax  of  the  Stars. 

To  find  the  Number  of  right  Angles  contained  in  the 
Angles  of  any  right-lin'd  Figure. 
5 J.  The  Demonftration  of  Compound  Motions. 
34-  To  divide  the  Area  of  a  Parallelogram. 
|5.  Figures  of  equal  Compafs  may  have  diiFerent  Area's, 
3§.  To  divide  the   Area  of  a  Triangle  i  that  Bodies  move 
equal  Area's  in  equal  Times, 

40.  And  are  urged  by  a  Centripetal  Force. 

41.  To  find  the  Area  of  a  Triangle,  L.  z.  15. 

41.  To  make  a  Parallelogram  with  an  Angle  equal  to  a  given 

one,  and  equal  to  a  Friangle  given. 
44.  On  a  given  Line,    to  make  a  Parallelogram  equal  to  a 
Triangle  given,  and  to  have  an  Angle  equal  to  one  given. 
To  demonftrate  Geometrical  Divifion. 
45    On  a  given  Line,  and  with  a  given  Angle,  to  make  a 
Parallelogram  equal  to  any  llraitlin'd  Figure. 
To  find  how  much  one  ftrait-lin'd  Figure  exceeds  another. 
4^.  To  make  a  Square  on  a  given  Line. 
47.  To  add  any  Number  of  Squares. 

To  take  a  lefs  Square  out  of  a  greater  ;  any  two  Sides  of 

a  right-angled  Triangle,  to  find  the  third. 
The  Origine  of  the  Table  of  Sines,  Tangents  and  Secants. 
See  L.  3.  3.     L.  4,  ^c. 

In  the  Second  Book. 

II.  To  cut  a  Line  in  extreme  and  mean  Proportion,  L.  6-  30. 
14.  To  find  a  Square  equal  to  any  right-lin'd  Figure. 

In  the  Third  Book. 

1.  To  find  the  Center  of  a  Circle. 
Ii.  To  find  the  Point  where  two  Circles  touch  each  other. 

16.  To  demonftratt' the  infinite  Divifibility  of  a  ftrait  Line, 
See  Z,.  I.  47. 

17.  To  draw  a  Tangent  to  a  Circle. 

^  ^  20.  To 
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20.  To  demonftrate  the   Sides  of  Triangles,  are  in  fuch 
Proportion  as  the  Sines  of  their  oppofite  Angles. 
To  meafure  the  Diftance  of  the  Sun  or  Moon. 

a!.  How  the  fame  Line,  at  different  Diftances,  may  appear 
of  the  fame  Length. 

zi  About  what  Quadrangle  a  Circle  can  or  cannot  be  de- 
fcribed,  L.  6.  4. 

25.  To  perfedl  an  Arch  into  a  Circle. 

30.  To  bifeft  a  given  Arch. 

31,  To  prove  whether  a  Square  be  true. 

3^.  On  a  Line  to  form  a  Segment  capable  of  any  given 
Angle. 

34.  From  a  Circle,  to  cut  a  Segment  containing  any  given 
Angle. 

3  J.  Certain  Geographical  Paradoxes  folv'd  ;  to  draw  a  Cir- 
cle through  any  two  Points  in  another  given  Circle, 
which  fhall  diametrically  cut  it. 

In  the  Fourth  Book* 

1 .  To  infcribe  a  Line  in  a  Circle. 

2.  To  infcribe  a  Triangle  in  a  Circle, 

3.  To  circumfcribe  a  Triangle  about  a  Circle. 

4.  To  infcribe  a  Circle  in  a  Triangle. 

5.  To  circumfcribe  a  Circle  about  a  Triangle. 

^,  7.  To  infcribe  and  circumfcribe  a  Square  in  or  about  a 
Circle. 
8,  9.  To  infcribe  and  circumfcribe  a  Circle  about  a  Square. 

10.  To  make  an  Ifofceles.Triangle,  whofe  Angle  at  the  Bafe 
is  double  the  Angle  at  the  Vertex. 

11.  To  infcribe  a  regular  Pentagon,  or  any  other  Polygon  in 
a  Circle  :  On  a  given  Lire  to  defcribe  a  Pentagon. 

li.  To  circumfcribe  a  regular  Pentagon,  or  any  Polygon. 
13,  14.  To  infcribe  in,  or  circumfcribe  a  Circle  about  a  re- 
gular Polygon. 

15.  On  a  Line  given  to  defcribe  an  Hexagon,  or  to  infcribe 
it,  or  an  Equilateral  Triangle  in  a  Circle. 

16.  To  infcribe  a  regular  Quindecagon,  or  innumerable  regu- 
lar Figures. 

On  a  given  Line  to  defcribe  any  regular  Figure. 
What  Number  of  regular  Figures  will  fill  a  Space,  /.  /, 
whofe  Angles  about  one  Point,  jufl  make  360  Degrees. 

Jv 
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In  the  Sixth  Book. 

1.  To  divide  a  Trapezium. 

6.  To  make  Similar  Triangles. 

9.  To  divide  a  Line  in  a  given  Proportion. 

10.  To  divide  a  Line  as  another  is,  or  into  any  Number  of 
Parts  equally. 

11.  To  find  a  third  Proportional  to  two  given  Lines,   alfo 
the  Sum  of  infinite  Proportionals. 

II.  To  find  a  fourth  Proportional  to  three  Lines  given. 
1  3.  To  find  a  mean  Proportional,  or  two  Means  betwixt  tw© 

given  Lines  divers  Ways,  L.  iz.  i8. 
14.  To  demonftrate  the  Inverfe  Rule  of  Proportion. 
I^.  To  demonftrate ,the  Direft  Rule  of  Proportion. 
18.  On  a  right  Line  to  defcribe a  Polygon  like  and  alike  fitu. 

ate,  to  a  given  one.     Hence  the  drawing  and  reducing 

Maps.     See  lo,  21. 
I^.  Similar  Figures  are  in  a  duplicate  Ratio  of  like  Sides. 

See  lo.  23.  L.  I2.  2: 
25:.  To  make  a  Polygon  equal  tos  given  one,  and  like  to 

another  given  one: 
31.  To  add  or  fubtraft  right-lin'd  Figures,  and  to  fquare  the 

iunets  of  Hippocrates. 

In  the  Ele'venth  Book- 

11 .  To  draw  a  Perpendicular  to  a  Plane. 

12.  To  ereft  a  Perpendicular  on  a  Plane. 

2l«  A  Demonftration  of  the  Five  regular  Bodies. 
33.  Like  Bodies  are  to  each  other,  as  the  Cubes   of  their 
homologous  Sides,  L.  11.^.  W 

In  the  Tvjelfth  Book. 

18.  To  encreafe  or  diminifh  Solids. 

By  this  Synopfis,  and  the  following  Appendix,  it  will 
appear  what  a  large  Apparatus  towards  a  Syltem  of  Pradi. 
c^i/ Gfsw^/ry  is  already  Extant  in  our  Language,  for  wane 
of  which  there  has  been  thefe  many  Years  paft,  no  fmall 
Complaint :  Efpecially  if  to  this  be  added  Le  CUrc\  Geo- 
metry, Hanvney's  Complete  Meafurer,  and  LangUy  Pra61:i- 
cal  Geometry  ;  to  the  firfl  of  which,  I  am  not  a  little  in 
debt  for  feveral  of  the  following  Problems. 

Problem 
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Problem' I. 

nro  divide  a  right  Line  (AB)  into  any  Num- 
of  equal  Parts ^  f^ppofe  8. 

For  this  purpofe  have  in  readinefs  a  Number  of  equi- 
diftant  Parallels  drawn  and  numbred  from  o  to  ii  or  20, 
with  the  Diftance  of  A  B  given.  Set  one  Foot  of  the  Com- 
palTes  on  the  Parallel  mark'd  0.0.  and  turrt  the  other  till  it 
touch  the  eighth  Parallel  ;  unto  which  two  Feet  apply  a 
Ruler,  and  draw  the  Line  A  B,  which  the  Parallels  >VilI 
equally  divide  into  eight  Parts.      IV.PF.D. 

This  is  fo  plain,  and  eafy,  as.fiot  to  need  any  Figure. 

•'    '      Pmbleriil!. 
nro  find  the  Area  of  a  plain. Triangle,  having 
■     the  three  Sides ^  without  a  Perpendicular, 

Add  the  three  Sides,  and  take  half  that  Sum  \  then  fub-. 
trafl  each  Side  feverally  from  that  half  Sum. :  Multiply  that 
half  Sum  and  the  three  Differences  continually,  and  out  of 
the  la  ft  Produft  extrad  the  fquare  Root,  which  is  the  Area 
of  the  given  Triangle. 

Or,,  •    . ; 

Having  the  Diametef  of  \\\i  ififcfibed  Circle,  multiply  it 
by  a  fourth  of  the  Sum  of  the  thtee  given  Sides  for  the  Area 
fought. 

-^^:-   t-.   Problem  III. 

TTAt^ilSfG  '^fhe  Area  of  any  Triangle^  to  find 
the  Diameter  of  the  infcribed  Circle, 

Divide  thc-faid  Area- by  a  fourth  of  the  Sum  of  the  three 
Sides ;  the  Quotient  is  the  Diameter  of  the  infcribed  Circle, 

Problem  IV. 
T^O-  reduce  any   Figure  into  a  Square  ;  or  to 
make  ,a  Square  equal  to  a  Parallelogram^ 
Triangle^' Trapezium,  Polygon  or  Circle,  &c, 

By  the  Rules  of  Vlenfnration.  caft  up  their  Area's,  the 
fquare  P.oot  whereof  is  the  Side  of  the  Square  fouehc. 

Or 
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^^ji 


Or  Geometrically  thus : 

Confider  what  two  Thing^'  multiplied  together  prbducc 
their  Area:  Betwee:ri  thofe  tvvp  Nunibers,  or  Sidts,  find  a 
Geometrical  Mean  by  Lib.  6.  13  Euclid.  This  Mean  is  the 
Side  of  a  Square  equal.  :  ^..^♦i>^r  .;:         ..  'T 


N\  B.  If  it  "bean  irregukr  Figure,  reduce  it  into  Triangles,  or  Trapezia  s.  by  drawing 
Lines  within  from  Corner  to  Corner  j"  then  reduce   the  faid  Triangles,  ^c,  mtc 
Squares,  which  Squares  add  by  47.  i-  or  14.  2.  Euclid, 
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-^  Problem  Vi 

TpO  find  a  fir  ait  Line  {EI)  nearly  equal  to  the 
the  Arch  of  a  ^adrant  {B  C.) 

%.  6.  Bife£l  the  Quadrant  BD  in  F,  and  draw  B  F  ;  to  BF  ereft 

the  Perpendicular  A  B  on  B  ;  then  fee  A  C  from  C  to  1,  fo 
will  E  I  be  nearly  equal  to  the  Arch  of  the  Quadrant  B  D 
or  BC. 

Or, 
Bife(5l  B  D  in  F,  and  B  C  in  G,  then  with  the  Diftance 
KF,  on  the  Center  K,  draw  the  Arch  H  FG  I,  fo  will  the 
Line   H  I  be  nearly  equal,  to  the  Semi- circumference,   and 
E  I  to  the  Quadrant,  as  before. 

N,  B,  Archimtdes  demonllrated,  that  the  Circumference 
is  to  the  Diameter  lefs  than  as  22  ;  7,  and  greater  than 
z  I  If  to  7  ;  within  which  ftridl  Limits,  many  Years  ago, 
it  was  found  in  whole  Numbers  to  be  as  ^  :  lo  : :  Chord 
:  Arch  of  a  Quadrant. 

Suppofe  then  that  the  Diameter=7,  its  half  3.5,  the 
Square  of  which  is  ij.iy  ;  which  doubled,  is  24- j,  whofe 
fquare  Root  is  4.949,  the  Chord  of  the  Quadrant ;  then 
fay,  as  9  :  lo  : :  4  X  4.949  :  21.99^,  the  Circumference, 
which  is  greater  than  2l|f,  or2i.98y.  Again,  4.9^  is 
fomething  greater  than  the  Chord,  which  X  40,  and  divide 
by  9,  as  above,  gives  22  ;  fo  that  by  this  Proportion,  as 
9  :  10,  a  like  Anfwer  with  Archimedes  \%  alfo  difcover'd,  /.  e. 
lefs  than  as  22:7,  and  greater  than  as  2 iff  to  7. 


Lon- 
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Concerning  Squaring  the  Circle-^  1 
offer  fome  fezu  Eajy  and  PraBi- 
cal  Obfer'vations  following. 

1.  A    Circle  is  equal  to  a  right-angled  Triangle,  whofe 
■^  Bafe  is  the  Circumference  of  the  Circle  and  its  Per- 
pendicular the  Radius  of  it. 

2.  Every  Polygon  circumfcribed  is  greater,  and  every 
Polygon  infcribed  is  lefs  than  the  Circle. 

3.  The  Compafs  of  a  Polygon  circumfcribed  is  greater, 
and  infcribed  is  lefs  than  the  Circumference  of  a  Circle. 

4.  This  right-angled  Triangle  aforefaid,  will  be  lels  than 
any  Polygon  circumfcribed,  and  greater  than  any  infcribed  ; 
Becaufe  the  Circumference  of  this  Circle  (which  is  the  Bafe 
of  this  Triangle)  is  greater  than  the  Compafs  of  any  in- 
fcribed, and  lefs  than  the  Compafs  of  any  circumfcribei  Po- 
lygon ;  therefore  it  will  be  equal  to  the  Circle. 

Becaufe  every  imaginable  infcribed  Figure,  which  is  lefs 
than  the  Circle,  is  alfo  lefs  than  the  Triangle ;  and  every 
circumfcribed  Figure,  greater  than  the  Circle,  is  alfo  greater 
than  the  faid  Triangle  likewife  ;  therefore  the  faid  Triangltf 
is  equal  to  the  Circle  :  But  adlually  to  find  a  right  Line  ex- 
adlly  equal  to  the  Circumference,  is  not  yet  difcover'd  Geo- 
metrically. 

Howbeit,  I  Ihall  offer  an  eafy  Approximation  to  the 
young  Student,  whom  I  defire  to  account  the  Circle  a  Poly- 
gon of  1  ooo.ioooo  or  43200  Sides,  i.  e.  the  half  Minatei 
in  3&0,  fo  fmall  a  Part  of  a  Circle  will  infenfibly  approach 
to,  or  become  very  nearly  a  ft  rait  Line  ;  nay,  the  Produdl 
of  the  Sine  and  Tangent  of  one  Minute  multiply'd  by  the 
faid  43100,  will  agree  in  the  laft  7  Figures,  ;.  e.  628315^, 
whereby  we  obtain  the  Circumference  of  the  Circle,  whofe 
Radius  is  1 000000,  to  the  like  Number  of  Figures  exifi- 
\y,  and  may  to  as  many  more  Places,  if  we  add  the  iwo 
Produdls  together,  and  take  the  half  for  the  Circle's  Circum- 
ference, which  will  be  lefs  than  the  Tangent -Produ^,  or  cir- 
cumfcribed Polygon,  and  greater  than  the  Sine  Vrodu^^  01 


infcribed  Polygon, 


S  For, 
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For,  according  to  the  preceding  third  Propofition  Oiit  of 
Archimedes^  the  Circuits  or  Polygons  circumfcribed  aboiri 
and  infcnbed  in  a  Circle,  do  at  laft  end  in  the  Circumference 
of  the  Circle  ;  in  like  manner  the  Polygons  themfelves  do 
at  laft  end  in  a  Circle. 

^^i^Jlf^^^^^^^^  ^  -Hf  ^  ^  J\f  ^  ^  Jf  ^  ^  ^^  ^  ^ 

Ilq  this  I  fubjoin  certain  PraElical 
Remarks  on  Regular  Polygons-^ 
their  Angles  and  Sides. 

REguiar  Polygons  may  be  delineated  feveral  Ways ;  Firft, 
By  the  Angle  at  the  Center  ;  Secondly,  By  the  Angle  at 
the  Figure ;  Thirdly,  By  the  Angle  of  the  Triangle  at  the 
Bafe. 

jfo  find  Each. 

Divide  360  by  the  Number  of  Sides,  the  Quotient  is  the 
Angle  at  the  Center,  whofe  Complement  to  180  is  the  Angle 
at  the  Figure,  and  half  the  faid  Complement  is  the  Angle 
at  the  Triangle  :  By  this  one  may  make  a  Table  of  Angles 
for  as  many  Polygons  as  he  pleaies. 

Polygons  of  odd  Number  of  Sides  are  infcribed  in  Circles 
by  the  help  of  1/ofceles  Triangles,  whofe  Angles  at  the  Bafe 
are  Multiples  of  that  at  the  Top. 

r* Double,      '^  the    Angle   atTPentagon, 
If  the  Angle  jTriple,       (t\\cVeriex,  the^jHepcagon. 
at  the  Bafe  be  j Quadruple,^ Bafe    will    be'^Rnneagon. 
^Quintuple,  J  the  Side  of  atEndecagon. 

The  Number  of  Degrees  of  the  Angle  at  the  Vertex^  is 
found  by  dividing  180  by  the  Number  of  Sides  in  the  Poly, 
gon  to  be  infcribed,  the  Quotient  gives  the  faid  Angle  ; 
which  doubled,  tripled,  ^c.  will  give  the  Angle  at  the  bafe. 

Seeing  Polygons  infcribed  are  iho.  Chords  of  the  Angles 
at  the  Center,  which  Chords  are  always  double  the  Sine  of 
half  the  Angle  at  the  Center.  Therefore  in  the  Table  of 
Natural  Sines,  hunt  out  the  Sine  of  half  the  Angle  at  the 
Center,  which  doubled,  is  the  exad  Side  of  the  Polygon, 
in  fuch  Parts  as  che  Radius  concains  f  cooocoo,  i^c. 

A  Ulle 
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A  Table  for  the  infcribing  and  defcribing  Polygons, 


Number 

Quantity 

Angles 

Angles 

Angles 

of 

of  the 

at  the 

at  the 

at  the 

Sides. 

Side. 

Center. 

Figure. 

Triangle. 

3 

17320508 

120 

60 

30 

4 

14142135 

90 

90 

45 

5 

11755705 

yz 

108 

54 

6 

lOOOOOCO 

60 

120 

60 

7 

8^77674 

54 

lz^ 

64^ 

8 

7653668 

45 

'35 

6yk 

9 

6840402 

40 

140 

70 

10 

6180339 

36 

144 

72 

1 1 

5634651 

32x1 

H7Tf 

73Tf 

12 

5176380 

30 

150 

7  s 

f0  13 


ne  life. 

To  infcribe  a  Heptagon  iii  a  Circle,  whofe  Radius  is  5^ 
fay  as  Tabular  Radius  looo  :    Tabalar  Heptagon  ^67 
the  Given  Radius :  Side  Heptagon  fought  435. 

To  defcribe  a  Heptagon  on  a  given  Line,  find  the  Radius 
proper;  fay  as  the  Tabular  Heptagon  26?  :  Tabular  Radius 
I  o©o  : :  fo  is  the  Given  Side  4  3  3  :  to  the  proper  Radius  fought 


jco. 


T 


Problem  VI. 

0  make  a  Circle  (ADG)  nearly  equal  to  a 
given  Square  {A  EOF.) 


Draw  the  Diagonal  AC,    which  divide  into   lo  equal  f/f.  J. 
Parts  ;  8  of  them    is  nearly  equal  to  the  Diameter  of  the 
Circle   fought :   Wherefore  in   the  middle  of  the  Diagonal 
A  C,  and  with  the  Radius  of  4  of  thofe  equal  Parts  draw 
the  Circle  ADG.     W,  W.  D. 

Or  thus  more  briefly  ; 

Bifeft  EC  in  D,  and  draw  A  D,  the  Diameter  of  the 
Circle  fought. 

Problem  VII. 


T 


0   7nake  an  Ifofceles  7ria?igk  (BCE)  equal 
to  a  given  Square  {AB  CD.) 

S  2  •  Extend 


276  Appendix. 

%.  8.  Extend  the  Side  C  D   to   E,  making  D  E=C  D,  and 

draw  B  E,  fo  will  B  C  E  be  equal  to  A  B  C  D.     W.W.D. 

To  make  an  Equilateral  Triangle  equal  to  a  Square,  fome 
advife  to  make  the  Side  of  the  Triangle  one  and  a  half  of 
the  Side  of  the  Square  ;  but  it  is  fomewhat  too  little. 

Problem  VIII. 

TJ/'Ithin  a  given  Triangle  {KLM)  to  infcribe 
^^     a  Square  {NO^P^) 

Tij.  9.  On   M   ered\   the  Perpendicular   M  H,  equal  to  L  M ; 

let  fall  the  Perpendicular  KG,  then   draw   G  H,  cutting 
K  M  in  N  ;  through  N  draw  N  O,  parallel   to  the  Bafe, 
L  M,  and  N  Q^,  and  O  P  parallel  to  K  G,  fo  is  N  O  P  Q^ 
the  greateft  infcribed  Square.     W.  W.  D. 


■'I.  II. 


Jf 


Problem  IX. 

^Ithin   the  Square  (RSTV)  to  infcribe  an 
Equilateral  Triangle  (RZT,) 

.JS-  JO  Draw  the  two  Diagonals  ST  and  RV  ;  on  V,  as  a  Cen. 

ter,  with  the  Extent  V  X,  draw  the  Arch  Z  X  Y  ^  then 
draw  the  Lines  R  Z,  Z  Y,  R  Y,  which  form  the  Triangle 
RZY.     JV.IV.D. 

Problem  X. 

A  BOUT  an  Equilateral  Triangle  (ABC)  to  de- 
fcribe  a  Square  (AFDG,) 

Bifed  B  C  in  H,  and  draw  A  H  D  ;  make  H  D  equal  to 
HC,  and  bifca  A  D  in  E  ;  through  E  draw  FEG  at  right 
Angles,  making  FE  and  EGeach=ED,  then  draw  the 
Lines  A  F,   F  D,    D  G  and  A  G,  forming   the  Square. 

ir.  w.  D. 

Problem  XI. 

j^BOUT  a  Square  (LMNO)  to  draw  a  Tri- 
angle (P^R)  wbofe  Jngles  /ball  be  equal 
to  the  fever al  Angles  of  a  Triangle  given  {STV,) 

Extend 
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Extend  N  O  to  P  Q,  then  make  the  Angle  R  L  M=:T  Fi-r 
and  ^  M  L=V,  then  draw  the  Sides  R  L  P   and  R  M  Q, 
ib  is  R  P  Q  the  Triangle.     W.  W.  D. 

Problem  XII. 

'T^O  infcribe  an  Equilateral  'Triangle  {JFG) 
in  a  given  \Pe71tagon  ABODE.) 

Find  its  Center  H,  and  draw  the  Circle  about   it;  then  //>.  13. 
infcribe  a  Triangle  in   that  Circle,  which  will  allb  be  tlie 
Triangle  in  the  Pentagon.     IF,  W,  D. 
Or, 

With  the  Radius  AH,  and  Center    A,  draw   the  Arch 
H  M,  which  bifedt  in  K,  and  draw  A  K  F,  the  Side  of  the   - , 
Triangle  fought.  ' 

Problem  XIII. 

"T^O  infcribe  the  Square  (MNO  P)  in  the  Pen- 
^    tagon(ABCDE,) 

Extend  the  Perpendicular  A  Q^and  B  C  till  they  cut  each  p,v 
other  in  F  ;  make  the  Perpendicular  F  I  and  A  H  eoual  to    ''^' 
half  A  F  ;   then  draw  B  H  and  B  I,  cutting  A  Q^in^L  and 
K,  fo  will  LK  be  the  Side  of  the  Square  fought. 


-?.>> 


Problem  XI\ 


0 


F  four  given  Lines  (AB=6,  BC-g,  CD=Sy 
J?D=i8)  the  greateft  being  lefs  than  the 
Sum  of  the  reft^  to  inake  a  ^adrangle  which 
may  be  infcribed  in  a  Circle, 

In  every  Quadrangle   infcribed   in  a  Circle,  the  Sum  of  py^.  j, 
theRedangles  made  of  the  Sides,  containing  oppofite  Angles, 
have  the  fame  Proportion  to  each  other  as  the  Diagonals. 
;.  e.  as, 

71  108  H  144 

D  C  B+D  A  B  to  A  B  C+C  DA,  fo  is  C  A  to  D  B 
1^0  19S  i3-[-.     15-j, 

S  3  Alfo, 
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Alfo, 

■'144  ^4        7i        1^8  162  48 

ADC+ABC  :  BCD+DAB: :  ADxBC+ABxCD  :  ACQ 
198  180  210  ^90tt 

The  Root  is  13  -[-^ 

Again, 
72        108      144        i;4  162  4B 

BCD+DAB  :  ADC+ABC  :  :  ADxBC+ABxCD:BDn 
.180  198  210  231 

The  Root  is  15  + 

From  the  lafl:  of  thefe  Proportions  find  the  Diagonal  BD ; 
with  which,  and  the  other  two  Sides,  either  BC  and  C  D, 
or  A  B  and  A  D,  form  a  Triangle,  and  about  it  4raw  the 
Circle  A  B  C  D,  and  in  it  infert  ^he  other  two  Sides  of  the 
Q^ai^gle.     /r.  /r.  D. 

Problem  XV.        -  , 
nrO  infcribe  an  Heptagon^  Noncigonj  or  Un- 
decagon  J  tfOt*       » 

F/j,  16.  Havirtg  obtained  the *Slde  of  a  Polygon,  next  bigger  and 

next  iefs,  in  the  fani*e  Circle,  extend  the  Diameter  A  B  to 
D,  and  from  C  exten^d  -the  faid  .Sides  of  the  Polygon  next 
above  or  under  to  D  and  E,  which  Dillance  biTedt  in  F, 
and  draw  C  F,  the  Side  of  the  Polygon  fought  lies  on  that 
Line  CF,  between  C  and  the  Circumference. 


The  Side  of  a  Septagcwor  fleptagon,  is  nearly  equal  to 
the  Perpendicular  of  an  Equilateral  'Iriangle,  whofe  Side  is 
Radius,  or  an  Hexagon  ;  fo  the  Side  of  a  Nonagon  is  nearly 
the  Perpendicular  of  an  Equilateral  Triangle,  whofe  Side  is 
an  Odagon. 

Problem  XVI. 
T^O  defcribc  a   regular  OB  agon   on   a  given 
^    Side  (JB.) 

f'S'  i-7'  ^"  f^^  middle  of  AB,  ereft  the  Perpendicular  C  E  ;  on 

the  Point  C  and  Dillance  AC,  defcribe  a  Semi.circle  ADB  ; 
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on  the  Point  D,  and  with  the  Diftance  D  A,  draw  A  E  B  ; 
fo  is  E  the  Center,  and  A  E  the  Radius  of  that  Circle, 
which  contains  the  O flagon,  jvhofe  Side  is  A  B .    W,  W.  D. 

Problem  XVII. 

^T^O  defcribe  a  regular  Nonagon  on  a  given 
■*    Line  {A  B.) 

Ere6l  the  Perpendicular  F  C  on  the  middle  of  A  B  ;  on  ? '^.  18. 
B,   with  the  Diftance  A  B,  draw  the  Arch  A  D,  which  bi- 
fedl  in   E  ;  on  the  Point  D,  with  D  E,  draw   the   Arch 
E  F  ;  fo  is  F  the  Center,  and  AF  the  Radius  of  that  Circle 
which  contains  the  Nonagon,  whofe  Side  is  A  B.    W,W,  D* 

Problem  XVIII. 
T^O  infer ibe  a  regular  Nonagon  in  a   given 
^   Circle, 

On  B,  with  the  Radius  A  B,  draw    D  A  C  and   D  C,  ^Iz  lo 
which  extend  to  F  ;  make  E  F==: A  B  ;  on  E  and  F  draw 
EG  and  F  G,  then  draw   A  G,  which  cuts  the  Circle  in 
H  ;  fo  is  D  H  the  Side  of  the  Nonagon  fought.    W,  IV.  D. 

H  B  is  the  Side  of  a  regular  Polygon  of  18  Sides,  and 
I  of  the  Radius  is  the  Side  of  a  regular  Nonagon. 

Problem  XIX. 

'T"  0   infcribe  a  regular .  Undecagon  in   a  Cir- 
cle. 

Divide  A  B  in  two  at  C  ;  on  A  and  C,  with  the  Diflance  Fn.  20. 
AC  ;  draw  the  Arch  C  D  I  and  A  D  ;  on  the  Center  I  and 
Diftance  I  D/  draw  the  Arch  D  O  ;  fo  is  CO  the  Side  of 
the  Undecagon  fought. 

Some  fay  y|  of  the  Diameter  is  the  Side  of  an  Undeca- 
gon infcribed,  or  -|  Diameter  more,  \  of  the  faid  ^. 
Or, 

Quarter  a  Circle  and  infcribe  an  Equilateral  Triangle, 
that  Part  of  the  Side  which  lies  betwixc  the  Diameter  and 
the  Angle  of  the  Bafe  is  the  Side  of  a  regular  Undecagon. 

S  4  Problem 
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Problem  XX. 

npo  defcrihe  a  regular  Dodecagon  on  a  given 
^    Side  (A  B.) 

V  2J,  ^^  the  middle  of  A  B,  ereft   the  Perpendicular  C  D  ; 

on  A  and  B,  with  the  Diftance  A  B,  draw  the  Arches  A  E 
aad  B  E  V^n  E,  with  the  Diftance  A  E,  draw  the  Arch 
AD:  fo  is  D  the  Center  of  the  Dodecagon  fought :  For 
A  E  B  is  the  Angle  of  the  Hexagon,  zx\d  A  D  B  is  its  half, 
the  Angle  of  a  Dodecagon. 

Problem  XXL 

f'\N  agiven  Line  {AB)  to  defcrihe  any  Polygon 
from  6  to  12  Sides. 

i?.  22.  Eifeft  A  B  in  O  ;  ered\  on  O,    the  Perpendicular  O  I  ; 

on  B,  with  the  Diftance  AB,  defcribe  the  Arch  AC,  which 
divide  inio  6  equal  Parts  from  C,  and  from  the  Diftance  of 
each  of  thofe  equal  Parts  draw  the  Arches  D  M,  E  N,  F  P, 
G  Q^,  H  R  and  A I  ;  fo  is 

fC^  rHexagon,    "^  fC  AS 

D  I  Heptagon,  D  A  I 

.  I  E  1  ^    ,       1  Oaagon,      ;  I  E  A  J 

;  p  .  L^enter  ^  ^^^^,^^^^     >-  and  <<  F  A  >.the  Radius, 

•.Gj     °^^      i  Decagon,      [  (GAi 

i  H  1  I  Endecagon,   •  |  ^  ^ 

\^[  J  \^Dodec?gon,j  v^I  A) 

Problem  XXII. 

n^O  cut  two  gi'ven  Lines  {AB  and  AC)  into 
four^  fo  that    all  four  fhall  be   continually 
proportional,  CF .  DF. :  ED  :BE.) 

-^   ^ ,  Set  A  B  and  A  C  at  right  Angles,  and  draw  B  C  ;  bife(fl 

'''  ^^'       AB,  and  draw  the  Semi-circle  B  DO  through  D  ;  draw 

D  F  parallel  to  B  O,  and  D  E  parallel  to  C  O  i  fo  will  it 

bp, 

B  E  :  E  D  :  ;  E  D  :  D  F 

ED:DF  ;:DF:FC 

Problem 
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Problem  XXIII. 

T^ROM  a  ftrait  Line  given  (I)  to  cut  of  a  Part 
(GD)  which  Jhall  be  a  Mean   betwixt  the 
other  Part  and  another  Line  given  (H.) 

Make  the   Line  C  D  =  Lines  H  and  I  given,  on  E,  Fij.  24. 
where  the  two   Lines  meet,  ereft  the  Perpendicular  E  F, 
and  draw  the  Semi.circle   on  the  Diameter  C  D,     Bifeft 
C  EriH  in  B  ;  on  B,  with  the  Radius  B  F,  draw  the  Arch 
F  G  i  fo  will  D  G  :  G  E  :  E  C^; 

Problem  XXIV. 

QIFEN  the  Sum  of  the  Extremes  {A  B)  and 

the  Mean  (B  D)  to  find  the  Extremes  {AF 
and  F  B)  feverally. 

On  A  B  eiedl  a  Semi-circle,  and  on  B  erefl  a  Perpendicu-  Fi^.  2^] 
lar  equal  to  B  D  ;  through  D,  parallel  to  A  B,    draw  E  D 
and  E  F  parallel  to  D  B  ;  fo  is  A  F  one  and  F  D  the  other 
Extreme.     ^E.  I. 

Problem  XXV. 

QIFEN  the  Difference  of  the  Extremes  {A  B) 

and  the  Mean  (BC)  to  find  the  Extremes 
{BE  and  BF)  fever  ally. 

On  A  B,  the  Difference,  erefl  the  Perpendicular  B  C:=zFi^.z6, 
A^ean.     Bifed  A  B  in  D  ;  on  D,   with  the  Diftance  C  D. 
draw  the  Semi-circle,  whofe  Diameter  F  E  contains  the  two 
Extremes  fought,  i.  e.  BE  and  B  F. 

Problem  XXVI. 

'T^HE  Excefs  of  the  Diagonal  above  the  Side 
of  a  Square  being  given  (A  B)  to  find  the 
Side  {AD). 

Arith. 
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Arithmetically  thus : 

''S-  27*  To  the  Excels  given  A  B,  and  the  fquare  Root  of  double 

the  Square  of  the  Excefs  for  the  Side  A  D  fought. 

Geometrically  : 

On  B  erecl  t:he  Perpendicular  B  C  =  A  B,  and  draw 
ACD  ;  on  C,  with  the  Diftance  CB,  draw  the  Arch  B  D  ; 
fo  will  AD  be  the  Side  of  the  Square,  and  A  E  the  Diago- 
nal, which  exceeds  A  D  by  AB. 

Problem  XXVIT. 

r*IVEN  the  Sum  of  the  Side  and  Diagonal  {AB) 
^  to  find  them  feparcttely  (GA  and  G  B.) 

On  x'^B  draw  the  Semi-circle  ACB  j  ere6l  C  D  perpendi- 
''^-''■V'      cular.     Eifea  AD   in  E  ;  on   E,  and   the  Diftance  EC, 
draw  C  F  ;  the  Chord  C  F  is  the  Diagonal  fought,  which 
fet  from  B  to  G  ;   fo  will  G  A  be  the  Side  fought. 

Problem  XXVIII. 

(^IVEN  the  Area  of  a  re  fiangled  Parallelogram, 
(26)  and  the  Proportion  of  the  Sides ^  as  4 
to  i\  to  find  the  Sides:     ' . 

Say  4  :  i. : :  36:9,  whofe  fquare  Root  is  3,  the  Breadth ; 
as  1  :  4  :  :  36  :  144.,  whofe  fquare  Root  is  12,  the  Length. 

Problem  XXIX. 

(^IVEN  the  Differenc£  of  the  Sides  and  Sum  of 
the  Sides  of  a  right-angled  parallelogram,  to 
find  the  Sides. 

To  the  half  Sum  add  the  half  Difference  for  the  Length  ; 
from  the  half  Sum  take  the  half  Djiference  for  the  Breadth. 

ProblenA 
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ProblemXXX. 

^  v. .-■,-.  '       •    •  ,  -- 

/^iVEJSf  the  Difference  of  the  Sides,  and  of  their 
^  Squares,  to  find  the  Sides  of  a  rcBangled 
Parallelogram. 

Divide  the  DifFerence  of  the  Squares  by  the  Difference 
of  the  Sides,  the  Quotient  is  the  Sum. 

Or, 

Divide  the  Difference  of  the  Squares  by  the  Sum  of  the 
Sides,  the  Quotient  is  the  Difference  of  their  Sides,  by  6. 
2  Euclid. 

Problem  XXXI. 

TN  any  Tria?igle,  the  Sum  of  every  two  Sides 
^  ^ive'n,  to  find  them  feverally. 

"  FVbiii  iialf  the  Sum  of  all  the  given  >fumbers,  fubtrad 
each,  and  the"  Remainders  are  the  Sides  required,  i.  e.  each 
particularly  of  the  Letter  wanting. 


J  A- 


Problem  XXXII. 


n^H^ ''sides  of  a  Trapezimn,  (ABCD)  and 
one  Diagonal  (J C)  given y  to  find  the  other 
{BD.) 

;  n  AC-l-B  C— A  B  \  divide  half  the  Remainder  by  AC,  f,v.  29. 
the  Quotient  is  C  E. 

Q  AC-f-A  D— C  D  ;  divide  half  the  Remainder  by  A  C, 
the  Quotient  is  A  F,  by  47.  I.  Find  BE  and  D  F,  add 
CEand  A  F,  and  fubdudl  the  Sum  from  AC,  the  Re- 
mainder  EF=;DG,    then   QDG-f-aBG^^DBD. 

Problem 
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Problem  XXXIII. 

TN  a  right-angled  Triangle  (ABC,)  right-angled 
■*  at  B,  is  given  AC=^is,  and  the  Sum  of  AB 
and  BC=ij,  to  find  JB  and  BC  apart, 

''£>Zo.  Make  the  Square  E  D=  1 7  for  the  Side,  and    289  will 

be  the  Area;  from  whence  take  the  Square  of  A  €=169, 
the  Remainder  1 20=2  Reftangles  E  B  and  B  D,  each  of 
which  is  a  Mean  betwixt  the  Square  A  B  and  B  C,  and 
double  the  Triangle  ABC 

Wherefore  take  half  17=8.5,  whofe  Square  is  72.25  : 
from  which  take  60,  and  there  reft  12.25,  whofe  fquaie 
Root  is  3.5  ;  which  taken  from  8.5,  leaves  5  for  C  B,  and 
added  to  8.5,  make  12  for  A  B. 

Like  to  this  is  the  following.  **  In  a  right-angled  Tri- 
"  angle  ABC,  right.angled  at  B,  is  given  B  C=40,  and 
**  the  Sum  of  A  B  and  A  C  together  150,  to  find  them  fe- 
*'  verally. 

Square  the  Perpendicular,  and  divide  that  Sum  1600 
by  doub!e  the  Sum  of  A  B  and  B  C=300,  the  Quotient  is 
5[,  which  added  to  the  half  Sum  of  A  B  and  BC=75, 
gives  80^  for  the  Hypothenufe  AC  j  and  taken  from  it, 
gives  6g}  for  A  B. 

Or, 

From  the  Square  of  the  Sum  of  A  B  and  A  C  150= 
22500  be  fubtradled  the  Square  of  B  C  40=1600  and  di- 
vide the  Remainder  =20900  by  double  the  Sum  of  A  B 
and  B  C=300,  the  Quotient  is  69!^  for  A  B,  i5fc, 

..  Problem  XXXIV. 

TKfti^e  ReHangle  {A BCD)  are  given  BE~i6 
^  arid  E  F^2.    ^^re  the  Area, 

V  qi  Seeing  the  Angles  are  right,  'tis  as  FE  :  ED  : :  ED  :  EA  ; 
'  ■  and  again,  as  E  D  :  E  A  : :  E  A  .  E  B.  And  feeing  E  B  is 
the  third  Number,  and  ED  and  E  A  are  two  Means  pro- 
portional betwixt  2  and  16,  reduce  each  into  their  leafl 
Proportion,  which  is  i  and  8,  and  extradl  the  Cube  Root  of 
8  is  2,  which  doubled  (becaufe  2.16  were  halved  before)  give 
4  for  E  D  i  then  is  E  A  8,  and  confequently  the  Area  160. 

i  Problem 
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Problem  XXXV. 

JN  the  Triangle  (ABC)  are  the  three  Perpen- 
diculars (AD^i6,  BF=6o,andEC=^6^h) 
given,  to  find  the  three  Sides, 

In  the  Triangle,  whofe  Sides  are  13,    14,    15,    the  Pir- F*;^.  32. 
pendicular  is  found  to  be  12  ;  wherefore  fay,  as 
C^6      :65|     AB 
12  :  14  : :  ^60      :  70       AC 
264It:7S4t  BC 


J 


Problem  XXXVI. 
N an  Ifofceles Triangle  {ABC)  are  two  Circles 
touching  one  another ;  and  the  Sides  of  the  Tri- 
angle, the  Diameter  of  one  is  12  and  the  other  8. 
Qu4ere  the  Sides  of  the  Triangle. 

E  H  is  the  DiiFerence  of  their  Radii  =2,  and  E  F  the  %.  33. 
Sum  of  the  Radii  r=io, ;  then  fay,  if  2  give  10,  what  will 
E  G=6  give  ?  Anfwer,  30  for  A  E  ;  to  which  add  E  0=; 
6,  and  it  makes  36  for  A  D,  the  Perpendicular  ;  then  Q 
AE— nEG^DAG;  then,  as  AG  :  AE  : :  A  D  :  AC=: 
A  B  ;  then  Q  A  C— Q  A  D=;C  D,  which  doubled,  is  B  C  "* 
theBafe.    Q^E.2.  ^ 

Problem  XXXVII. 
^HE  Hypothenufe  ^5=48,  and  the  Area  of 

a  right-angled  Triangle:=z^S^,  given  to  find 
the  Sides  ACandCB, 

On  A  6=48,  the  Hypothenufe,  make  a  Semi-circle,  on  Fig,  34, 
whofe  Center  D,  eredl  the  Perpendicular  D  G  ;  then  double 
the  Area  given  768,  which  divide  by  the  Hypothenufe  =; 
48,  the  Quotient  is  D  E=i6  of  the  Ifofceles  Triangle 
A  E  B  ;  through  E,  parallel  to  A  B,  draw  E  C,  then  AC 
and  B  C  are  the  Sides  fought.    ^  E,  L 

nDC— CFD^DFn,  then  AD-fDF=AF,  and 
D  A  F+F  Cn=A  Cn ,  then  A  B— A  F=F  B,  and 
□  CF+FBD=:BCa. 

Problem 
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Problem  XXXVIIL 

/T^HE  Diameter  of  a  given   Circle  ^lo^  in 
which  make  the  greateft  Re  Bangle  pojjihle^ 
zuhofe  Length  Jhall  be  double  its  Breadth,   ^i^re 
the  Sides. 

'ig.  35.  Divide  the  Square  of  the  Diameter  by  5,  the  Quotient 

is  20,  whofe  fquare  Root  is  the  Breadth  :  Deduft  10  out 
of  loo,  remains  80,  whofe  fquare  Root  is  the  Length. 
^  E.  1. 

Probrem  XXXIX. 

r\  HE   Diameter  of  aCircte  =  tyjn  it  to  in- 

fcribe  on  the  Diameter  an  Equilateral  I'ri- 
angle ^  whofe  Vertex  fhall  touch  the  Circumference, 
^/<^re  its  Side, 

ig.  36.  Crofs  the  Circle  with  the  two  Diameters,  A  B,  E  F  ;  in 

it  infcribe  an  Equilateral  Triangle  A  C  D,  whofe  Vertex 
Ihall  be  A,  fo  will  the  Diameter  E  F  cut  off  the  Equilateral 
A  H  K.     fr,  /T.  D. 

To  find  the  Side. 

DAG+{nAGr=:n  AH. 

Problem  XL. 

TN  the  Circle  (AFBGCD)  having  the  Square 
^  (A  BCD)  infer ibed^  is  given  each  Segment's 
Area  =22^  (A  BF)  contained  betwixt  the  Side 
of  the  Square  and  the  Circumference^  to  find  the 
Diameter, 

V.  27,  Suppofe  the  Diameter  r=:i,  the-Area  will  ^t  \\y  whereof 

\  will  be  J-i-^r  A  E  B  F,  the  Area  of  the  Triangle  A  E  B;=r  j, 

which 
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which  fubtraaed  from  j^  leaves  j-^  for  A  B  F  :  then  fay, 
as  Y^  :  a  I  :  :  224  Quantity  given  :  □  Diameter  =  3^3^* 
whofe  fquare  Root  is  56=Diameter  A  C,  fuppcfing  the 
Proportion  •  of  the  Diameter  to  the  Circumference,,  as  7 
to  22. 

Problem  XLI. 

TN'  a  Circle,  whofe  Diameter  (BD)-6t^  is  a 
•*  Triangle  infcribed  {A  B  C)  the  Side  {JB)^S^ 
and  {B C)=:$6.     ^t^re  the  Side  (AC.)     Aif  j 

nBD— QAB=:nAD  and  DBD— aBC=aCD,F/;f.  3S. 
then  multiply  A  D  by  B  C,  alfo  A  B  by   DC;  theie  two 
Produ6ls=:39oo  divide   by   BD=:6c,  the  Quotient  60= 
AC.    ^E,L 

Problem  XLII. 

TN  the  Circle  {ACE  B)  is  infcribed  a  Triangle 
^  (ABC)AB=,iS,  JBC=i4,  AC^is,,  and  in 
that  Triangle  is  infcribed.  a;  Circle,  ^^^re  the 
two  Diameters  of  both  Circles. 

-       ■     ■>  ■.•0.   G^Y 

Find  the  Perpendicular  A  F=ii2^  then  becaufe  the  Tm  Fi^,  39. 
angles  A  C  E  and  A  B  F  are  fimilar,  fay  A  F  :  A  B  :  :  A  C  : 
A  E.  the  Diameter  of  the  circumfcnbing  Circle=i'6|. 
Then  feek  the  Area  of  the  Triangle c=:8 4,  which  doubled 
is  i68  ;  then  add  all  the  three  Sides,  they  make  42,  by 
which  divide  168,  the  Quotient  is  4::r:;G  D,  half  the  Dia- 
meter of  the  infcribed  Circle. 


Then 
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X. 


The  Proportion  of  the  Sphere,  and 
of  the  Fi^e  Regular  Bodies,  in- 
fer ibed  therein-)  from  Peter  Heri- 
gon,  Curfus  Dflath.  Vol.  I.  p.  779. 

DIAMETER  of  the  Sphere  2.     Circumference  of  the 
great  Circle  6.28318,  Area  thereof  3. 141 59,  Area  of 
the  Sphere  12.56637,  Solidity  of  it  4.18859. 


Tetrae- 
drum. 

Hexae. 
drum. 

O^ae- 
drum. 

Dodeca- 
he  drum. 

Uojibe- 
drum. 

Side, 

Surface, 

Solidity, 

1.6229 
z^6i88 
0.1513 

I. 1547 

8. 
1.5396 

1.4142 
6.9282 
'•3333 

0.7136 

10.5146 

2.7851 

1.0514 

9-5745 
2.5361 

Problem  XLIII. 

^0  find   a   Cube   nearly  equal  to   a  given 
•*    Sphere  {J BCD.) 

Quarter  the  Circle  with  AC  and  B  D,  and  draw  A  D, 
which  bifeft  in  E ;  then  draw  C  E,  the  Side  ot  a  Cube, 
nearly  equal  to  the  Sphere  A  B  C  D.     W.  W,  D, 
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